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1. Introduction

In 1922, Banach proved contraction principle [7] which provides a technique for solving ex-
istence problems in many branches of mathematical sciences and engineering. Subsequently
Banach contraction principle was generalized, extended and improved by many authors in dif-
ferent ways. In 1998, Czerwik [9] introduced the concept of b- metric space. In 2011, Azam
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COMMON FIXED POINT THEOREMS 413
et al.[1] introduced the notion of complex valued metric spaces. After the establishment of
complex valued metric spaces, many researchers have contributed with their work in this space.
Rouzkard and Imdad [3] generalized Azam et al. [1] with an important note that complex val-
ued metric spaces form a special class of cone metric space, yet this idea is intended to define
rational expressions which are not meaningful in cone metric spaces and thus many results of
analysis cannot be generalized to cone metric spaces. Indeed the definition of cone metric s-
pace banks on the underlying Banach space which is not a division Ring. However, in complex
valued metric spaces, we can study improvements of a host of results of analysis involving di-
visions. Recently, Rao et al. [5] developed the notion of complex valued b- metric spaces and
proved fixed point results. We give some common fixed point theorems for four mappings in
complex valued b- metric spaces and obtain generalizations of Azam et al. [1], Rouzkard et al.

[3], Mukheimer [2] and Nashine et al. [4].
2. Preliminaries

In what follows, we recall some definitions and notations that will be used in our note.
Let C be the set of complex numbers and z1,z, € C. Define a partial order =X on C as follows:
71 2 zp if and only if Re(z1) < Re(z) and Im(z;) < Im(z2).
It follows that z; = 7, if one of the following conditions is satisfied:
(CI)Re(z1) = Re(
(C2) Re(z1) < Re(
(C3) Re(z1) = Re(

z2) and Im(z1) = Im(z2);
z2) and Im(z1) = Im(z2);

z2) and Im(z1) < Im(zy);

(C4) Re(z1) < Re(zz) and Im(z1) < Im(z2).

In particular, we will write z; 3 z2 if 21 # 22 and one of (C2), (C3) and (C4) is satisfied and we
write z; < zp if only (C4) is satisfied. Note that

03z F22= |zl <z,

21 322,22 <23 =21 <23

The following definition is developed by Azam et al. [1].
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Definition 2.1. [1] Let X be a nonempty set. A mapping d : X x X — C satisfies the following
conditions:

(CM1)0 = d(x,y) for all x,y € X and d(x,y) = 0 if and only if x = y;

(CM2) d(x,y) =d(y,x), forall x,y € X;

(CM3) d(x,y) 2 d(x,z) +d(z,y) for all x,y,z € X.

Then d is called a complex valued metric on X and (X,d) is called a complex valued metric

space.

Definition 2.2. [5] Let X be a nonempty set and s > 1 a given real number. A function d :
X x X — C satisfies the following conditions:

(CVBM1) 0 = d(x,y) for all x,y € X and d(x,y) = 0 if and only if x = y;

(CVBM2) d(x,y) = d(y,x), for all x,y € X;

(CVBM3) d(x,y) 3 sld(x,z) +d(z,y)] for all x,y,z € X.

Then d is called a complex valued b-metric on X and (X,d) is called a complex valued b-

metric space.

Example 2.1. Let X = [0, 1]. Define the mapping d : X x X — C by
d(x7y> = |x—y|2+i|x—y|2, fOI"Clll X,y €X.
Then (X,d) is a complex valued b- metric space with s = 2.

Definition 2.3. [5] Let (X,d) be a complex valued b-metric space.

(i) A point x € X is called interior point of a set A C X whenever there exists 0 < r € C such
that B(x,r) = {y € X : d(x,y) < r} CA.

(ii) A point x € X is called a limit point of a set A C X whenever for every 0 < r € C such
that B(x,r)N (X —A) # ¢.

(iii) A subset B C X is called open whenever each limit point of B is an interior point of B.

(iv) A subset B C X is called closed whenever each limit point of B is belong to B.

(v) The family F = {B(x,r) :x € X and 0 < r} is a sub basis for a topology on X. We denote

this complex topology by 7.. Indeed, the topology 7. is Hausdorff.

Definition 2.4. [5] Let (X,d) be a complex valued b-metric space and let {x, } be a sequence in

X and x € X.
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(1) If for every ¢ € C with 0 < ¢, there exists ny € N such that d(x,,x) < ¢ for all n > ng, then
{x,} is said to be converges to x and x is a limit point of {x,}. We denote this by x, — x as
n— oo or lim x, = x.
n—soo
(2) If for every ¢ € C with 0 < c, there exists ng € N such that for all n > ng, d(x,,Xp+m) < ¢
where m € N, then {x,} is said to be Cauchy sequence.

(3) If every Cauchy sequence is convergent in (X,d), then (X,d) is called a complete complex

valued b- metric space.

Lemma 2.1. [5] Let (X,d) be a complex valued b- metric space and let {x,} be a sequence in

X. Then {x,} converges to x if and only if |d(x,,x)| — 0 as n — eo.

Lemma 2.2. [5] Let (X,d) be a complex valued b- metric space and let {x,} be a sequence in

X. Then {x,} is a Cauchy sequence if and only if |d(xn,Xp+m)| — 0 as n — oo, where m € N.

Definition 2.5. Let A and S be self mappings on a set X, if w = Ax = Sx for some x in X, then x

is called coincidence point of A and S and w is called a point of coincidence of A and S.

Definition 2.6. A pair of self mappings A,S : X — X is called weakly compatible if A and §

commute at their coincidence point.
3. Main results

In this section, we prove some common fixed point theorems for rational type contraction

conditions. Our main result runs as follows.

Theorem 3.1. Let A,B,S and T be four self-mappings of a complete complex valued b-metric
spaces (X ,d) satisfying

(i) A(X) CT(X) and B(X) C S(X),

(ii) d(Ax,By) S od(Sx,Ty) + d(ﬁxﬁ)ﬂ%{” + }/d(Sffdy()é%’)Ty) X,y € X, where a, B and y are
non-negative reals such that s(a+7vy)+f < 1.

(iii) Pairs (A,S) and (B,T) are weakly compatible and B(X) is a closed subspace of X .

Then A,B,S and T have a unique common fixed point.
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Proof. Consider a sequence {y,} in X such that

Yon = Axpy = Txopy1 and yony1 = Bxopy1 = Sx2,42,

where {x,} is another sequence in X. First of all we show that {y,} is a Cauchy sequence of X,

for this consider

d(Yan,Yant+1) = d(Ax2y, Bx2,41)

da(s. A d(B T da(s B d(A T
jad(SX2n,TX2n+1)+ﬁ ( X2ns x2n) ( X2n+1, x2n+l) ( X2n s x2n+1) ( X2n, x2n+1)

1 +d(Sx2n7 Tx2n+1) 1 +d(Sx2n7 Tx2n+1)
< ad(yon 1,35 )+ﬁd(y2n—l;y2n)d(y2n+l,yZn) d(yan—1,Y2n+1)d(Y2n,Y2n)
~ e 1+d(yan—1,y2n) 1+d(yan—1,y2n)

d m—1,Y2 d 2n+15Y2
n—1,>2n

or

d(yanluyZn)
1+d(y2n—1,y20)

‘d()’Zn>)’2n+l)| < a|d()’2n—17)’2n>| +l3!d(y2n+1,y2n)|

Since |d(y2n_1,y2n)| < ’1 +d(y2n_1,y2n)\, we have

’d(y2n7y2n+l)| < (X|d(y2n_1,y2n)| +B|d(y2n+lay2n)|

and |d(yon, yon+1)| < %W(yzn_] ,Y2n)|- Similarly we obtain

o
(0.1) |d(y2n+1,Y2n12)| < m|d(mm)’zn+1)|-

Since s(ax+7)+ B < 1 and s > 1, therefore with 6 = ﬁ and so for all n > 0 and consequently,

we have

(0.2) |d(Y2ns Y2n+1)| < 8ld(yan—1,y20)] < 82|d (y2n—2,y20-1)] < ... < 8%d(¥0,¥1)]-
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Finally, we can conclude that  d(y,,yu+1) = 0"d(yo,y1)

forallm >n, m,n € N and since s6 = 15_‘"ﬁ <1, we get

|d(Ynsym)| < s1d (Y, ynr1)] =+ 51d (Y1, Ym)|
< sld(vnsYas )|+ 82 [d Gni1,Y42) |+ 5 [d (a2, 3m)|
< sld(n Y )|+ 52 Gt y42) |+ 5| (n2,y43) |+ 5 [d (n3,m)|
< sld Yy Yna 1)+ 52 [d n1,Yng2) | + 87| g2 yng3) | + -+
21 -3 3m-2)| 8" d G2 )|+ 8" d Gt
By using equation (0.2), we get
[ (v, ym) | < 58" |d (0, y1) |+ 528" d (vo, y1)| + 578" |d (vo,y1))|
e T2 d (0, y1) [ 5" SR d (o, v )| 458 d (vo, 1)
This implies that
1d (3, ym)| < (58" + 528" 4 3§MH2 4 g gnn-2gm=3  gmon—lgm=2
718" d (vo, v1))-
This implies that
1A (Y, ym)| < (5787 +sHIGMH p gnt2n42 g gn=3gm=3 4 gm-2gm=2
s"718" ) d (vo, 1)l
m—1
= t; s'6"[d(yo, 1)

(o)

<Y (s8)'|d(yo, 1)

t=n

(s6)"

= 1—s6 ’d()’O,yl)’

s6)" .
Hence, |d(yn,ym)| = gy_s)s|d(y0,y1)| — 0 as m,n — oo, since 56 < 1.
Thus, {y,} is a Cauchy sequence in X.
Since X is a complete, therefore there exist a point z € X.
Such that lim Axp, = lim Txp,, 11 = lim Bxy,4+1 = lim Sxp,42 = z.
n—oo n—oo n—o0 n—oo

Now since B(X) is closed sub space of X and so z € B(X).
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Since B(X) C S(X), then there exists a point u € X, such that z = Su.

Now we show that Au = Su = z, by condition (ii) of Theorem (3.1), we have

d(Au,z) 3 s[d(Au,Bxu+1) +d(Bxopi1,2)]-

This implies that

Bd(Su,Au)d(Bxni 1, Tx2nv1) | ¥d(Su,Bxony1)d(Au,Txz, 1)
1 +d(SM,TX2n+1) 1 +d(Su,szn+1)

1
—d(Au,z) 23 ad(Su,Txopi1) +
S

+d(Bxons1,2)-

Letting n — oo, we have

1d(Au,z) 2 ad(z,z) + B(0) +¥(0)

N

1
—d(Au,z) =0 or = |d(Au,z)| =0 or Au=z.
s

Thus Au = Su =z.

= u is a coincidence point of (A, S).

Since A(X) C T(X) and now z € A(X), then there exists a point v € X such that z = T'v.
Now we show that By = z.

By condition (ii) of Theorem (3.1) and by Au = Su = Tv = z, we have

d(Au,Bv) = d(z,Bv) = sld(z,Axp,) +d(Ax2,,Bv)], we have
Bd(Sxpn,Ax2,)d(Bv,Tv)  yd(Sxpn, Bv)d(Axa,, Tv)

1
;d(z,Bv) 2d(z,Ax,) + od (Sx2,, Tv) +

1 +d(Sxz,, Tv) 1+d(Sx2,,TV)
1 Bd(y2n—1,y22)d(Bv,Tv)  yd(y2n—1,Bv)d(y2:,TV)
= —d(z,Bv) 2 d(z, +ad(yu—1,Tv)+ .

Taking n — oo, we have

= |d(z,Bv)|=0= Bv=z.Hence Bv=Tv =z.

= v is a coincidence point of (B, T).

Now we have Au =Su=Tv=Bv=z.

Since A and § are weakly compatible mapping then ASu = SAu = Az = Sz.

Now we show that z is a fixed point of A, i.e. Az=z.
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If Az # z then by condition (ii) of Theorem (3.1)

d(AZ,Z) r—\<4 s[d(szBXZn-H) +d(Bx2n+1)>Z)]
ﬁd(SZ7Ax2n)d(Bx2n+l ) Tx2n+l ) +
1 +d(SZ, TXQ,,_H)
¥d(Sz,Bx211)d(Az, Txop11)
1+ d(SZ, TxZn—H)

Bd(Sz,Az)d(yan+1,Y2n) = Yd(Sz,y2n+1)d(AzZ,y2n)
1+d(Sz,y2n) 1+d(Sz,y24)

1
= Ed(Az,z) S od(Sz, Txpns1) +

+ d(BXZn—H 5 Z)

+d(y2n+1vz)'

S od(Sz,yon) +

Taking n — oo, we have

Bd(Sz,Az)d(z,2) | vd(Sz,2)d(Az,2)

1
—d(A <od(S d
; (Az,2) T ad(Sz,2) + 1 +d(Sz2) I d(5e0) +d(z,2)
vd(Sz,2)d(Az,7)
=< ad(S
< od(S53) ¢ 14+d(Sz,7)
1 d(Sz,z)
Or —|d(Az,2)| < ald(Az, )—”dA,
ro < ld(Az,z)] < ald( ZZ)|—H/1—|—d(Sz,z) |d(Az,2)|

1
= ~|d(Az,2)] < (a+7)|d(Az,2)]
= |d(Az,2)| < s(oe+7y)|d(Az,2)|, since s(a+7y)+B <1,
= |d(Az,z)| =0=Az=12z. Therefore Az=Sz=z.

Since B and T are weakly compatible mapping then, BTv = TBv = Bv = Tv = z, we have
Bz=Tz.
Now d(Bz,z) 3 s[d(Bz,Ax2,) 4+ d(Axapn,2)]

1
= Ed(Bz,z) 3 d(Ax2,,Bz) + d(Ax2p,2)
Bd(Sx2,,Ax2,)d(Bz,Tz)  yd(Sxu,Bz)d(Ax2,,T7)

=< ad(Sxy,, T d
< o (Sx20, T2) + 1+d(Sx,,T7) 1+d(Sx3,,T7) +d(xan,2)
Bd(yan—1,y20)d(Bz,Tz) = Yd(yan—1,Bz)d(yan,Tz)
=od(you-1,Tz) + +d(yn,2).
< 0dy-1,T2) 1+d(y2m-1,T2) 1+d(yn-1,Tz) b20,3)
Taking n — oo, we have
1 d(z,2)d(Bz, Tz) d(z,Bz)d(z,Tz)
—|d(Bz,2)| < at|d(z,Tz)| + ‘ ‘ +1d(z,

< ald(z,Tz)| + vd(z, Tz)|

< (a+7)ld(z,Tz)|
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= |d(Bz,z)| < s(o+7)|d(z,Tz)
= |d(Bz,z)| = 0= Bz =z

, since s(o+7y)+p <L

Therefore Tz = Bz = z.

Therefore z is a common fixed point of A, B, S and 7.
Uniqueness: Let w(# z) be another fixed point of A,B,S and 7.
Then Aw = Bw = Sw=Tw =w.

d(z,w) =d(Az,Bw)

d(Sz,Az)d(Bw,Tw)  d(Sz,Bw)d(Az,Tw)

< ad(Sz, T
Sed(SH W) P ey T T (Se, Tw)

e < e +1] s )

= |d(z,w)| < (a+7y)|d(z,w)|, since s(x+7y)+PB <1,s>1, therefore ox+7y < 1.
= |d(z,w)| =0=z=w.
Hence z is a unique common fixed point of A,B,S and T.
Following example substantiates the genuineness of our result.
Example 3.1. Let (X, d) be a complex valued b— metric space, where X =[0,1]andd : X x X —
C with d(x,y) = |x — y|> +ilx —y|*.
Now to find s, we have
d(x,y) = [x—y[ +ilx—y[
=2+ @@=y +il(x—2)+ (=)
=2+ le—yP 2l —zllz =y il — 2 + e = y* +2lx 2l |z ]
S =2+l =P+ =z =P il — 2P+ e =y P+ =2 -y
=2{[lx— 2> +ilx — 2P|+ [le—y* +ilz—y*]}
that is d(x,y) 22[d(x,z) +d(z,y)], where s=2.

2 2

Define A,B,Sand T : X — X by Ax = 5;,Bx = 35,8x = 3 and Tx = 7.

Before discussing different cases, one needs to notice that

d(Sx,Ax)d(By,Ty) d(Sx,By)d(Ax,Ty)

0=<d(Ax.By),d(Sx,T
S dAx By) d(Sx 1Y), = T T T d(sx. 1)

in all aspects.
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It is sufficient to show that d(Ax,By) = ad(Sx,Ty),Vx,y € [0,1] and s(a +7)+ B < 1,

a,y,p > 0.
d(Ax,By) = [|Ax — By[* +i|Ax — By|’]
2 2
‘Hﬁ——\ 55l
Lrx Y12, gx VP
©3) =alls % +i5-%]
d(Sx,Ty) = [|Sx — Ty +ilx— Ty
Sy
Following cases for x,y € [0, 1] are discussed with o = % B= % and s = 2.

Notice that s(a+7y) + B = 2(10 + 55 ) +s <1

Case-I: Forx =0,y =0.

Putting these values in equation (0.3) and (0 4) we find that d(Ax,By) = od (Sx, Ty)
as&[g—‘—% yzz}ja[ 22}:>0j0.

x_y oy
g 4
Case-II: Forx =1,y =0.

+i 377

X _
3

| X
3

From equation (0.3) and (0.4) we obtain d(Ax, By) = ad(Sx,Ty) since

1 1

576[ +i 3 %[lJri]

Thus condition (ii) of Theorem (3.1) is satisfied.

Case-III: For x = 1. d(Ax,By) 3 ad(Sx,Ty) is true as
(3 ) ellf + 13
sisiooe L1+ 2 sesggl +i
Case-IV: For x =1,y = 1. We get, d(Ax,By) = ad(Sx,Ty) as

2 2 2 2
1 1 1 . 1 1 - 1 1

192

[ — [\)|,_.

oael 1 +i] 3 2oL+
Thus, all conditions of Theorem (3.1) are satisfied. Notice that the point 0 € X remains fixed

under mappings A, B,S and T and is indeed unique.

If we put § = T = I (Identity mapping) in Theorem (3.1) we get the following Corollary.
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Corollary 3.1. Let A and B be two self-mappings of complete complex valued b-metric spaces
(X,d) satisfying:

d(x,Ax)d(y,By)  d(x,By)d(y,Ax)
1+d(x,y) Y 1+d(x,y)

YV x,y € X, where o, B and 'y are non-negative reals such that s(+7vy)+ 8 < 1.

d(Ax,By) 2 ad(x,y)+

Then A and B have a unique common fixed point.

Remark 3.1. If we put ¥ = 0 in Corollary (3.1) then we get Theorem (2.1) of Aiman A.
Mukheimer [2].

Remark 3.2. If we put s = 1 in Corollary (3.1) then we get Theorem (2.1) of Rouzkard and
Imdad [3].

Remark 3.3. If we put s =1 and ¥ = 0 in Corollary (3.1) then we get Theorem (4) of Azam
A.etal [1].

If we set S =T in Theorem (3.1), then we get another corollary.

Corollary 3.2. Let A, B and S be three self-mappings of a complete complex valued b-metric
spaces (X,d) satisfying
(i) A(X) C S(X) and B(X) C S(X),

(ii) d(Ax, By) < ad(Sx, Sy) + B2 (ﬂ"fﬂ;‘();ﬁgfy ) 4 yd(Sf‘fdy()Sd)fg’y‘fy )

V x,y € X, where «, B and 7 are non-negative reals such that s(oc + )+ f < 1.
(iii) If pairs (A, S) and (B, S) are weakly compatible and B(X) is a closed subspace of X.

Then A, B and S have a unique common fixed point.

Theorem 3.2. Let A,B,S and T be four self-mappings of a complete complex valued b-metric
spaces (X ,d) satisfying
(i) A(X) CT(X) and B(X) C S(X),
(ii)
d(Sx,Ax)d(Ty,By)
1 +d(Sx,By) +d(Ty,Ax) +d(Sx,Ty)

(0.5) d(Ax,By) = ad(Sx,Ty) + B

YV x,y € X, where a, B are non-negative reals such that s(o.+sp) < 1.
(iii) Pairs (A,S) and (B,T) are weakly compatible and B(X) is a closed subspace of X .

Then A,B,S and T have a unique common fixed point.
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Proof. Consider a sequence {y,} in X such that

(0.6) Yon =Ax2p = Txopq1 and youi1 = Bxopy1 = Sxon 2,

where {x,} is another sequence in X.

To prove {y,} is a Cauchy sequence of X

d(Y2n,Y2n+1) = d(Ax2p, BXop 1)
d(Sx2n,Ax2)d (T X2011, BX201 1)
1+ d(Sx2n, Bxani1) +d(Tx2n41,A%2,) +d(Sx20, Tx2041)
d(Y2n—1,Y20)d (Y20, Y204 1)

L+d(yan—1,Y2n+1) +d(Y2n,Y20) +d(Y2n—1,Y20)
d(Y2n—1,Y20)d (Y20, Y20+ 1)
1+d(yon—1,y2n+1) +d(Y2n—1,Y2n)

d(Y2n—1,Y2n)
Yan—1,Y2n) +d(Y2n—1,Y2n)
(2n,yn—1) +d(Yon—1,Y2n+1)
d(Yon,yan-1) +d(Yon—1,y2n41)

3 oud(Sxon, Txons1) + B

2 oad(yan—1,y2n) + B

2 oad(yoan—1,y2n) + B

’d(y2n5y2n+l)|

or [0, y2n1)| < @l vn) + Bl

d
< a|d(yan—1,y20)| +sﬁ|d(y2n—l7y2n)” T

d(Yan:y2n—1) +d(Yon—1,Y2n+1)

Sinee, 1+d(yan,y2n-1) +d(y2n17y2n+l)‘ <t
Then we have
(0.7) |d(y2n, yan1)| < (@04 sB)[d(y2n—1,y20)-
Similarly
(0.8) |[d(Yant1,Y2n+2)| < (@ +5B)d(yan, yans1)]

Applying the similar argument as in Theorem (3.1) we arrive at

_ (s8)"
O ym)| = 7 51d 0o, y1)l-

Hence, |d(yn,ym)| = %|d(yo,y1)| —0 as m,n— o, since sO < l.Thus, {y,}isa
Cauchy sequence in X.

Since X is a complete, therefore there exist a point z € X.

Such that ,}EE, Axp, = nlg’lolo Txop+1 = nlgg Bxyy41 = }5& Sxon42 = 2.

Now since B(X) is closed sub space of X and so z € B(X).
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Since B(X) C S(X), then there exist a point u € X, such that z = Su.

Now we show that Au = Su = z, by equation (0.5), we have

d(Au,z) 3 sld(Au,Bxpni1) +d(Bxoni1,2)]

Bd(Su,Au)d(Tx2,11,Bx2441)
1+d(Su,Bxopi1) +d(Txoys1,Au) +d(Su, Txpny1)

1
Ed(Au,z) 2 ad(Su,Txpni1) + +d(Bx2p11,2)-

Letting n — oo, we have

la’(Au,z) =< otd(Su,z) + Bd(Su,Au)d(z,z)

d
s 14d(Su,z) +d(z,Au) +d(Su,z) Td(z,2)

1
= ;d(Au,z) =0 or = |d(Au,z)| =0 or Au=z.

Thus Au = Su = z.
= u is a coincidence point of (A, S).
Since A(X) C T(X) and now z € A(X), then there exist a point v € X such that z = T'v.

Now we show that Bv = z. By equation (0.5) and by Au = Su = Tv = z, we have

d(z,Bv) 3 s[d(z,Ax2,) + d(Axz,), BV)],

Bd(Sxn,Ax2,)d(Tv,Bv)

1
d(z,Bv) 2d(z,A od(Sxz,, T
(2.Bv) 3 d{z,Axzn) + (S22, Tv) + 1 +d(Sx2,,Bv) +d(Tv,Axp,) + d(Sx2,, TV)

S

Letting n — oo, we have

d(z,2)d(Bv,Tv
La(z, Bv) 3 d(z,2) + ad (2, Tv) + et Buly,

= |d(z,Bv)]|=0=Bv=z.

Hence By =Tv =z.

= v is a coincidence point of (B,T).

Now we have Au = Su=Tv=Bv=z.

Since A and S are weakly compatible mapping then ASu = SAu = Az = Sz.
Now we show that z is a fixed point of A.

On contrary if Az # z then by equation (0.5)

d(Az,2) 3 s[d(Az,Bxzn11) +d(Bxony1,2)]

Bd(Sz,Az)d(Txon+1, Bxon+1)
1 +d(Szan2n+1) + d(Tx2n+17SZ) + d(SZ, Tx2n+1)

1 Bd(Sz,Az)d(yan+1,Y21)
—d(Az,z) 2 ad(Sz, +
§ ( ) (52,321) 14d(Sz,y2n41) +d(y20,52) +d(Sz,y2,)

1
;d(Az,Z) 2 od(Sz, Txzns1) + +d(Bx2n41,2)

+d(y2n+t1,2)
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Taking n — oo,

Bd(Sz,Az)d(z,7)
1+d(Sz,z) +d(z,Az) +d(Sz,2)

1
Ed(Az,z) 2 ad(Sz,z) + +d(z,2)

1

Ld(Az,2) 3 0d(8z,2)

|d(Az,2)| < as|d(Az,z)|, since s(a+sB) <1
= |d(Az,z)| =0=Az==z

Therefore Az=Sz=z.

Since B and T are weakly compatible mapping then, BTv = TBv = Bv = Tv = z, we have
Bz=Tz.

We show that z is a fixed point of B. On contrary if Bz # z, then by equation (0.5).

d(Bz,z) 3 s|d(Bz,Axay,) +d(Axon, 2)]

1
= ;d(B%Z) 2 d(Axzp, Bz) +d(Axop,2)
n Bd(Sx2,,Ax2,)d(Tz,Bz)
1 +d(Sx2,,Bz) +d(Tz,Ax2,) + d(Sx2,,T7)

Bd(y2n—1,y24)d(Tz,Bz)
1 +d(yon—1,Bz) +d(Tz,y2) +d(y2n-1,Tz)

+d(Axzp,2)

1
~d(Bz,2) 3 ad(Sx, T2)

1
;d(BZ7Z) r—j ad(yZn—laTZ) + +d(y2naz)'

Taking n — oo,

d(z,z)d(Bz,Tz)
1+d(z,Bz) +d(Tz,z)+d(z,Tz)

%|d(Bz,z)| < ald(z,T7)[+B +d(z2)]

1
Sld(Bz,2)| < ald(Bz,2)]
|d(Bz,z)| < as|d(Bz,z)|. Since s(o+sB) < 1.

= |d(Bz,z)| =0=Bz=1z.

Therefore Tz = Bz = z.
Therefore z is a common fixed point of A, B, S and 7.

Uniqueness: Let w be another fixed point of A,B,S and 7.
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Then Aw =Bw =Sw=Tw = w.
d(z,w) = d(Az,Bw)

d(Sz,Az)d(Bw,Tw)
1+d(Sz,Bw) +d(Tw,Az) +d(Sz,Tw)

S ad(Sz,Tw) +

|d(z,w)| < ald(z,w)|,Since s(o+sB) < 1.
= |d(z,w)|=0=z=w.
Hence z is a unique common fixed point of A, B,S and T
Example 3.2. Let (X,d) be a complex valued b— metric space, where X = [0,1] and d :
X x X — C withd(x,y) = [x—y|? +ilx —y|.
Now to find s, we have
d(x.y) = x =y +ilx =y
Sla—2)+ @@=y +ilx—2)+ ()
S =2+ lz=yP +2p—zllz =y +ille =2 + |z =y + 2} —zl[z — ¥]]
Sl=2P 2=y + v =2 +lz =y +ille =2 + o= 317 + x =2 + [z =3P
=2{[lx — 2 +ilx — 2]+ [l =y + il — ]}

d(x,y) 22[d(x,z) +d(z,y)]. Here s=2.

2

Define A,B,Sand T : X — X by Ax = ¢,Bx = f—;,Sx =xand Tx = 7%.
Before discussing different cases, one needs to notice that

d(Sx,Ax)d(By, Ty)
1+d(Sx,By)+d(Ty,Ax) +d(Sx,Ty)

It is sufficient to show that d(Ax, By) = ad(Sx,Ty),Vx,y € [0,1] and s(ax +sB) < 1,

0 3 d(Ax,By),d(Sx,Ty),

in all aspects.

o, >0.
d(Ax,By) = [|Ax— By|* +i|Ax— By?]
2.2 22
g CREREES
6 12 6 12
1 y2 2 y2 2
_%["_E’ AT ]

d(Sx,Ty) = [|Sx— Ty[* +ilSx— Ty

202 202
=[5 + =3[
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For o = zlw B = ﬁ), and s = 2, following cases for x,y € [0, 1] are discussed

Case-I: Forx =0,y =0.

We find that d(Ax, By) 3 ad(Sx,Ty) as

1 22 2P 2R 2P
%Hx—ﬁ +l‘x—ﬁ ]j(x[x—7 +l’x—7 }:>0j0.

Which satisfied the condition (0.5) of Theorem (3.2)

Case-II: Forx =1,y =0.

d(Ax,By) 3 od(Sx,Ty) is true as z¢[|[ 1> +i] S a[[1?+i] = % [1+i] 3 J[1+1].

I

Similarly, for the Case-III when x = J,y = } and Case-IV forx =1,y = I.

We get, d(Ax,By) 2 ad(Sx,Ty).

Which satisfied the condition (0.5) of Theorem (3.2).

Thus, all conditions of Theorem (3.2) are satisfied. Notice that the point 0 € X remains fixed
under mappings A, B,S and T and is indeed unique.

If we set S = T in Theorem 3.2 then we get the following Corollary.

Corollary 3.3. Let A,B and S be three self-mappings of a complete complex valued b-metric
spaces (X ,d) satisfying
(i) A(X) C S(X) and B(X) C S(X),

3 d(Sx,Ax)d(Sx,By)
(ii) d(Ax,By) < ad(Sx,Sy) + 1+d(Sx,By;C+;(Sy,A);)+yd(Sx,Sy)

V x,y € X. where a., B are non-negative reals such that s(oc+sf3) < 1.
(iii) If pairs (A,S) and (B,S) are weakly compatible and B(X) is a closed subspace of X .

Then A,B and S have a unique common fixed point.
If we set S = T = I (Identity mapping) in Theorem (3.2) then we get the following Corollary.

Corollary 3.4. Let A and B be two self-mappings of a complete complex valued b-metric spaces
(X,d) satisfying:
d(x,Ax)d(y,By)
d(Ax,By) 3 ad(x,) + B 1at gy +d(y A +dtey)
V x,y € X. where ., are non-negative reals such that s(oc+sf3) < 1.

Then A and B have a unique common fixed point.

Next, the role of denominator is discussed, resulting following theorem.
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Theorem 3.3. Let A,B,S and T be four self-mappings of a complete complex valued b-metric
spaces (X,d) satisfying

(i)A(X) CT(X) and B(X) C S(X),

(ii) d(Ax, By) 3 ad (Sx,T5) + B grse posos e s 75

V x,y € X such that x # y,d(Sx,By) +d(Ty,Ax) +d(Sx,Ty) # 0, where ., 3 are non-negative
reals with s(a+sB) < 1 or d(Ax,By) = 0 if d(Sx,By) +d(Ty,Ax) +d(Sx,Ty) = 0.
(iii) Pairs (A,S) and (B,T) are weakly compatible and B(X) is a closed subspace of X .

Then A,B,S and T have a unique common fixed point.
Proof. Proof follows immediately as consequence of previous results.
If we set S = T in Theorem (3.3) then we get the following Corollary.

Corollary 3.5. Let A,B and S be three self-mappings of a complete complex valued b-metric
spaces (X ,d) satisfying

(i) A(X) C S(X) and B(X) C S(X),

(i) d(Ax,By) 5 0 (S%.59)+ B sty s

V x,y € X such that x # y,d(Sx,By) + d(Sy,Ax) +d(Sx,Sy) # 0, where a, B are non-negative

reals with s(a+sf) < 1 or d(Ax,By) = 0 if d(Sx, By) +d(Sy,Ax) +d(Sx,Sy) = 0.

(iii) Pairs (A,S) and (B, S) are weakly compatible and B(X) is a closed subspace of X .
Then A,B and S have a unique common fixed point.

Ifwe put S =T = I (Identity mapping) in Theorem (3.3), then we get the following Corollary.
Corollary 3.6. Let A and B be two self-mappings of a complete complex valued b-metric spaces

(X,d) satisfying:

d(x,Ax)d(y, By)
d(x,By) +d(y,Ax) +d(x,y)

d(Ax,By) 2 ad(x,y)+

Y x,y € X such that x # y,d(x,By) 4+ d(y,Ax) +d(x,y) # 0, where a, are non-negative reals
with s(a+sB) < 1 or d(Ax,By) =0 if d(x,By) +d(y,Ax) +d(x,y) = 0.
Then A and B have a unique common fixed point.

Remark 3.4. If we put S = 1 in Corollary 3.6 then we get, Theorem 3.1 of Nashine, Imdad,
Hasan [4].
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