Available online at http://scik.org
J. Math. Comput. Sci. 6 (2016), No. 2, 156-164
ISSN: 1927-5307

ON APPLICATIONS OF RAMANUJAN’S SUM

S. AHMAD ALI, ADITYA AGNIHOTRI*

Department of Mathematics, Babu Banarasi Das University, Lucknow 226028, India

Copyright (©) 2016 Ahmad Ali and Aditya Agnihotri. This is an open access article distributed under the Creative Commons Attribution

License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In the present paper, we have obtained some new transformations of Ramanujan’s ;y; sum. As an

application of our results, we have deduced some identities of q-gamma and eta-functions.
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1. Introduction

Ramanujan’s most famous |y summation formula was recorded by him in his Notebook
[10]. It was brought to the attention of mathematical community by Hardy [8] and he described
it as “a remarkable formula with many parameters”. In modern notation the ;y; sum can be

stated as

Y

where |b/a| <|z|] < 1.
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The first proof [7] of (1.1) was given by Hahn in 1949 and subsequently a number of alter-
native proofs have been given.

In what follows, we have used the following notations and definitions:

(a:¢")n = (1 —a)(1 —ag") (1 — ag™).....(1 — ag""~ V).

For k=1, we write

(a§CI)n = (a)n,
(@) = (a: ) = ﬁ)u ~aq?),

where |g| < 1. The generalized basic hypergeometric series is defined by

ay, dz .. Qaryls 452 _i(al)n(az)n..(ar+1)n n

10r = 7",
" by by .. by =0 (@n(b1)n--(br)n

where |z| < 1, |¢| < 1. The bilateral basic hypergeometric series is defined by

v ap, az .. 4ar; 42} i (al)n(az)n..(a,)nzn
rvr - 5
by by .. b, oo (@)n(b1)n--(br)n

where |22 < 2] < 1, |g| < 1.

The Dedekind eta-function is given by

77:11/12 H an‘r 1/24 (q; 6])00,

where g = ¢**'% and Imt > 0.

The g-analogue of gamma function due to Jackson [9] is

T,(x) = (1-¢)' ™, 0<qg<1.

‘We shall also use the Heine’s transformations [6]

v (DB (0)eo(@2)ew §% (€/O)n(Zn
=0 (q@)n(C)n (€)oo (2)eo =0 (@)n(az)n 7
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)

(D), (abz/c)e > (¢/b)n(@)n J
c (bz/C)o St (q)n(C)nlcq/bz)n”

(a,bz,¢/b)e & (2)n(abz/c)n
e elbie X @albombajon?

2. Main results

Theorem 2.1. If | g/z |<|z| < 1and | q |< 1, then

[o5)

o (@n . (ga2e o O/Dn(@Dn | (9/2)e o (1/a)n b/a)
o, T T e & (g, T bjaz)e Zo @/l

Proof. Note that

v (@Dn N @y ¥ (/0D
RINCRE MORP Nrr
RIRT RS N R Mrr

Taking b = g,c = b in (1.2), we get

o (@)n n_ (9,a2)00 x> (B/@)n(2)n 4
L L (9)

7= ) q
n—0 (b)n (b,2) n—0 (az)n
and a =q,b=q/b,c = q/a,z=b/az in (1.4), we obtain

n

= (q/b)n ~ (q/7)e = (1/a)u(b/a),
X @ "= e B (gnla/an

Substituting (2.3) and (2.4) in (2.2) we obtain (2.1).

(q/2)".

_ [ / mm Z{) abz/c (e/b)"

(1.3)

(1.4)

(1.5)

(2.2)

(2.3)
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Theorem 2.2. If | q/b |<|z| < 1 and | qaz/b |< 1, then

(@ (qaZ/boo (bfabfa,
DR it ho - wad Vi w s CLL0

(q/bvqb/az)‘x’ - (b/a)n(b/az)n n
F fabja)e o (@hibafad WP

Proof. Putting a = q,b = a,c = b in (1.4), we obtain

= (a)n , az/b)w v (b n
Lo B i,

Taking a = q,b =q/b,c = q/a,z = b/az in (1.2), we obtain

y (q/b)n n— <q/b’qb/az)°° - (b/a)n(b/aZ>n n
,;)((I/a)n(b/az) = aJabjad)e 2 (@n(ab/ad)n (q/b)".

Substituting (2.6) and (2.7) in (2.2), we obtain (2.5).

Theorem 2.3. If | g |[<| z| < 1, then

.- (a)n n qaz n )n n
PR =Y

_|_

(172 & am@an? * @abjaze 2 @n(an’

Proof. Putting a = q,b = q/b,c = q/a,z = b/az in (1.5), we obtain

A T T
Z = (10 & T @/an’

(¢,9/az,b/a)w \~  (b/az)n J
(g9/a,b/az,z)e /= (q)n(q/az)n”
Substituting (2.3) and (2.9) in (2.2), we obtain (2.8).

Theorem 2.4. If | q/b |<|z| < land | q |< 1, then

- (a)n n__ (%az)w - (b/Q)n Z)n n
nzz,w O = T b9 ,;0 (@)n(a2)n !

e blade L @nlab/adh

(9/2)e & (BJa)n +(%61/az,b/a)oo - (b/az)n

(q/b,qb/az)w i In(b/az)n " (q/b)".

159

(2.6)

(2.8)

(2.9)

(2.10)
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Proof. Putting a = q,b = q/b,c = q/a,z = b/az in (1.2),we obtain

o (q/b)n 4 (q/b,qb/az)ew & (b/a),(b/az), )
zg)(Q/a)n(b/ )= (q/a,b/az)w nz‘b )n(gqb/az)n “(q/b)".

Substituting (2.3) and (2.11) in (2.2), we obtain (2.10).

(2.11)

Theorem 2.5. If | g |[<| z| < 1, then

© @, (gafbe s B (@azblae & De
o T T waib)e B Ghbajan? Tt bazblaz) 2 @z

(9/2)w = (bJa), , (q,q9/az,b]a)w < (b/az)n
(1/Z)w,1;)(qZ)n(q/a)nq T qjabjaz,2)- L (nla/an? (2.12)

Proof. Putting a = g,b =a,c = b in (1.5), we get

'l n qaz/b) (b/a)ﬂ n
ZO W (aefb)e & Bhalbaja)

n

(q.az,b/a)e & (D0,
(b.2b/az). = (@(a), (2.13)

Substituting (2.9) and (2.13) in (2.2), we obtain (2.12).

_|_

Theorem 2.6. If | b/a |<|z| < 1and|q|< 1, then

Oy, o & Gl 3= 5610
e R R I r i CLUR 7 Mt

(9.9/az,b/a)e 5~ (b/az)n_ ,
(a/a,bjaz,2)e = (@)n(g/az)n’ (2.14)

Proof. Putting a = q,b = a,c = b in (1.3),we obtain

o (@ (b/a,0)e $ (q20/D)n(@ ) o
;%(b)nz N (b,2)co nZ‘Z) )n(az)n (b/ )"

Substituting (2.15) and (2.9) in (2.2), we obtain (2.14).

(2.15)

Theorem 2.7. If | b/a|<|z| < 1and | q|< 1, then

[}

(@n o, Gaz/b)e & (bja)y | (@azbla)e & @n
Lo’ = ). L b)(bajaz)n? T bz bjaz)s 2 (@n(ad)n?

Nn——oo
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(b/aq/azoo q/z (q/b)n n
Halabjaz)e &, @nlafaz, /"

Proof. Putting a = q,b = q/b,c = q/a,z = b/az in (1.3),we obtain

i (Q/b)n(b/a yi— (b/a,q/az)w Z CI/Z (q/b)n (bJa)".

=0 (q/a)n (q/a,b/az)e
Substituting (2.13) and (2.17) in (2.2), we obtain (2.16).

(q/az)n

Theorem 2.8. If | b/a |<|z| < 1and|q|<|z| <1, then

i (a)n n__1+(b/aaz°°z qza/b () (b/a)n

= b (0,2)e = (q)nlaz)n
CI/Z o (1/a)u(b/a)n n
/a2 ;) )u(q/@)n (a/2)".

Proof. Putting a = ¢,b = a,c = b in (1.3), we obtain

o (@)n , (b/a,az)w an/b n(@)n 4
nzo(b)nZ — (byz ,ZZ’ Yn(az)n ~(b/a)".

Putting a = ¢,b = q/b,c = g/a and z = b/az in (1.4), we obtain

(q/b)n (q/2)e & (1/a)u(b/a), i
L o Ol = e & Gtar, 9/

Substituting (2.19) and (2.20) in (2.2), we obtain (2.18).

Theorem 2.9. If | b/a |<|z| < 1 and | gqaz/b |<| z| < 1, then

i @ n_ 4 N (qaz/b)e i (b/Q)n(b/a)n(qaZ Ib)"

LB T @)

(b/a,q/az)e q/z (q/b)n n
ajabjade B @n(gad, "

(@Dn(D)n

Proof. Substituting (2.6) and (2.17) in (2.2), we obtain (2.21).

Theorem 2.10. If | q/z |<|z| < 1 and | qaz/b |<| z| < 1, then

i (a)nzn =1+ (qaz/b)w i (b/q)n(b/a)n (qaz/b)n

e oo (D)n (@)n(D)n
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(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)
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(9/2)e = (1/a)u(b/a)n
(b/az)e /= (q)n(q/a)n

+ (q/2)". (2.22)

Proof. Substituting (2.6) and (2.4) in (2.2) we obtain (2.22).
3. Applications

Applying Ramanujan’s ;y; sum in (2.1) and then putting a = 1/¢, b = ¢ z=¢? and

changing g fo ¢*, we obtain

(@) _ —q 20 =) a5d)= a7 a5 5 (4:47)n 20
n(27) (I—g)(1—¢?) (1-9)(q":4%)= 2 (4%:4%)n 6)
+q‘1/24(1 —¢°) (g 14%)w i (q7;q2)nq_n '
(I-q)(1-=¢*) = (g%

Applying Ramanujan’s ;y; sum in (2.18) and then putting a = 1/q, b = q'/%,z=q"? and

changing g fo ¢, we obtain

n(r) L (¢

(3.2)

Applying Ramanujan’s {y; sum in (2.18) and then putting a = 1/q, b = ql/z,z = q1/2 and
changing g fo ¢, we can also obtain

B2 (g% & (65:6°)ng"
(I+q) = (@56

M _ 71/24( (¢

q

1-4°)(q":¢")e — (3.3)

Applying Ramanujan’s [y sum in (2.14) and then putting a = 1/q, b = q'/%,z=q"? and

changing g fo ¢*, we obtain

) _ s ¢ & 4 (617/8)(q q Z

2(21) ) &, (- 2 34)

Now, changing a to ¢%, b to ¢°, and z to ¢° in (2.1), after some simple manipulations, we obtain

Ly(b)lg(1 —a)ly(2)Ty(b—a—z) =1 _q)a—i-l—b + Iy(0)T4(2) (qbfl)n(qz)nqn
Ly(b—a)ly(a+2)Ty(1 —a—z) Lyla+z) /= (@)n(gT)n

Fq(b—a—z) - (Cl_a)n@b_a)n —z\n
Fe L @ ()

+
=0 Q)n(qlia)n
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whichisvalidforO<z<b—a<land b < 1.

Changing a to ¢%, b to ¢” and z to ¢% in (2.8), we obtain

Fq(b)rq(l_a)FQ(Z)FQ(b_a_Z) :_(1_ )a—i—l b i ) n
Ly(b—a)lyla+2)Ty(1—a—z) 1" a-l—z n:O a+z
_|_(1 _q)afb Fq(_z) - (qb_l)n(qz)n n

T,(1—2) & (@)alq* ) !

)a—b+z Ff](l B a)FCI(b —a— Z)Fq (Z) - (qb—a—z)n n
Fq(l —da _Z>Fq(b - a) n—0 (Q)n(qliaiz)n

+(1—¢
which for g — 1 gives

F1-alb-a-2 & (b Duh
I'b—a)l'(l—a—z) ; a+Z)n : (3.7)

Taking @ = 01in (3.7) and then 1 —z =x and b — 1 =y, we obtain,

1 > [Tizo(k+y)y
=y e ‘

B(x,y) = n! (3.8)
Lastly, changing a to ¢“, b to qb ,and z to ¢* in (2.18), we have
Fq(b)rq(l - a)Fq(z)Fq(b —a—z)
Ig(b—a)Ty(a+2)Ty(1 —a—2)
- b L) & (@ )u(g D,
- (1— a+1b+1_ a+1-b q q b—a\n
G U= s R o—a & @ae e @ )
o 00 —a b—a
Fq(b a Z) Z (q )n(q )n (ql—z)n' (39)

Fq(l —2)

n
If wetake g — 1 and thenputb =1,a = % and z = }P we get the following identity
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