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. INTRODUCTION

Atanassov [3] introduced the concepts of intuitionistic fuzzy sets which take into account both
the degrees of membership and non-membership subject to the condition that their sum does not
exceed 1. D. Coker subsequently initiated a study of intuitionistic fuzzy topological spaces. After
then many topologists work in intuitionistic fuzzy topological spaces.

In this paper, we define some new notions of Ri—spaces using intuitionistic fuzzy sets and we
investigate the properties of Ri—spaces.

Definition 1.1.[10] An intuitionistic set A is an object having the form A = (x, A, A,), where
A; and A, are subsets of X satisfying A; N A, = ¢. The set A, is called the set of member of A
while A, is called the set of non-member of A.

Throughout this paper, we use the simpler notation A = ( A;, A;) for an intuitionistic set.
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Remark 1.2.[10] Every subset A on a nonempty set X may obviously be regarded as an
intuitionistic set having the form A’ = (A, A®), where A® = X \ A is the complement of A in X.
Definition 1.3.[10] Let the intuitionistic sets A and B on X be of the forms A = (A, A,) and

B = (B4, B) respectively. Furthermore, let {A;: j€ J} be an arbitrary family of intuitionistic sets

in X, where A; = (A]@, A]@). Then
(@ A cB ifandonlyif A; € B;and A, 2 B,.
(b) A= Bifandonlyif A € Band B € A.

(c) A= (A,, A,), denotes the complement of A.
(d) Na; = (NAY, UAD).

(&) UAj= (UAY, nA®),

) ¢. =(d Xand X. = (X, ¢).

Definition: 1.4.[8] An intuitionistic topology on a set X is a family t of intuitionistic sets in X
satisfying the following axioms:

1) ¢, X. €.

(2) Gy n G, e tforany G4, G, € T.

(3) U G; € T forany arbitrary family G; € t.

In this case, the pair (X, t) is called an intuitionistic topological space (ITS, in short) and any

intuitionistic set in T is known as an intuitionistic open set (10S, in short) in X.

Definition 1.5.[3] Let X be a non empty set and | be the unit interval [0, 1]. An intuitionistic
fuzzy set A (IFS, in short) in X is an object having the form A={(x, pa(x),va(x)), x € X}, where
Ua: X = Iand v: X — 1 denote the degree of membership and the degree of non- membership
respectively, and p,(x) +va(x) < 1.

Let I(X) denote the set of all intuitionistic fuzzy sets in X. Obviously every fuzzy set p, in X is an
intuitionistic fuzzy set of the form (pa, 1 — pp).

Throughout this paper, we use the simpler notation A = (ua,vs) instead of

A={(X, uA(X),VA(X)),X € X} .
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Definition 1.6.[3] Let A = (ua,va) and B = (ug,vg) be intuitionistic fuzzy sets in X. Then

(1) Ac Bifandonly if uy < pg and vy = vg.

(2) A=Bifandonlyif A Band B C A.

(3) A= (va, Ha)-

(4) ANB=(pa N pp;va Uvp).

(5) AUB=(pa U pp;va Nvg).

(6) 0. = (0~,17) and 1. = (1~,07).
Definition 1.7.[8] Let { A;: i €J} be an arbitrary family of IFSs in X. Then

(@ NA;j = (Npa, Yvy).

(b) UA; = (U pa, Ny
Definition 1.8.[9] An intuitionistic fuzzy topology (IFT, in short) on X is a family t of IFS’s in X
which satisfies the following axioms:

(1) 0.,1. € t.

(2)ifA;, A, et , then A;NA, €t

(3) if A; € tforeach i, then UA; € t.
The pair (X, t) is called an intuitionistic fuzzy topological space (IFTS, in short). Let (X, t) be
an IFTS. Then any member of t is called an intuitionistic fuzzy open set (IFOS, in short) in X.
The complement of an IFOS in X is called an intuitionistic fuzzy closed set (IFCS, in short) in X.
Definition 1.9.[3] Let X and Y be two nonempty sets and f: X — Y be a function. If B = {(y,
ug(y), vg(y))/ y € Y}isan IFS inY, then the pre image of B under f, denoted by f~1(B) is the
IFS in X defined by f=1(B) ={(x, {1 (up) (%), f1(vg)(X)), x € X} and the image of A under f,
denoted by f(A) ={(y, f(na), f(va), y € Y}isan IFS of Y, where foreachy € Y

f(ha) () ={"ef“f<uy‘>’ Ha(O 1F £ # &,
0 otherwise.

f(va) (y) ={"e“§‘y‘§ va(0) if 1) # &,
1 otherwise.

Definition 1.10.[6] Let A = (X, ua,v4) and B = (Y, ug,vg) be IFSs of X and Y respectively.
Then the product of intuitionistic fuzzy sets A and B denoted by A X B is defined by A X B =

{X XY, ua X pg, va X vg} where (ua X pg) (%, y) = min (pa(x), up(y)) and (va X vg) (X,
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y) = max (va(x),ug(y)) for all (x, y) € Xx Y. Obviously, 0 < pa X ug + va X vg < 1. This
definition can be extended to an arbitrary family of IFSs as follows:

If Aj = (( M4, V4, ), 1 €]) is a family of IFSs in X; , then their product is defined as the IFSs in
[1X; given by [1A; = ([Tw,, . TTua, ) where [T, (x) = inf py,(x;), for all x =TIx; € X and

[Tua,(X) = sup v, (x; ), for all x=TIx; € X.

Definition 1.11.[6] Let (X;, t;), i =1, 2 be two IFTSs, and then the product t; X t, on X; X
X, is defined as the IFT generated by {p;'(U;): U;€ t;, i=1, 2}, wherep;: X; x X, >
X;, i =1, 2 are the projection maps and the IFTS (X; X X,, t; X t,) is called product IFTS.

Theorem 1.12.[1] Let (X, T) be an intuitionistic topological space and let t={1,:A €
T} 1ea,, a,) = (14,,14,), then (X, t) is the corresponding intuitionistic fuzzy topological space

of (X, T).

2. INTUITIONISTIC FUZZY R1—SPACES
Definition 2.1 An intuitionistic fuzzy topological space (X, t) is called
(1) IF=Ra(i) if for all x, y€X, x #y whenever 3 A = (ua, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C= (Uc, vc) €t such that pg(x) =1, vg(x) = 0; pc(y) =1,
ve(y) =0andBNnC=0..
(2) IF=Rq(ii) if for all x, y € X, x#y whenever 3 A = (ua, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C= (Uc, Vc) €t such that pg(x) =1, vg(x) = 0; pc(y) >0,
ve(y) =0and BNnC= (07, y~) wherey € (0, 1].
(3) IF—=Ru(iii) if for all x, y € X, x # ywhenever 3 A = (uu, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C= (K¢, vc) €t such that ug(x) > 0, vg(x) = 0; pcly) =1,
vc(y) =0and BN C = (07, y~) wherey € (0, 1].
(4) IF=Ru(iv) if for all x, y € X, x # ywhenever 3 A = (na, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C = (K¢, Ve) €t such that pg(x) > 0, vg(x) =0; pe(y) >0,
vc(y) =0and BN C = (07, y~) wherey € (0, 1].

Definition 2.2. Let « € (0, 1). An intuitionistic fuzzy topological space (X, t) is called
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(@) a—IF—=Ru(i) if for all x, y € X, x # y whenever 3 A = (u,, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C = (K¢, Vc) € tsuch that pg(x) =1, vg(x) =0; pc(y) = «a,
ve(y) =0and BNC=0..

(b) a —IF—=Ru(ii) if for all x, y € X, x # y whenever 3 A = (u,, va) € twith A(x) # A(y),
then 3 B = (ug, vg), C = (U, vc) € tsuch that pg(x) = a, vg(x) =0; pe(y) = «a,
vc(y) =0and BN C = (07, y~) wherey € (0, 1].

(c) a —IF—=Ry(iii) if for all x, y € X, x#y whenever 3 A = (ua, va) € t with A(x) #
A(y), then 3 B = (ug, vg), C = (K¢, vc) € tsuch that ug(x) > 0, vg(x) = 0; uc(y) =
a, ve(y) =0and BN C = (07, y~) wherey € (0, 1].

Theorem2.3. Let (X, t) be an intuitionistic fuzzy topological space. Then we have the following

implication:

IF—R;(ii)

/\

IF—R. () 2 IF-R,(iv)
\‘IP—R 111/

Proof: Suppose (X, t) is IF—Rq(i) space. We shall prove that (X, t) is IF—R4(ii). Letx, y € X,
x#y and A= (ua,va) € twith A(x) # A(y). Since (X, t) is IF=Ry(i), then3 B = (ug,

vg), C= (Uuc ve) €t such that pg(x) =1, vg(x) =0; uc(y) =1,vc(y) =0and BNC=
0. = ue(x®) =1,up(x) =0;pc(y) > 0,vc(y) =0and BNC= (07, y~) wherey € (0, 1].
Which is IF=Ry(ii). Hence IF=Ry(i) = IF—=Ru(ii).

Again, suppose (X, t) is IF—Ry(i). We shall prove that (X, t) is IF—Ru(iii)., Letx, y€ X, x #y
and A = (ua,va) € twith A(x) # A(y). Since (X, t) is IF=Rq(i), then 3 B = (ug, vg), C=
(ue, ve) €t such that pg(x) =1, vg(x) =0; pue(y) =1,vc(y) =0and BNC=0. =
ug(x) > 0, vg(x) = 0; uc(y) =1,vc(y) =0and BN C= (0", y~) wherey € (0, 1]. Which
is IF=Rqy(iii). Hence IF=Ry(i) = IF—R(iii).

Furthermore, it can verify that IF—R1(i) = IF—R1(iv), IF—R1(ii) = IF—R1(iv) and IF—R(iii)
= IF—=Ry(iv).
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None of the reverse implications is true in general which can be seen from the following
examples.

Example 2.3.1. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.4, 0), (v, 0, 0.2)} and B={(x, 1, 0), (v, 0, 0.5)}, C={(x, 0, 0.6), (v,
0.7, 0)}. We see that the IFTS (X, t) is IF—Rx(ii) but not IF—R1(i).

Example 2.3.2. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A ={(x, 0.3, 0), (y, 0, 0.2)} and B = {(x, 0.5, 0), (y, 0, 0.7)}, C={(x, 0, 0.6), (v, 1,
0)}. We see that the IFTS (X, t) is IF—Ru(iii) but not IF—R(i).

Example 2.3.3. Let X = {x, y}and t be the intuitionistic fuzzy topology on X generated by
{A, B,C} where A = {(x, 0.1, 0), (y, 0, 0.7)} and B={(x, 1, 0), (v, 0, 0.6)}, C = {(x, 0, 0.3), (v,
0.9, 0)}. We see that the IFTS (X, t) is IF—=Ru(ii) but not IF—Ru(iii).

Example 2.3.4. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A ={(x, 0.2, 0), (y, 0, 0.4)} and B = {(x, 0.6, 0), (y, 0, 0.3)}, C= {(x, 0, 0.5), (y,
0.8, 0)}. We see that the IFTS (X, t) is IF—=Ru(iii) but not IF—R(ii).

Theorem 2.4. Let (X, t) be an intuitionistic fuzzy topological space. Then we have the
following implications:

o —IF—F (i)

o —IF—E. (i)
x

o —IF—Ry(ii)
Proof: Suppose (X, t) is a —IF—Rq(i) space. We shall prove that (X, t) is a —IF—R(ii). Let a €
(0, 1). Again, letx, yeX, x#=yand A = (ua,va) € t with A(x) # A(y). Since (X, t) is
IF—R1(i), then3 B = (ug, vg), C= (K¢, vc) €t such that pg(x) =1, vg(x) = 0; uc(y) =
a, Vc(y) =0andBNC=0. = pg(x)=a, vg(x) =0; pc(y) = a, vc(y) =0 for any a €
(0, 1)and BNnC= (0", y") wherey € (0, 1]. Which is a —IF—Ra(ii). Hence a —IF—R(i)
= o —IF—Rq(ii).

Again, suppose (X, t) is a —IF—Rq(ii). We shall prove that (X, t) is a —IF—Rq(iii). Let a €
(0, 1). Again, letx, yeX, x#y and A= (ua,va) € t with A(x) # A(y). Since (X, t) is
a —IF—=Ru(ii), then 3 B = (ug, vg), C= (K¢ vc) €t such that pg(x) = a, vg(x) =0;
He(@) = a, ve(y)=0and BNC=(0", y") whereye (0, 1] = ug(x) >0, vg(x) =0;
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uc(y) = a,vc(y) =0and BNnC = (07, y~) wherey € (0, 1]. Which is a —IF—R(iii). Hence
a —IF=R1(ii) = o —IF—Ru(iii).

Furthermore, it can verify that a —IF—R1(i) = o —IF—=R(iii).

None of the reverse implications is true in general which can be seen from the following
examples.
Example 2.4.1. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.2, 0), (v, 0, 0.3)} and B ={(x, 0.6, 0), (y, 0, 0.4)}, C={(x, 0, 0.5), (y,
0.7, 0)}. For a =0.4, we see that the IFTS (X, t) is a —IF—Ru(ii) but not a —IF—R(i).
.Example 2.4.2. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B,C} where A = {(x, 0.1, 0), (v, 0, 0.4)} and B={(x,0.3,0), (y,0,0.7)}, C={(x, 0, 0.6), (y,
0.5, 0)}. For a =0.5, we see that the IFTS (X, t) is a —IF—Ru(iii) but not a —IF—R(i).
Theorem 2.5. Let (X, t) be an intuitionistic fuzzy topological spaceand 0 < a < < 1, then

(@) B—IF=Ri(i) = o —IF=R1(i).

(b) B —IF—=R4(ii) = a —IF—R(ii).

(c) B —IF—=Ru(iii) = a — IF=R(iii).
Proof(a): Let B € (0, 1). Suppose the intuitionistic fuzzy topological space (X, t) is
B —IF—Rx(i). We shall prove that (X, t) isa —IF—Ru(i). Letx, ye X, x #yand A = (na ,va) €
twith A(x) # A(y). Since (X, t) is B —IF—Rx(i), then3I B = (ug, vg), C = (uc, vc) € tsuch
that ug(x) =1, vg(x) = 0; pc(y) =B, ve(y) =0 and BNC=0.= pp(x) =1, vg(x) =
0; uc(y) = a, ve(y) =0andBNC=0.as 0<a<P<1. Which isa—IF—R(i). Hence
B —IF-Ri(i) = a—IF—Ru(i).
Furthermore, it can verify that B —IF — Ri(ii) = o —IF—Ry(ii) and B — IF — Ry(iii)) =
a —IF—Ru(iii).
None of the reverse implications is true in general which can be seen from the following
examples.
Example 2.5.1. Let X = {x, y} and let t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A={(x,0.3,0), (y,0,0.7)}and B={(x, 1, 0), (v, 0, 0.4)}, C={(x, 0, 0.5), (y,
0.6, 0)}. Fora= 05 and B = 0.7, it is clear that the IFTS (X, t) is a —IF—Rx(i) but not
B —IF—Ru(i).
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Example 2.5.2. Let X = {x, y} and let t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.4, 0), (v, 0, 0.2)} and B={(x, 0.7, 0), (y, 0, 0.5)}, C={(x, 0, 0.3), (y,
0.6, 0)}. Fora = 0.6 and B = 0.8, it is clear that the IFTS (X, t) is a —IF—Ru(ii) but not
B —IF—R(ii).
Example 2.5.3. Let X = {x, y} and let t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.5, 0), (y, 0, 0.1)} and B={(x, 0.4, 0), (y, 0, 0.6)}, C={(x, 0, 0.3), (v,
0.5, 0)}. Fora = 0.4 and B = 0.6, it is clear that the IFTS (X, t) is a —IF—Rq(iii) but not
B —IF—Ru(iii).
Theorem 2.6. Leta € (0, 1) and let (X, t) be an intuitionistic fuzzy topological space, U € X
and ty = { A|U : A € t} then

@) (X, ©)is IF-Ri(i) = (U, ty) is IF—Ry(i).

(b) (X, t) is IF=Ry(ii) = (U, ty) is IF—Rq(ii).

(€) (X, t) is IF=Ry(iii) = (U, ty) is IF—=Rq(iii).

(d) (X, t) is IF=Ry(iv) = (U, ty) is IF=Ru(iv).

(e) (X, t) is a —IF-Ry(i) = (U, ty) is a —IF—Ru(i).

f) X, t) is a —IF=Ru(ii) = (U, ty) is a —IF—Ru(ii).

(@) (X, t) is a —IF=Ry(iii)) = (U, ty) is a —IF—Ru(iii).
The proofs (a), (b), (c), (d), (e), (f), (g) are similar. As an example we proved (a).
Proof (a): Suppose (X, t) is the intuitionistic fuzzy topological space and is also IF—Ru(i). We
shall prove that (U, ty) is IF—Ru(i). Letx, y € U, x # y with Ay = (Ha,, Va,) € ty such that
Ay(x) # Ay(y). Since x, yeUCX, then x, yeX, x#y asUCc X. Suppose A = (Ua,
va) € tis the extension IFS of Ay onX, then A(x) # A(y). Since (X, t) is IF—Ru(i), then 3
B = (ug, ), C= (u¢, vc) €t such that pg(x) =1, ve(x) = 0; pc(y) =1, vc(y) =0and
BNC=0. = (U =1, (vglU)E) =0; (kU)F) =1, (vc|U)(y) = 0and (up|U,
vg|U) N (uc|U, ve|U) = 0. Hence {(ug|U, vg|U), (kc|U, vc|U)}e ty = (U, ty) is IF=Ru(i).
Therefore (U, ty) is IF=Ru(i).
Definition 2.7 An intuitionistic topological space (ITS, in short) (X, t) is called intuitionistic
Ri—space (I -R1 space) if forallx, y € X, x # y whenever 3 P = (P, P,) € twith (x € P,
yeEPR,) or (yeP, x€P,) then 3 L=(L,;, Ly), M=(M,, M,) €t such thatx € L;, x &
Ly yEM,, yé¢My,and LNM = ¢...
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Theorem 2.8. Let (X, T) be an intuitionistic topological space and let (X, t) be an intuitionistic

fuzzy topological space. Then we have the following implications:

IF =R (i)

IF-Ri(i)¢—> [ -Ri———— IF-Ry(iv)

v

IF—R, (jii)
Proof: Let (X, t) be | —-R:. We shall prove that (X, t) is IF—=Ru(i). Suppose (X, t) isI-Ra. Let
X, YEX, x#y with A= (us va) €t such that A(x) # A(y). Since A(x) # A(y), then let
(I, =11, =1) or (1c,(y) =1,1c,x)=1) = (x€Cy, yeCy) or (yeCy,
X € C,). Hence (Cq, Cy) € t. Since (X, 1) isI-Ry, then 3 L= (L;, L,),M= (M4, My) €T
such thatx€L;, x€L,;, yEM;, y¢M,andLNnM=¢. = 1, ®X) =1, 1,(x) =0;
v, =1, Iy,(y) =0and LNM=¢.. Letug=1;,, vg=1;, uc=1y,, vc= 1y,
where B = (ug, vg) and C = (u¢, ve). Which implies for all x, y €X, x#y and A=
(Ma ,va) € twith A(x) # A(y), then 3 B = (ug, vg), C = (K¢, vc) €t such that pg(x) =1,
ve(X) = 0; pc(y) =1,vc(y) =0and BN C = 0.. Which is IF—R(i).

Conversely, let (X, t) be IF—R(i). We shall prove that (X, t) is | -R1. Suppose (X, t) is
IF—Ru1(i). Let x, y € X, x#*y with P=(P;, P,) € tsuch that (x€ P, yeP,) or (y€ Py,
X €P,). Since (x€P;, yeEP,)or (yEP, XEP) = (1p,x)=1,1p,(y)=1) or
(1p,(y) =1, 1p,(x) =1). Hence (1p,, 1p,) Etand (1p,, 1p,)(X) # (1p,, 1p,)(y). Since (X,
t) is IF=Ru(i), then 3 (1¢,, 1¢,), (1p,, 1p,) € tsuch that1c (x) =1, 1, (x) = 0; 1p,(y) =
1,1p,(y) =0and {(1c,,1c,) N (1p,, 1p,)} =0. = x€C;, x€&C,, yED; y€&D,and
(Cy, C)N(Dy, Dy) = b .Hence (X, t)is|-Ri. Therefore | -R1 <& IF—R(i).

None of the reverse implications is true in general which can be seen from the following

examples.
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Example 2.8.1. Let X = {x, y}and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.1, 0), (y, 0, 0.5)}, B={(x, 1, 0), (y, 0, 0.7)} and C = {(x, 0, 0.4), (y,
0.8, 0)}. We see that the IFTS (X, t) is IF=Ry(ii) but not corresponding I—R.

Example 2.8.2. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.2, 0), (y, 0, 0.3)}, B={(x, 0.3, 0), (v, 0, 0.6)} and C = {(x, 0, 0.8), (y,
1, 0)}. We see that the IFTS (X, t) is IF—Rq(iii) but not corresponding 1—Ru.

Example 2.8.3. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A= {(x, 0.4, 0), (y, 0, 0.3)} and B = {(x, 0.5, 0), (v, 0, 0.7)}, C= {(x, 0, 0.5), (y,
0.9, 0)}. We see that the IFTS (X, t) is IF=R1(iv) but not corresponding 1—Ru.

Theorem 2.9. Let (X, T) be an intuitionistic topological space and let (X, t) be an intuitionistic

fuzzy topological space. Then we have the following implications:

/ a —IF—F. (i),

I— R ———» o —IF —R 1 (ii).

@ —IF —Ri(iii)
Proof: Let (X, T) be | -R1. We shall prove that (X, t) is IF—Rq(i). Let a € (0, 1). Suppose (X,
T)isI-Ri. Let x, y€X, x#y with A= (u, va) €t such that A(x) # A(y). Since
A(x) # A(y), then let (1C1(X) =1,1c,(y)=1) or (1c,(y)=1,1,x)=1) = (x€C(y,
y € C,) or (y€Cy, x€C,). Hence (Cq, C,) € 1. Since (X, t)isI-Ry, then 3 L = (L, Ly),
M= (M;, M) €Et such thatx€L;, x€L,; yEM;, ygMyandLNnM=¢. =1, (x) =
L, 1,x0=0 1y, =1, Iy,(y) =0and LNM = .. Letpg =1, vg =11, pc = 1pn,,
v = 1y, where B = (ug, vg) and C = (u¢, ve). Which implies for all x, y €X, x # y and
A = (ua,va) € twith A(x) # A(y), then 3 B = (ug, vg), C = (K¢, vc) € t such that pg(x) =
Lvg(x) =0; pc(y) =1,vc(y) =0andBNC=0. = pp(x) =1,vg(x) =0; pc(y) =«,
vec(y) =0andBnC=0. forany a € (0, 1). Which is a —IF—R(i).

None of the reverse implications is true in general which can be seen by the following examples.
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Example 2.9.1. Let X = {x, y}and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.3, 0), (v, 0, 0.4)}, B={(x, 1, 0), (v, 0, 0.4)} and C = {(x, 0, 0.2), (y,
0.5, 0)}. For a = 0.5, we see that the IFTS (X, t) is a —IF—Ru(i) but not corresponding I—R.
Example 2.9.2. Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A = {(x, 0.7, 0), (y, 0, 0.9)}, B={(x, 0.6, 0), (y, 0, 0.4)} and C = {{(x, 0, 0.5), (y,
0.4, 0}. For a = 0.3, we see that the IFTS (X, t) is a —IF—R(ii) but not corresponding I-R1 .
Example 2.9.3 Let X = {x, y} and t be the intuitionistic fuzzy topology on X generated by
{A, B, C} where A={ (x, 0.2, 0), (y, 0, 0.6)} and B ={(x, 0.5, 0), (y, 0, 0.4)}, }, C={(x, 0, 0.3), (v,
0.8, 0}. For a = 0.7, we see that the IFTS (X, t) is a —IF—R(iii) but not corresponding I-R; .
Theorem 2.10. Let (X, t) and (Y, s) be two intuitionistic fuzzy topological spaces and f:
X — 'Y be one-one, onto, continuous open mapping, then

1) X, v)isIF=R1(i) & (Y, s)is IF=Ru(i).

(2) (X, t)isIF=Ra(ii) & (Y, s) is IF—Ru(ii).

(3) (X, t)is IF—Ru(iii) & (Y, s) is IF—Rqy(iii).

4) (X, t) isIF=Ri(iv) © (Y, s) is IF—=Ru(iv).

(5) X, t) isa—IF-Ri(i) © (Y, s)is a—IF=R(i).

(6) (X, t) isa—IF=Ry(ii) & (Y, s) is a—IF=R(ii).

(7) (X, t) isa—IF=R(iii) o (Y, s) is a—IF=R(iii).
Proof: Suppose the intuitionistic fuzzy topological space (X, t) is IF—Ru(i). We shall prove that
the intuitionistic fuzzy topological space (Y, s) is IF—Ru(i). Lety;, y, €Y, y; # y, and W =
(Mw , Vw) € s such that W(y;) # W(y,). Since f is onto, then 3 x;, x, € X such that x; =
f~1(y,) and x, = f~1(y,). Since y; # y,, then f~1(y;) # f~1(y,) as f is one-one and onto.
Hence x; # X,. We have A = (ua ,v,) € tsuch that A = f~1(W), that is (ua,va) = (71 (uw),
f~*(vw)) as fis IF-continuous. Now, A(x;) = {ua(x1) = (F7 (uw)) (1) = bw (f(x1)) = pw (y1),
va(x1) = FHvw)) (x1) = vw (f(x)) = vw(y} and A(xz) = { ra(x2) = FH(rw))(x2) =
uw (f(x2)) = uw(¥2), va(xz) = (F7Hvw)) (x2) = vw (f(x2)) = vw (¥2)} Hence A(x,) # A(x,)
as W(y,) # W(y,). Therefore, since (X, t) is IF—Ru(i), then3 B = (ug,vg), C = (Uc,vc) €t
such that ug(x,) = 1, vg(x1) = 0; pc(x3) =1, ve(xy) =0and BNC=0.. PutU = f(B) and
V = f(C) where U = (uy,vy), V= (uy,vy) €s as fis IF- continuous. Now, {uy(y;) =

(fup))(y1) = HB(f_l(Yl)) = up(xy) =1, vy(y1) = (fve))(y1) = ve(fF™'(y1)) = vp(x1) =
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0} { v(¥2) = () (72) = nc(F21(12)) = ne(x2) = 1 ww(yz) = (v ¥2) = ve(F1(y2)
= ve(xy) =0}and UNV = 0._.Hence (U, V) €s. Therefore (Y, s) is IF—Rau(i).

Conversely, Suppose the intuitionistic fuzzy topological space (Y, s) is IF—Ru(i). We shall prove
that the intuitionistic fuzzy topological space (X, t) is IF—Ra(i). Let x4, x, € X, X; # X, and
A = (pa,vp) € tsuch that A(x;) # A(x,). Since f is one-one, then 3 y; € ssuch that y; =
f(x;) and y, = f(x;) and f(x,) # f(x,). That is, y; #y,. We have W = (uw ,vw) € s such
that W =f(A), that is (uw,vw) = (f(ua), f(va)) as f is IF-continuous. Now, W(y;) =
{EMa) ) = ma(™ ) =malx), (Eva)) () = va(f™ (y)) = valx)} and W(y;) =
{EMA)G2) = walf™'(32) = nalx2), (VA (2) = va(f™'(y2)) = val(xz)}. Hence
W(y;) #= W(y,) as A(xy) # A(x,). Since (Y, s) is IF—=Ry(i), then 3 U= (uy,vy), V=
(uy ,vy) € ssuch that uy(yq) = 1, vg(y1) = 0; py(yz) =1, vy(y,) =0and UNV =0.. Put
B=f"1(U)and C = f~1(V) where B = (ug,vg), C = (uc,Vvc) € tasfis IF- continuous. Now,
{E () (xq) = Hu(f(X1)) = wly) =1, (1)) (x1) = vy(fx)) = vy(y) =0}
{7 ) (x2) = uy(fx2)) = wv(y2) =1, (Fw))(x2) = w(f(x2)) = vy(y2) = 0} and
BN C =0..Hence (B, C) €t. Therefore (X, t) is IF—Ru(i).

Theorem: 2.11. Let {(X,,, t, ) : M€ ] }be a finite family of intuitionistic fuzzy topological
spaces and let (X, t) be their product IFTS. Then each (X,,, ty) is IF—Ru(i) if the product IFTS

(IMXms T tm) is IF=R4(i).

Proof: Suppose (X, t) is IF—Rq(i). We shall prove that the intuitionistic fuzzy topological spaces
(Xm, tm) is IF—=R(i), for all m € ]. Let for j € ], choose x;, y; € X, such that x; # y;. Now
consider x = [[Xm, ¥ = [Iym Where x,, =yy, if m # jand the jth coordinate of x, yare x;
and yj, respectively. Then x #y. Suppose for x;, y; € X;, x; #y;and A; = (uAj ,uAj) € t
such that Aj(x;) # Aj(y;). Let Ay, = (17,07), for m = j, then A = [TA, € tand A(x) # A(y)
where A = (ua,va). Therefore, since (X, t) is IF=Ru(i), then 3 B = (ug,vg), C= (uc,vc) €t
such that ug(y) = 1, pe(y) =1andBNC=0.. Now, pg(x)=1 = g (x,)=1=
up, (xm) =1and pe(y)=1 = ®uc (ym) = 1= pc, (ym) = 1, for allm € ]. Hence we
have yg, (xj) = 1and e, (y;) = 1and B;n C; = 0.. Thus (X;, t;) is IF—Ru(i). Therefore {(Xp,,

t.):m €]} is IF—Ru(i).
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For n = ii, iii, iv, we can prove that if suppose {(X,, tm ) : m € J}be a finite family of
intuitionistic fuzzy topological spaces and let (X, t) be their product IFTS. Then each IFTS (X,
tm) is IF—R1(n) if the product IFTS ([[Xm, [] tm) is IF—R1(n).

Theorem: 2.12. Let {(Xn, tm ) : M€ J} is a finite family of intuitionistic fuzzy topological
spaces. Let (X, t) be their product. Then each IFTS (X, ty) IS o —IF—R1(n) if the product IFTS
(IMXms I tm) is a —IF—=R1(n). n =1, ii, iii.

Proof: The above theorem can be proved in the similar way.
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