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Abstract. Bertrand curves corresponding to the spherical curves in E? are given in [1]. In this paper, we
apply the method of constructing Bertrand curves from the spherical curves to the curves in 3 dimensional
Minkowski space. We also investigate the Bertrand curves corresponding to the spherical indicatrices of

spacelike and timelike curves.
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1. Introduction

In [9] and [4], the authors have characterized the spherical spacelike and timelike curves.
In this work, firstly we give the Theorem about generating the Bertrand curves from the
spherical curves in the three dimensional Minkowski spacetime. This is a generalization of
the work of Izumiya and Takeuchi [1].We come up with the idea of considering the Sabban
frame upon the casual characters of a curve’s position vectors. In the next section, we
define the spherical indicatrices and their types upon the casual character of the space
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curve. Finally, we calculate the Bertrand curves corresponding to the indicatrices by using

the theorem given in previous section.
2. Preliminaries

Let E3 be 3 dimensional Euclidean space, then the pseudo scalar product or Lorentzian
inner product is defined by (a,b); = a1by + axby — azbs where a = (ay, as,a3) and b =
(b1, ba, b3) are two vectors in E3. (E3,(,),) is called a 3 dimensional pseudo Fuclidean
space or Minkowski 3 space. An arbitrary vector a = (ay, as,az) in L* can have one of
three Lorentzian causal characters; it is spacelike if (a,a); > 0 or a = 0, timelike if
(a,a); < 0 and null(lightlike) if (a,a); = 0 and a # 0. Similarly, an arbitrary curve
a = a(s) in L3 is locally spacelike, timelike or null(lightlike), if all of its velocity
vectors «/(s) are respectively spacelike, timelike or null, for each s € I C R. Recall that
the pseudo-norm of an arbitrary vector a € L3 is given by |a| = \/m and the velocity
v of the curve is given by v = [|&/(s)]| . Therefore, « is a unit speed curve if and only if
(as),als)), = x1. For any a = (a1, az,as) and b = (by, by, b3) € L?, the pseudo-vector

product of a and b is defined as follows

1 J —k
axb=1|a a a3
by by b3

Denote by {t(c),n(0),b(c)} the moving Frenet frame along the nonlightlike curve a pa-
(o)
ofo)]

b(c) = t(o) x n(o) be the tangent, the principal normal and the binormal vector of the

rameterized by a pseudo-arclength parameter o. Let t(o) = of0), n(o) = and

curve « respectively. When « is a timelike curve, i.e. when t is a timelike vector, the

Frenet formulae read;

t=krn,n=kt+7b,b'=—7mn
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When « is a spacelike curve, there are three possibilities depending on the causal character

of t'. If ¢’ is spacelike, then the Frenet formulae read;

t=rn,nN=—krt+7bb=1mn

If t' is timelike, then the Frenet formulae read;

t=rn,n=kt+7b,b=1n

If ¢’ is lightlike, then the Frenet formulae read;

t=nn=mn,b=—t —71b

The functions  and 7 are called the curvature and the torsion of a respectively [7].
When the curve « is not parametrized by the arc-length, the corresponding formulae of

the curvature and the torsion are;

K2 (1) = 5’0/@)’ 2/ (8)]2 = ((t), ()2
o/ (6)]°
et (1), (1), (1))
K2 (t) | (1)]°

T(t) =

where § is 1 or —1 depending on «'(t) is a spacelike or timelike vector, respectively [6].
For the timelike curves see [7].

A hyperbola and a pseudo sphere are defined by respectively;

Hi(r),, = {a=(a1,a2,a3) €R*| (a —m,a—m), =—r"}

Sf(r)m = {a: (aq,as,as) e R? | (a—m,a—m)LZTQ}

where m = (my, mg,m3) and r € RY. H? (r) := H{ (r), — {m},S; (r) := Si(r),, — {m}
are respectively a hyperbola and a pseudo sphere with radius r at the center m. Denote

that S§ = S7 (1), and HZ = H{ (1), [3].

3. Spherical Curves and Bertrand Curves in E}
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In [9] and [4], the autors have characterized the spherical spacelike and timelike curves.
In this section, we give the Theorem about generating the Bertrand curves from the
spherical curves in F}.

Theorem 3.1. There are no null curves lying on the Lorentzian sphere in E} [4].

Let v be a unit speed nonlightlike curve. If o is the arc lenght parameter of ~, then
the unit tangent vector of v is t (o) = 4 (o) where 4 = Z—Z. We define a vector s (o) =
v (o) x t (o), then we have a pseudo-orthonormal frame {7 (c),t(0),s (o)} along v . If
7 is a spacelike curve, then the vector s is timelike where 7 is in S? and the vector s
is spacelike where v is in HZ. Similarly, if the curve 7 is timelike, then the vector s is
spacelike.

Theorem 3.2. Let v be a unit speed spherical curve in E3, then the spherical Frenet
formulas of v are

i. If v is a spacelike curve in H?

V(o) = t(o)
t(o) = —v(0) —kg(0)s(o)
§(0) = —ky(0)1(0)
wit. If v is a timelike curve
V(o) = t(o)

where Ky s the geodesic curvature of .
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Theorem 3.3. Let vy be a unit speed spherical curve in E3, then

Y(o)=a /v(v)dv+5coth0/s(v)dv +c (1)

1s a Bertrand curve where a and 6 are constant numbers, ¢ is constant vector and € = +1.
We take € = 1 when the curve v s spacelike and € = —1 when the curve vy is timelike.
Moreover, all the Bertrand curves with nonlightlike pirincipal normal can be constructed

by this method.

Proof. If v is a spacelike curve in HZ, then we have

Y(o) = a(v(o) + cothbs(r))
(o) = a(l — cothbky(0))t(o)

Y(o) = —acothfry(o)t (o) + a(l —cothbry(o))(y(o) + Ke(o)s(o))

v is a spacelike curve, hence the curvature and torsion of 7 are

sinh 26 (1 — coth 6k, (o))

k(o) = ¢ ¢
r(o) = _Smh70(k (;f) — coth 6)
where £ = 1. Since
—a(er (o) — coth7(0)) = 1 )

7 is a Bertrand curve. If ~y is a spacelike curve in S? or a timelike one, then the proof is
similar to the mentioned above.

For the converse, let ¥ be a Bertrand curve with nonlightlike principal normal and
{T, N, B} be its Frenet frame. If 7 is a spacelike curve, we have two cases upon the
character of T" :

If T" is a spacelike vector, we define a curve

(o) = € (sinh 0T (o) + cosh 6B (o))
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inh N
In this case, 7 is a spacelike curve. Using the equation (2), we calculate v(o) = 88111—@.
a
d inh 6
When o is the arc lenght parameter of v, we have % _ o
o a
d
ay (o) % — sinh@ (sinh T (o) + cosh 6B (¢)) (3)
o
d dy d
acothfs (o) Y9 acoth O~ (o) x 47 291
do doy do
= —cosh@ (cosh0T (o) +sinh 0B (0)) (4)

If we substitute the equations (3) and (4) in (1), we have

o1 o1 o

a/y(u)du+acoth(9/s(u)dv:—/T(u)du:—&“(a)ﬂ

)
Here we note that the curve 7 is negatively oriented. If 7" is a timelike vector or 7 is a

timelike curve, then the proof is similar to the mentioned above.

4. Bertrand Curves Corresponding to The Spherical Indicatrices

) T3
in Ey

We define the spherical indicatrices of spacelike and timelike curves and then we inves-

tigate the Bertrand curves corresponding to them.

Definition 4.1. Let v : I — E? be a unit speed curve, o be its arc lenght parameter
and k(o) # 0. The curve v, given by ; (s) = t(s) is called the tangent indicatrix of ~. If
the curve v is timelike or spacelike, then 7; is on the sphere H? or S respectively.
Theorem 4.1. The Bertrand curve corresponding to the tangent indicatrix of a curve in
E3} is

o

F(o¢) =a |v (o) —i—scoth@/b(v)dv T+

G’to

where o, is the arc lenght parameter of v,. If v is a spacelike or timelike curve, then we

take e =1 or e = —1 respectively.

dt
Proof. The tangent vector of v, is t; = —. If the curve ~ is timelike, ~; is a spacelike

dUt

curve and if the curve v is spacelike, 7; can be a spacelike or timelike curve. Wheter the
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do
curve -y is spacelike or timelike, we have d_t = k(o). Now we define s; =t X t;, then the
o
Bertrand curve corresponding to 7, is
Ot gt
(o) = a/t(u) dv +a5coth6’/st (v)dv + ¢
Ot ot

ot

= av (o) +ascoth9/b(v) dv+c

O'to

Definition 4.2.Let v : I — E} be a unit speed curve, o be its arc lenght parameter and
k(o) # 0. The curve v, given by 7, (s) = n(s) is called the principal normal indicatrix of
7. If the vector n is spacelike or timelike, then 7; is on the sphere S7 or H? respectively.
Theorem 4.2. The Bertrand curve corresponding to the principal normal indicatriz of a

curve in E3 is
On

Y (on) = a /n(v) dv+5coth67d(v) dv| +c

Ong Tng
where o, is the arc lenght parameter of v,. If v, is a spacelike or timelike curve, then we

take € =1 or ¢ = —1 respectively.

d
Proof.The tangent vector of v, is t,, = d_n Wheter the curve 7 is timelike or spacelike,
On

do

the curve =, can be spacelike or timelike. In both cases, we have d—n = ||w (o)]|| where
o

w is the darboux vector of 7. Now we define s,, = n X t,, then the Bertrand curve

corresponding to 7, is

F(on) = a/n(v)dv—l—ascoth@/sn (v)dv + ¢
Ong Tng

= a/n(v)dv+a500th9/d(v)dv+c
Ong Tng

Definition 4.3.Let v : I — E? be a unit speed curve, o be its arc lenght parameter
and x (0) # 0. The curve =, given by 7, (s) = b(s) is called the binormal indicatrix of ~.

If the curve ~ is timelike or spacelike, in both cases, the curve ~, is on the sphere S%.
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Theorem 4.3. The Bertrand curve corresponding to the binormal indicatriz of a curve

in B is
op o)
¥ (o) = a /b(v)dv+5coth0/t(v)dv +c
oy oy

0 0

where oy is the arc lenght parameter of v,. If the curve v is timelike, then we take ¢ = 1
where v, 1s spacelike and € = —1 where vy, is timelike. If the curve v is spacelike, then the

sign of € reverses.

db
Proof.The tangent vector of v, is ¢, = o Wheter the curve v is timelike or spacelike, v,

Ob
do
can be a spacelike or timelike curve and we have =7 (0). Now we define s, = b X 1,
o
then the Bertrand curve corresponding to 7, is
Oy Ob

A(op) = a/b(v)dv—l—aecoth&/sb (v)dv + ¢

O Ob,

0 0

Jp )

= a/b(v)dv—|—a€coth9/t(v)dv+c

Oy O

0 0
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