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Abstract. We consider the ternary semigroup S of the fuzzy points of a ternary semigroup S, and discuss the relation
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1. Introduction

The concept of fuzzy set was initiated by L. Zadeh[14]. The study of fuzzy algebraic structures
started with the introduction of the concepts of fuzzy groups in the pioneering paper of
Rosenfeld [13]. Kuroki [6, 7, 8, 9] defined a fuzzy semigroup and various kinds of fuzzy ideals
in semigroups and characterized them. M. Santiago and S. Bala developed the theory of ternary
semigroups[12]. Kar and Sarkar defined fuzzy left (right, lateral) ideals of ternary semigroups
and characterize regular and intra-regular ternary semigroups by using the concept of fuzzy
ideals of ternary semigroups[3,4]. The concept of anti fuzzy interior ideals of ternary semigroups
introduced in[2]. Kim considered the semigroup S of the fuzzy points of a semigroup S, and
discussed the relation between some fuzzy ideals of a semigroup S and the subsets of S [5].
Hamouda considered the ternary semigroups of fuzzy points and investigated some relations
between of ideals of fuzzy points and fuzzy ideals of ternary semigroups [1]. Based on the

concept of anti fuzzy ideals of a ternary semigroup [13], in the present paper we consider the
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ternary semigroup S of the fuzzy points in a ternary semigroup S, and discuss the relation

between some anti fuzzy ideals of a ternary semigroup S and the subsets of S.

2. Preliminaries

Definition 2.1[12] A ternary semigroup is a nonempty set S together with a ternary operation
(a, b, c) - abc satisfying (abc)de = a(bcd)e = ab(cde) for all a; b; c;d; e € S.

Example 2.2 Let Z~ be the set of all negative integers. Then with the usual ternary

multiplication, Z~ forms a ternary semigroup.

Definition 2.3 [3] A non-empty subset A of a ternary semigroup is called
1) A ternary subsemigroup if A3 = AAA € A.
2) Aleftideal of Sif SSA C A.
3) A lateral ideal of S if SAS € A.
4) Aright ideal of S if ASS c A.
5) Anideal of S if Ais a left ideal, a lateral ideal and a right ideal of S.

Definition 2.4 [4] A ternary subsemigroup B of a ternary semigroup S is said to be a bi-ideal of
S if BSBSB < B.

Definition 2.5 [10] A ternary subsemigroup B of a ternary semigroup S is called an interior
ideal of S if SSBSS < B.

Example 2.6 Let S = {(0,0),(0,1),(1,0),(1,1)}. Then S is a ternary semigroup with respect to
ternary multiplication defined by

(@, )k, D(m,n) = (i,n).

Let A ={(0,0),(0,1)} be a subset of S.Then A is a right ideal of S, but not a lateral ideal nor a
left ideal because
in SAS,
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(1,0)(0,1)(1,1) = (1,1) ¢ A,
in SSA4,
(1,0)(1,1)(0,0) = (1,0) ¢ A.
Let B = {(0,1),(1,1)} be a subset of S. Then B is a left ideal of S, but not a lateral ideal nor a
right ideal because
in SBS,
(1,0)(1,1)(1,0) = (1,0) & B,
in BSS,
(0,0)(1,1)(0,0) = (0,0) ¢ B.

A function f from S to the closed interval [0, 1] is called a fuzzy set in S. The ternary

semigroup S itself is a fuzzy set in S such that S(x) = 1 forall x € S.

Definition 2.7[13] Let f be a fuzzy set in a nonempty set S. For any t € [0,1]; the subset f; =
{x € S:f(x) <t} of Siscalled anti level subset of f.

Let A and Bbe two fuzzy sets inS. Then theinclusion relation A € Bis defined by A(x) <
B(x) for all x€eS. AnB and AUB are fuzzy sets in S defined by (AnB)(x) =
min{A(x),B(x)} = A(x) AB(x),(AU B)(x) = max{A(x),B(x)} = A(x) V B(x), forall x € S.

Definition 2.8 Let S be a non-empty set and x € S, t € [0,1). An anti fuzzy point x, of S isa
fuzzy set in S, defined by,

_(t ifx=y,
x(y) = { 1 otherwise,

forally e §.

Definition 2.9.[13] A non-empty fuzzy set A in a ternary semigroup S is called an anti fuzzy

ternary subsemigroup of S if A(xyz) < A(x) VA(y) Vv A(z) forall x,y,z € S.
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Definition 2.10.[13] A non-empty fuzzy set A in a ternary semigroup S is called an anti fuzzy left
(resp. lateral, right) ideal of S if A(xyz) < A(z) (resp. A(xyz) < A(y),A(xyz) < A(x)) for all
X,y,Z€ES.

If A is an anti fuzzy left ideal, a fuzzy lateral ideal and a fuzzy right ideal of S, then A is called

an anti fuzzy ideal of S.

Definition 2.11.[13] An anti fuzzy ternary subsemigroup B in a ternary semigroup S is called an

anti fuzzy interior ideal of S if B(xsary) < B(a)forall x,a,r,s,y € S.

Example 2.12. In example 2.6, S = {(0,0), (0,1), (1,0), (1,1)} is a ternary semigroup and A =
{(0,0), (0,1)} is aright ideal of S. Define a fuzzy set f in S as follows:

0.6 if x €4
1 otherwise.

f ={

It is clear that f is an anti fuzzy right ideal, but not an anti fuzzy lateral ideal nor an anti fuzzy

left ideal because

F((LDODAD)=7F(LD)=1%F((0,1) = 06,

and

F((LDODOD) = f(LD) =1% £((0,1)) = 0.6,

Similarly, for the left ideal B = {(0,1), (1,1)}we can define an anti fuzzy left ideal f which is

neither an anti fuzzy lateral ideal nor an anti fuzzy right ideal.
3. Main Results

Let F(S) be the set of all fuzzy sets in a ternary semigroup S. For each 4, B, C € F(S), the anti
product of A, B, C is a fuzzy set A * B * C defined as follows:

(AxBxC)(x) = {/\xzabc{A(a) VB(b)V C(c)} if abc = x

1 otherwise.
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Proposition 3.1. (F(S), *) is a ternary semigroup.

Proof. It is obvious that F(S) is closed under the ternary operation *. Let A, B, C,E, F be fuzzy
sets in F(S). Let x be any element of S such that it is not expreeible as product of three elements
in S, then

((AxB+C)+*ExF)(x)=1=(A*(B*C*E)*F)(x) = (A*B*C *(E * F))(%).

If x = abc forsome a, b, c in S, then

((A*B*C)*E +F)(x) = /\ (((A* B *C)(a) VE(b) VF(c)} =

x=abc

= /\x=abc {/\qur{A(p) VB(q)VvC(r)}VE(D)V F(c)}

_ /\ {A(p) VB(q) vV C(r)}V E(b) VF(c)}
x=(pqr)bc

= /\ {A() VB(@) V (C(r) VE(b) VF(c))}
x=pq(rbc)

A A\ awve@vc B P
= /\xzquA(m VB(QV (€ *E * F)(w)

=(A*B*(C*E*F))(x)

In similar argument, we show that (A * B » (C * E * F))(x) = (A = (B * C * E) * F)(x). Hence

(F(S), *) is aternary semigroup. O
Let S be the set of all anti fuzzy points in a ternary semigroup S.
Proposition 3.2. If x,,yz and z, € S, then x, * yp * 2, = (Xy2)qvpvy -

Proof. Letw € S. If w # abc forany a,b,c € S, then

(X * yp * 2, )(W) = 1 = (xyZ)avpvy (W)-
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If w = abc for some aq, b, c € S, then we have

Ca Y520 = [\ {2el@) v yp5) v 2,(0))

w=abc

1) f x=ay=bandz =c, thenw = xyz and x,(x) = a,ys(y) = fand z,(z) = y.
Therefore, (xo * yg * z,) (W) = x,(X) Vyg(¥) Vz,(2) =aV B VY = (XyZ)qvpvy-

2) If either x # aory # b or z # c, then either x,(a) = 1oryg(b) =1 or z,(c) = 1 and
hence (xg * g * 2, )W) = 1 = (xy2)avguy (W),

Therefore, we conclude that x, * yg * z, = (XyZ) qvgvy- O

It is clear that (xq * yg * z)) * Wg * Ur =xa*(yﬁ*zy*wa)*ur = Xg * Vg * (2 * Wg * Uy)
for x4, yp, 2, Wg,u; €S . Thus S is a ternary subsemigroup of F(S). For any A € F(S), we
denote A = {x, € S: A(x) < a}. Forany A, B, C < S, we define the product of A, Band C as A *

B*C={xa*yﬂ *zy:xaEA,yﬁEB,zyeC}.

Lemma 3.3. Let A, B and C be fuzzy sets in a ternary semigroup S. Then
a) IfAC B,thenB C A.
b) AUB=AUB.
) ANB=ANB.
d AxB+xC2A*B=C.

Proof. (a) Straightforward.
b) Letz, € AU B, then

(AUB)(z) = A(z) VB(2) < a.
Hence, A(z) < aor B(z) < a, thatis , z, € AU B. This impliesthat AUB € AUB. Let z, €
AUB , then (z) < @ or B(z) < a and hence(A U B)(z) < a. This implies that z, € AU B and
consequently, AUB € AU B . Therefore, AUB = AUB.
(c) the proof is similar to (a), by considering the suitable modifications.
(d) Let z € Sandz,, € A* B = C, then z,, = a, * bg = ¢, such thata, € A, bg € Band ¢, € C.
If z=pqr for somep,q,r € S, then A(p) < a,(p), B(q) < bg(q) and C(r) < ¢, (). Hence,
we have A(p) < Agea @a(P), B(@) < Apyep bp(q) and C(r) < A¢, ec ¢y (r). Thus
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(A% B +C)(z) = /\ A(p) VB(q)V C(P)

z=pqr

<A N a»vh@vem

z=pqr aaeér bﬁ€§; C}/EE

- A N\ awvhg@vem

aaeér bﬁ€§; C}/EQ z=pqr

= /\ (ag * bg x ¢, )(2) = /\ Zy(2) = w.

aq€A, bgEB, cyeC aq€A, bg€EB, cyeC
This implies that z,, € A* B * C andhence A*B*xC2A*B* (.0

Theorem 3.4. Let A be a fuzzy set in a ternary semigroup S. then the following conditions are
equivalent:

a) Ais an anti fuzzy left (lateral, right) ideal of S.

b) A isa left (lateral, right)ideal of S.

Proof. Let A is an anti fuzzy left ideal in S, and let x, € A and y,,z, € S. Then y, * z, * x,, =
(Yzx) qurvp € S * S * A. Since A is an anti fuzzy left ideal, we have A(yzx) < A(x) <p<qV
TV p. Hence y, * z. * x, = (¥2X) qurvp € A. This implies that S«S+* A C A, thus A is a left
ideal of S. Conversely, assume that A is a left ideal of S. Let x,y,z€ S, if A(z) =1, then
A(xyz) < 1= A(2).If A(z) #1 then z,,y) € A and x4(,), Yacz) € S. Since A is a left ideal of S,
we have x4z * Vacz) * Zaz) = (XYZ)az) ES*S*A S A. This implies that A(xyz) < A(2),
and hence A is an anti fuzzy left ideal of S. By a similar argument, one can prove the other cases.

|

Lemma 3.5. Let A and B be any anti fuzzy interior ideals of a ternary semigroup S.Then
a) AU B isalso an anti fuzzy interior ideal of S ( provided AU B # 0) .

b) AU B isalso an interior ideal of S.
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Proof. a) Since A and B are anti fuzzy ternary subsemigroups of S, A U B is an anti fuzzy ternary
subsemigroup of S [13]. Let x,a,7,s,y € S be arbitrary elements of S. Since A and B are anti
fuzzy interior ideals of S, then
(AU B)(xsary) = A(xsary) V B(xsary)
> A(a) vV B(a) = (AU B)(a).
Hence A U B is an anti fuzzy interior ideal of S .
b) At first, it is an easy exercise to show that: A is an anti fuzzy ternary subsemigroup of S if and
only if A is a ternary subsemigroup of S. From lemma 3.3, we have AUB = AU B and so itis
a ternary subsemigroup of S. Let a, € AU B and x,, X;, Y, ¥4 € S, then
(XXayy)pvrvavsvg = Xp * X ¥ Qg ¥ Ys ¥ Vg €ES* Sx AUB * S * S.
Since A U B is a fuzzy interior ideal of S, then
(AUB)(xxayy) < (AUB)(a) =A(aA)AB(a) <aAh a=a
<pVvVrvaVsVy.
This implies that
Xp * Xy Qg * Ys % Vg = (XEAYY)pvrvavsvg € AU B.

Therefore, A U B isalso an interior deal of S.oO

Theorem 3.6. Let A be a fuzzy set in a ternary semigroup S. Then 4 is an interior ideal of S if

and only if A'is an anti fuzzy interior ideal of S.

Proof. Let A is an anti fuzzy interior ideal of S, then 4 is a ternary subsemigroup of S. Suppose
that x,, X, Y5, ¥, € S and z, € A. Then A(z) < a, and A(xxzyy) < A(z) Sa<pVrvaVvsV
gHence SxS*AxS*S 3 (xp * Xy * Ay * Y5 * Yq) = (XXZYY)pvrvavsvq € A. This implies that
S*xS*A*S5+5C A thus Ais an interior ideal of S. Conversely, suppose that 4 is an interior
ideal of S. For all ,y,z € S, the elements x,(x), Va(y), Zacz) belong to A . Since A is an interior
ideal of S, we have
Xa(x) * Yaly) * Zaz) = (XYZ) acovay)v az) € A.

Thus A(xyz) < A(x) VA(y)V A(z). Therefore A is an anti fuzzy ternary subsemigroup in S.
Let x,%,z,9,y €S, if A(z) # 1, then z,,) € A and X4(,), Xa(2), Ya(z) Yaz) € S- Since A is an

interior ideal of S, we have (xXzyy)az) = (XXZVY) amvazva@va@vaz) = Xa(z) * Xa(z) *
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Za(z) * Va(z) * Yacz) € A. This implies tha A(xxzyy) < A(z), and hence A is an anti fuzzy

interior ideal of S. O

Let S be a ternary semigroup. An element x € S is called regular if there exists an element

a € S such that x = xax. A ternary semigroup iscalled regular if all its elements are regular [3].

Theorem 3.8. Let A be a fuzzy set in a regular ternary semigroup S. Then the following
conditions are equivalent:
a) A is an anti fuzzy ideal of S.

b) A isan interior ideal of S.

Proof. Let A be an anti fuzzy ideal of S. Then A is an anti fuzzy ternary subsemigroup of S, and
consequently A is a ternary subsemigroup of S. Since any anti fuzzy ideal of S is an anti fuzzy
interior ideal of S[13], then theorem 3.6 implies that 4 is an interior ideal of S. Assume that (b)
holds. Let x € S, then there exists a € S such that x = xax (since S is regular). If A(x) =
1L,A(xyz) <1=A). If A(x) # 1, then x,,) € A and Y4y, Zax) € S. Since A is an interior
ideal of S, then
(XYZ) ) = (XAXYZ) ax) = Xa(x) * Qacx) * Xax) * Ya) * Za) € A

This implies that A(xyz) < A(x), and hence A is an anti fuzzy right ideal of S. In a similar
argument we prove that A is an anti fuzzy left ideal of S. It remains to show that A is an anti
fuzzy lateral ideal of S. For this purpose, assume that y,a € S such that y = yay (since S is
regular). Since A(y) = A(yay) < A(y) VA(a) Vv A(y), A(a) <A(y). If A(y) #1, then
Ya(y), Qacy) € A and x4(,), Za) € S. Since A is an interior ideal of S, we have (xyz)a) =
(Xyayz) aiyy = Xaey) * Yay) * Qawy) * Yay) * Zay) € A. This implies that A(xyz) < A(y), and

hence A is an anti fuzzy lateral ideal of S.This completes that A is an anti fuzzy ideal of .o

A ternary semigroup S is called intra-regular if for each element a € S, there exist elements
x,y € S such that a = xa3y [3].For example, let S = {i,0,—i}. Then S is a ternary semigroup
under the multiplication over complex numbers. In S, we have(—i)(i%)(—i) = i, (i)(03)(-i) =

0 and (i)(—i)3(i) = —i. Therefore, S = {i, 0, —i} is intra-regular.
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Theorem 3.9. Aternary semigroup S is intra-regular if and only if S is intra-regular.

Proof.(=)Let a, be an element in S. Since S is intra-regular and a € S, there exist x, y € S such
that a = xa®y.Thus x, , Yo € S and xg * ag * ag * ag * Y, = (xa®y), = a,. Hence S is intra-
regular.

(&) Assume S is intra-regular and a € S. Then for any a € [0,1), there exist xg,y, € S such that
Qg = Xp * Qg * Ay * Ag * ¥, = (Xa%Y) gyavy. This implies that a = xa®y for x,y € S, hence S

is intra-regular.

An anti fuzzy ternary subsemigroup A of a ternary semigroup S is called an anti fuzzy bi-ideal
of Sif A(xaybz) < A(x) v A(y) V A(2) forall x; a; y; b; y € S[10].

Theorem 3.10 An anti fuzzy ternary subsemigroup B of a ternary semigroup S is an anti fuzzy bi-
ideal of Sifand only if (B*® * B * @ x B) 2 B.

Where 0 is the fuzzy subset of S mapping every element of S on 0.

Proof. Let B be an anti fuzzy bi-ideal of a ternary semigroup S and x € S. If x # abc for any
a,b,c €S, then (B*O® B 0 *B)(x) =1 = B(x). If such exists, let x # abc for some
a,b,c €S ,then
(B*xO® B %0 x*B)(x)
= N\ B+o+B)@VO®m) vBE©)

x=abc

= N\ {0\ B ve@vememvee©

x=abc \ a=pqr

= Nt soveeyveer= N\ B vEe)vEE)

x=abc \ a=pqr x=pqrbc
> [\ Beabor= [\ B@=5w.
x=pqrbc x=pqrbc

This impliesthat (B *® * B * 0 « B) 2 B.
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Conversely, let B be an anti fuzzy ternary subsemigroup of S such that (B * ® * B * @ x B) 2 B.
Letu,v,w,x,y € S.Then
B(uvwxy) < (B * 0 x B x 0 * B)(uvwxy)
- /\ ((B*0+B)(a)VvO(b)VvB(©)

uvwxy=abc

<(B*0*B)(uvw) v O(x)VB(y) = /\ {B(p)vO(q)VB()}VB(y)

uvw=pqr
<Bw)vOw)vBw)VB(y)=Bu)VvBWw)VB(y).
Hence B is an anti fuzzy bi-ideal of S. o

Theorem 3.11.(see [13, Theorem 3.8]). An anti fuzzy ternary subsemigroupf of a semigroup S is

an anti fuzzy bi-ideal of S if and only if the anti level set of f, f; is a bi-ideal of S fort € Im f.

Theorem 3.112. Let A be a fuzzy set in a ternary semigroup S. Then A is an anti fuzzy bi- ideal

of Sif and only if 4 is a bi- ideal of S.

Proof. Let A be an anti fuzzy bi- ideal of S, then by theorem 3.10, A* @ xA+xO A2 A.

From lemma 3.3, we have A+*@+«A*0+xACA+x0+xA*x0xAC A Since A is a ternary

subsemigroup of S, we conclude that 4 is a bi-ideal of S. Conversely, we assume that 4 is a
bi-ideal of S. In order to prove that A be an anti fuzzy bi- ideal of S, by theorem 3.11, it is
sufficient to show that the anti level set of A, A, = {x € S: A(x) < t}, is bi-ideal. So, for
x,y,Z € A, itis clear that x;, y, z, € A. Since A is a bi-ideal of S, then w; = (xaybz), = x; *
ar*yexbyxz, €Ax0 x A% 0 xAC A. Hence A(xaybz) < t and consequently (xaybz) € A,
for a,b € S. this means that A;SA;SA; € A, that is, A, is a bi-ideal of S. Now, and by the fact

that A is an anti fuzzy ternary semigroup of S, it follows that A is an anti fuzzy bi- ideal of S. o
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