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1. Introduction 

G.Prodi [12]investigated the existence of the equation 𝑢′′ + 𝑢′ − 𝑢 + 𝑢 + |𝑢′|𝑢′ = 𝑓 

and Lions [6] study the system of equations. The author [7], [8] study similar 

problems governed by Lamé operator. In this work we study the fallowing problem.    

 (P) 

{
 

 
𝑢′′ + 𝑢′ − 𝑢 + |𝑢′|𝑝−2𝑢′ = 𝑓         𝑖𝑛 𝑄                 (1′. 1)

                    𝑢 = 0                                                      𝑜𝑛 Σ                  (1′. 2)         (1.1)   

𝑢(𝑥, 0) = 𝑢(𝑥, 𝑇)                               𝑥               (1′. 3)

𝑢′(𝑥, 0) = 𝑢′(𝑥, 𝑇)                              𝑥              (1′. 4)

             

Where Ω is an open bounded domain of IR,
𝑛 with regular boundary Γ. We denote by Q 

the cylinder IR𝑥
𝑛 ×IRt: Q = Ω × ]0,T[, with boundary Σ, h and f are functions. We look 
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for the existence and uniqueness of a function u = u(x,t), x ∈ Ω, t ∈]0,T[, solution of 

the problem. 

 

2. Preliminaries:                                                         

We use the standard Lebesgue space 𝐿𝑝() and the Sobolev spaces with their usual 

products and norms.     

Definition 2.1 Let 𝑉 be a Banach space, 𝑉′  be the topological dual of 𝑉. We 

define the operator  𝐵𝛿: 𝑉 → 𝑉′ and we say that 𝐵𝛿  is:                                                                      

1) Monotonous, if: 〈 𝐵𝛿(𝑢) − 𝐵𝛿(𝑣), 𝑢 − 𝑣〉  0      𝑢, 𝑣V 

2) Strictly monotonous , if: 〈 𝐵𝛿(𝑢) − 𝐵𝛿(𝑣), 𝑢 − 𝑣〉  0  𝑢, 𝑣V                          

3) Coercive, if: lim‖𝑣‖𝑉→∞(〈 𝐵𝛿(𝑣), 𝑣〉/‖𝑣‖𝑉) = ∞                                     

4) Hemi continuous, if: 𝑡 → 〈 𝐵𝛿(𝑢 + 𝑡𝑣), 𝑤〉 is continuous in IR 

Remark 2.1 The classical method of energy not efficacy, because when we multiply 

the both side of equation (1′. 1) by u′ and integrating on (Ω × ]0,T[) and use the 

periodicity, we haven’t the solution for (1′. 1).   

3. Main results                                                      

The main results of the paper is given by the fallowing theorems  

Theorem 3.1 Suppose that Ω is bounded open set in IR
ⁿ
 are given f, with f ∈ 𝐿𝑞(𝑄) 

Then there exists a function u = w₀+w satisfying (1.1) 

w0 ϵ 𝐻0
1  (Ω) +W2,𝑞(Ω) ∩W0

1,𝑞(Ω)                                   (1.2)                                                                         

w ϵ 𝐿2(0, 𝑇; 𝐻0
1  (Ω))                                               (1.3)                                                                  

w′ ϵ 𝐿𝑝(𝑄)                                                       (1.4)                                                                         

Proof  We use an approach of G. Prodi [12] we have 

{

𝑢 = 𝑤0 + 𝑤 
𝑤0 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑡

∫ 𝑤𝑑𝑡 = 0
𝑇

0

                                             (1.5)                                                                          

We introduce the Prodi idea (1. 5) in (1′. 1) we having     

𝑢′′ + 𝑢′ − 𝑢 + |𝑢′|𝑝−2𝑢′ − 𝑓 = 𝑓 + 𝐿𝑢0                                                                     (1.6) 

We consider the derivative of (1.6) we obtain  
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𝑑

𝑑𝑡
(𝑢′′ + 𝑢′ − 𝑢 + |𝑢′|𝑝−2𝑢′) =

𝑑𝑓

𝑑𝑡
                                                                             (1.7) 

And  

{
∫ 𝑢𝑑𝑡 = 0
𝑇

0
 

𝑢(𝑇) = 𝑢(0)

𝑢′(𝑥, 0) = 𝑢′(𝑥, 𝑇)

                                                (1.8)                                                                   

 

We deduce to (1.7) 

𝑢′′ + 𝑢′ − 𝑢 + |𝑢′|𝑝−2𝑢′ − 𝑓 = ℎ0  𝑤𝑖𝑡ℎ ℎ0 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 𝑜𝑓 𝑡                           (1.9)               

For resolve (1.7) and (1.8) we denote.  = -A; (𝑢′) =  |𝑢′|𝑝−2𝑢′ 

We consider the functional space V: 

V = {
𝑣: 𝑣ϵ 𝐿2(0, 𝑇, 𝐻0

1  (Ω));   𝑣′ϵ 𝐿2(0, 𝑇, (𝐻0
1  (Ω)) ∩ 𝐿𝑝(𝑄);

𝑣′′ϵ 𝐿2(0, 𝑇, 𝐿2(Ω)); ∫ 𝑣(𝑡)𝑑𝑡 = 0;
𝑇

0
  𝑣(𝑇) = 𝑣(0);  𝑣′(𝑇) = 𝑣′(0)

         (1.10)   

The Banach structure of V is defined by  

‖𝑣‖𝑉 = ‖𝑣‖𝐿2(0,𝑇,𝐻01  (Ω))
+ ‖𝑣′‖

𝐿2(0,𝑇,𝐻0
1  (Ω))

+ ‖𝑣‖𝐿𝑝(𝑄) + ‖𝑣‖𝐿2(0,𝑇,𝐿2(Ω))   

We define the bilinear form: 

𝑏(𝑢, 𝑣) = ∫[(𝑢′′, 𝑣) + (𝑢′, 𝑣) + (𝐴𝑢, 𝑣) + ((𝑢′), 𝑣)]𝑑𝑡                                      (1.11) 

𝑇

0
 

The weak formulation of (1.7) and (1.8) is to find 𝑢𝜖𝑉 such that 

𝑏(𝑢, 𝑣) = ∫(𝑓, 𝑣′)𝑑𝑡     𝑣ϵ𝑉                                                                                       (1.12) 

𝑇

0
 

Following some ideas of Lions for obtain the elliptic regularization, given 𝛿 > 0 and 

𝑢, 𝑣 ϵ we define 

  𝜋𝛿(𝑢, 𝑣) = 𝛿 ∫ [(𝑢
′′, 𝑣′′) + (𝐴𝑢′, 𝑣′)]𝑑𝑠 + ∫(𝑢" + 𝑢′ + 𝐴𝑢 + (𝑢′), 𝑣′)𝑑𝑠.

𝑇

0

 

    

𝑇

0

(1.13)
 

The application 𝑣 → 𝜋𝛿(𝑢, 𝑣) is continuous on 𝑉 so there exists an application 

𝜋𝛿  𝜖 𝑉
′: 𝜋𝛿(𝑢, 𝑣) = (𝐵𝛿(𝑢), 𝑣)                                          (1.14) 

The linear operator  𝐵𝛿 : 𝑉 →𝑉′ satisfies the properties: 

 𝐵𝛿  is bounded in 𝑉′ for all bounded set in 𝑉 and is a hemi continuous and is a 

strictly monotonous and is coercive. In view of these properties and as consequence of 
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theorem of Lions [5], there exist unique a function 𝑢𝛿𝜖 𝑉: 

𝜋𝛿(𝑢𝛿 , 𝑣) = ∫(𝑓, 𝑣′)𝑑𝑡     𝑣ϵ𝑉                                                                                  (1.15) 

𝑇

0
 

 A priori estimates I 

Explicitly the elliptic regularization (1.15) and setting 𝑣 = 𝑢𝛿, we obtain: 

𝛿 ∫ [‖𝑢′𝛿‖
2+|𝑢′′𝛿|

2]𝑑𝑡 + ∫[|𝑢′𝛿|
2 + ((𝑢′𝛿), 𝑢

′
𝛿)]𝑑𝑡 =

𝑇

0

 ∫(𝑓, 𝑢𝛿)𝑑𝑡

𝑇

0

              (1.16)                          

    

𝑇

0
 

Or    

∫((𝑢′), 𝑢′)𝑑𝑡 =  ‖𝑢′‖𝐿𝑝(𝑄)
𝑝

 𝐴𝑛𝑑 ∫𝑢𝑑𝑡 = 0

𝑇

0

  ‖𝑢‖
𝐿2(0,𝑇,𝐻0

1  (Ω))
   C ‖𝑢′‖

𝐿2(0,𝑇,𝐻0
1  (Ω))

                  

    

𝑇

0

         
 

Then 𝑢′𝛿is bounded in 𝐿𝑝(𝑄) when 𝛿 → 0                                            (1.17)   

𝛿 ∫[|𝑢′′𝛿|
2 + |𝑢′𝛿|

2 + ‖𝑢′𝛿‖
2]𝑑𝑡   C                                                                          (1.18)

𝑇

0
 

Or∫𝑢𝑑𝑡 = 0

𝑇

0
 

We have by (1.17)and (1.18)that 𝑢𝛿  is bounded in 𝐿
𝑝(𝑄)                                   (1.19)                                                                                                

 And    𝛿 ∫‖𝑢𝛿‖
2𝑑𝑡   C                                                                                                  (1.20)

𝑇

0
 

A priori estimates II 

Exchange in (1.15) v with: 

𝑣(𝑡) =  ∫𝑢𝛿(𝑠)𝑑 −
1

𝑇
∫(𝑇 − 𝑠)𝑢𝛿(𝑠)𝑑𝑠

𝑇

0

𝑇

0

                                                                     (1.21)
 

We verify that: 

{
 

 
∫𝑣𝑑𝑡

𝑇

0

= 0     ∀𝑣 ∈ 𝑉

𝑣′ = 𝑢𝛿

                                                                                                     (1.22)
 

Taking into account (1.21) in (1.15) we get 
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𝛿 ∫ [(𝑢′′𝛿 , 𝑢
′
𝛿) + (𝑢

′
𝛿 , 𝑢𝛿) + (𝐴𝑢

′
𝛿 , 𝑢𝛿)]𝑑𝑡 + ∫[(𝑢

′′
𝛿 , 𝑢𝛿) + (𝑢

′
𝛿 , 𝑢𝛿) + ‖𝑢𝛿‖

2]𝑑𝑡

𝑇

0

                                                                         + ∫[(𝑢′′𝛿 , 𝑢
′
𝛿) + (𝑢

′
𝛿 , 𝑢𝛿) + (𝐴𝑢

′
𝛿 , 𝑢𝛿)]𝑑𝑡(𝑓, 𝑢𝛿)𝑑𝑡

𝑇

0

                                                               

    

𝑇

0
 

+ ∫  (𝛽(𝑢′𝛿), 𝑢′𝛿)𝑑𝑡 =  ∫(𝑓, 𝑢𝛿)𝑑𝑡

𝑇

0

                                                                            (1.23)

𝑇

0
 

By using periodicity of  𝑢𝛿 , 𝑢′𝛿𝜖 𝑉 we obtain: 

∫(𝑢′′𝛿 , 𝑢
′
𝛿)𝑑𝑡 = ∫(𝐴𝑢

′
𝛿 , 𝑢𝛿)𝑑𝑡 = 0

𝑇

0

                                                                           

    

𝑇

0

(1.24)
 

 

And 

∫(𝑢
′′
𝛿 , 𝑢𝛿)𝑑𝑡 = (𝑢

′
𝛿(𝑇), 𝑢𝛿(𝑇)) − (𝑢

′
𝛿(0), 𝑢𝛿(0)) − ∫(𝑢

′
𝛿 , 𝑢

′
𝛿)𝑑𝑡

𝑇

0

     

                                                  
    

𝑇

0  

                                                                  = −∫|𝑢′𝛿|
2𝑑𝑡

𝑇

0

                                                  (1.25)
 

By (1.24) and (1.17) we have 

|∫  (𝑢′
′
𝛿 , 𝑢𝛿)𝑑𝑡

𝑇

0

|  ≤ C     𝑤ℎ𝑒𝑛   𝛿 → 0                                                                        (1.26) 
 

Also, from (1.17) and (1.19) we obtain: 

|∫  (𝛽(𝑢′𝛿), 𝑢𝛿)𝑑𝑡

𝑇

0

|  ≤ ‖𝛽(𝑢′𝛿)‖𝐿𝑝(𝑄) ‖𝑢𝛿‖𝐿𝑝(𝑄)  ≤ C′                                         (1.27) 
 

Combining (1.24), (1.26), (1.27) with (1.23) we deduce 

   ∫  ‖𝑢𝛿‖
2𝑑𝑡   C

𝑇

0

                                                                                                             (1.28)
 

Passage to the limit 

From (1.17) and (1.28) that there exists a subsequence from (𝑢𝛿), such that 

𝑢𝛿 → 0    𝑤𝑒𝑎𝑘 𝑖𝑛   𝐿2(0, 𝑇, 𝐻0
1  (Ω))                                                                          (1.29) 

𝑢′𝛿 → 𝑢′    𝑤𝑒𝑎𝑘 𝑖𝑛   𝐿𝑝(𝑄)                                                                                           (1.30) 

𝛽(𝑢′𝛿) →  𝜒  𝑤𝑒𝑎𝑘 𝑖𝑛   𝐿𝑞(𝑄)                                                                                      (1.31) 
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Passage to the limit in (1.15) we obtain 

∫[(−𝑢′, 𝑣′′) + (𝐴𝑢, 𝑣′) + (𝜒, 𝑣′)]𝑑𝑡 = ∫  (𝑓, 𝑣′)𝑑𝑡

𝑇

0

    ∀𝑣 ∈ 𝑉                             (1.32)   

𝑇

0
 

Use the convolution technical in (1.32) we have 

∫(𝜒, 𝑢′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 = ∫  (𝑓, 𝑢
′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡

𝑇

0

    ∀𝑣 ∈ 𝑉                                       (1.33)   

𝑇

0
 

When 

∫(𝜒, 𝑢′′)𝑑𝑡 = ∫  (𝑓, 𝑢′)𝑑𝑡

𝑇

0

        ∀𝑣 ∈ 𝑉                                                                      (1.34)   

𝑇

0
 

Theorem 3.2 We consider two solutions u₁ and u₂ under the hypotheses of the 

theorem of existence to the problem (P). Then u₁= u₂. 

Proof We subtract the equations (1.9) corresponding to u₁ and u₂ and sitting             

 = u₁-u₂ we have: 


′′ + 

′ + A+ 𝛽(𝑢₁′) − 𝛽(𝑢₂′)                                                                                    (2.1) 

Denoting by (𝜂𝛿) the regularizing sequence a similar argument by Brézis [2] we 

obtain: 


′ ∗ 𝜂𝛿 ∗ 𝜂𝛿 =  ∗ 𝜂′𝛿 ∗ 𝜂𝛿                                                                                                  (2.2) 

Hence, by using (1.2) and (1.3), we have 

 = 𝜑 + 
0
∶ 

0
∈ 𝑉 𝑎𝑛𝑑 𝜑𝐿2(0, 𝑇, 𝐻0

1  (Ω))                                                              (2.3)                  

From (2.2) we get  


′ ∗ 𝜂𝛿 ∗ 𝜂𝛿 =  ∗ 𝜂′𝛿 ∗ 𝜂𝛿 = 𝜑

′ ∗ 𝜂𝛿 ∗ 𝜂𝛿                                                                      (2.4) 

Show that 

∫(′′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 = 0                                                                                            .   

𝑇

0
 

When 

∫
𝑑

𝑑𝑡
(′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑 = ∫(

′′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡   + ∫(
′, ′′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡          

𝑇

0

      

𝑇

0

𝑇

0

  

= 2∫(′′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 = 0                                                             

𝑇

0

(2.5)
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Therefore 

∫(′′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡  =
1

2
∫
𝑑

𝑑𝑡
(′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 = 0                                  

𝑇

0

      

𝑇

0

(2.6)
 


′and 𝜂𝛿 periodic then we have 

∫(′, ′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 =  ∫(A, 
′ ∗ 𝜂𝛿 ∗ 𝜂𝛿)𝑑𝑡 = 0        

𝑇

0

                 

𝑇

0

                        (2.7)
 

From (2.1); (2.6) and (2.7) we obtain: 

∫((𝑢′1) − (𝑢′2), 
′ ∗ 𝜂𝛿 ∗ 𝜂𝛿) =  0                                                                           

𝑇

0

(2.8)
 

Passage to the limit in (2.8) we have 

∫((𝑢′1) − (𝑢′2), 𝑢
′
1 − 𝑢

′
2)𝑑𝑡 =  0                                                                         

𝑇

0

 (2.9)
 

Where 

𝑢′1 − 𝑢
′
2 = 0 𝑢′1 = 𝑢

′
2                                                                                             (2.10) 

This implies that 

  = 𝑢1-𝑢1 = θ, θ independent of t                                     (2.11)                                              

   𝐹𝑟𝑜𝑚 (2.7) 𝑎𝑛𝑑 (2.11) 𝑤𝑒 𝑜𝑏𝑡𝑎𝑖𝑛                                                                                                  

∫(A, )𝑑𝑡 = 0    ∀ ∈ 𝑉                                                                                                

𝑇

0

(2.12)
 

We deduce from (1.2) 

θ ϵ 𝐻0
1  (Ω) +W2,𝑞(Ω) ∩W0

1,𝑞(Ω)                                                                                 (2.13) 

Using theorem of Green we have (Aθ,θ) = ‖θ‖2.                          (2.14)             

By (2.12) and (2.13) and (2.14) we obtain the uniqueness. 
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