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Abstract: In this paper, recurrence relations for single and product moments of generalized order
statistics from Exponentiated Lomax Distribution have been obtained. Specializations to order statistics
and records have been made. Further, using a recurrence relation for single moments we obtain

characterization of Exponentiated Lomax Distribution.
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1. Introduction

A random variable X is said to have Exponentiated Lomax Distribution (ELD)
if its probability density function (pdf) is given by (Abdul-Moniem and
Abdel-Hameed [1]):

a-1

f(x )=a0/1[1—(1+lx )79} [1+ Ax ]7(

0+1)

; x>0, ¢,6and 1 >0, (1)

and the corresponding cumulative distribution function (CDF) is
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F(x)=[1-@+2x) "] x>0, a,0and 2>0. 2

Therefore, from (1) and (2), we have

0+1

F(x):a—lg/{mx +;(0i+1j(ﬂx )i }f (x), @ is positive integer . (3)

Not that: From (1), we can get the pdf for exponentiated Pareto, Pareto and Lomax
distributions by taking A=1, A=a=1 and a =1 respectively. More details on
this distribution can be found in Abdul-Moniem and Abdel-Hameed [1].

The concept of generalized order statistics (gos) was introduced by Kamps [4]

as a unified distribution theoretical set-up which contains a variety of models of

ordered random variables with different interpretations. But when F( ) IS an inverse

distribution function, we need a concept of lower generalized order statistics (Igos),

which was introduced by Pawlas and Szynal [12] as follows:

Let neN, k >1, m eR,, be the parameters such that
7, =k +(n—r)(m+1)>0, forall 0<r<n.
By the Igos from an absolutely continuous distribution function F(x) with density

function f (x) we mean random variables X '(Ln,m,k),.., X '(n,n,m,k) having

joint pdf of the form
[ [ Fre T o e ), ©

for F*(1)>x,>x,>..2x, >F*(0).
The pdf of '™ Igos is given by
Cr—1

e 0) = [F 0O ()0 [F (x)]. x < (5)

wherey is the domain on which f,. . (x)is positive.

The joint pdfof ™ ands™ Igos is

Futanmnctonni V)= 5 s oy LF 00T ()05 [F ()



RECURRENCE RELATIONS FOR MOMENTS 1001

(. [FO)I-n[FOON T FOT ' (v), x>y, (6)

where
Cr—1:H7i’ vi=k Hn-j( my,
i=1
-1 m+1
, m=-1
hy (x)= mal -
—Inx, m=-1
and

g, (x)=h, (x)-h, (1), x e[o, 1).
We shall also take X '(0,n,m,k)=0.1fm =0,k =1, then X'(r,n,m,k) reduces

to the (n—r+1)th order statistics, X from the sample X ,X,,..,X, and

n—r+ln n

when m = -1, then X '(r,n,m,k) reduces to the ™ k-lower record value (Pawlas

and Szynal [12]).

Recurrence relations for single and product moments of Igos from the
inverse Weibull distribution are derived by Pawlas and Szynal [12]. Khan and Kumar
[6, 7, 8] discussed Igos from the exponentiated Pareto, exponentiated Gamma and
generalized exponential distributions respectively. Khan et al. [9] have established
recurrence relations for moments of Igos from exponentiated Weibull distribution.
Recurrence  relations  for single and product moments of Igos from the
Frechet-type extreme value distribution are derived by Kumar [10]. Ahsanullah [2]
and Mbah and Ahsanullah [11] characterized the uniform and power
function distributions based on distributional properties of lgos respectively.
Kamps [4] investigated the importance of recurrence relations of order
statistics in characterization.

In this paper, we have established explicit expressions and some
recurrence relations for single and product moments of Igos from ELD. Result for
order statistics and r™ lower record values are deduced as special cases and a

characterization of ELD has been obtained on using a recurrence relation for single
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moments.

2. Explicit expression for single moments of Igos for ELD
The single moments of Igos for ELD can be obtained from (1), (2) and (5)

(when m = —1) as follows:

E[X'j(r,n,m,k)] (mi?crl T [ (1+2x) }%‘1
0

-1

{1— [1-+ax)" | (mﬂ)} (1% ) " d

r-1

Expanding {1—[1—(1+/1x )‘g]a(m+l)} binomially, we get

E[X "I (r,n,m,k )]:Lﬁi(ri_lj(—l)i

(m+1) 'T(r) &
[xi[1-(a+ ax )9]“[7'+(m+1)i]1(1+/1 x ) dx

0

Using the transformationz =1—(1+Ax )_6 , We get

| r-1 — 1 : = J
E (X " (r,n,m,k ))ZL%”Z(: 1](‘1)I ,[Z a[y,+(m+1)|]—1|:(1_z )51 ‘1} dz

(m +1) F(r)i:o 0

-1

i
Expanding {( z)e —1} binomially, we get

| r-1 j — i o1 ) -a
E(X " (r,n,mk ))=—w1 e ij(r 1}(’ J(—l)'“ajz eIt (17 Yo dz

0

L S

=b +(m +1)i ]+b}

f>jandj=01.. (7)

B(B+1)..(S+i-1) i >0 .

where f.. =
Ao { 1 i =0

and when m =-1 that
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e 7t(ak +b)dt

E (X ”'(r,n,—l,k))=<ak)r%“i('j )ty U ®)

a=0 b:O ak +b) bl

Note that: We can obtain the single moments of lgos for exponentiated Pareto

distribution by taking 2 =1 in (7) and (8), established by Khan and Kumar [6].

Special cases:

(1) The j™ moments of lower order statistics can be obtained by taking m =0,

o),

1] - Shalfls . I+J A
E(Xn—r+1:n) Crn Z( j( J gbl[a _r+]_+| +b:| (9)

k =1in (7) as follows

i=0 a=0

C n!
where ~rn = (r=1)i(n-r)

(2) The moments of lower record values can be obtained by taking k =1in (8) as

E(X"(rn,-11)=a"1" g[i](—l)”i%. (10)

=1

follows:

(3) We can obtain the moments of lower record values for the exponentiated
Pareto distribution by taking 2 =1 in (10), established by Shawky and Abu-
Zinadah [13].

Recurrence relations for single moments of Igos from ELD can be obtained in the
following theorems, when @ is positive integer.
The following an important relations proved by Khan et al. [9] which will be used to

prove the following theorems.
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For 2<r<n and k =12,...

E[X "l (r,n,m,k)]—E[X '] (r—l,n,m,k)}

LR LA Y S

a

E[X"(r-1n,mKk)|-E[X " (r-Ln-1,m k)]

_(m+1)jC

e LTI LI R

E[X "l (r,n,m,k)]—E[X '] (r—l,n—l,m,k)]

__er_lﬂjl e Jr-1
g rersros

Theorem 2.1 For ELD and for 2<r<n and k =12,...

E[X '] (r—l,n,m,k)]

_ %[eiﬂ}i”E[x’j”1(r,n,m,k)}+[j +1jE[X'j(r,n,m,k)]

Oay, = ay,
(14)
Proof From (3) and (11), we have
E [X "l (r,n,m,k)]—E [X '] (r—l,n,m,k)}
ks 010 +1 ; o
= j { +%2[ i+ j(“) }f (x)g 5 [F (x )]
T {I F(x f(x)gn*[F(x)]dx

0

L1 eza‘[ I+1}1 T R (O] (gl EF(X)]dX}
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:_j_{E [X 7 (r,n,m,k )]+%§(9_+1j/1”|5 [X 757 (r,n,m,k )]}

ayr i=2 |

This is implies that

E[X '] (r—l,n,m,k)]

o+1

0+1

LZ[ _ J,ﬂlE [X ’j*‘l(r,n,m,k)}+[j—+1jE [X " (r,n,m,k)]

- gayr i=2 ! ay,
The prove is complete.

Remark 2.1 For m=0, k =1, the recurrence relations of Igos reduces to the

recurrence relations of lower order statistics as
E[X r:j—r+2:n]
j & 0+1 i-1 rj+i-1 J rj
= ATE[ X | —————+1|E | X 15
ea(n—r-f-l);[i ': n—r+ln:| a(n_r+1) [ n—r+ln:| ( )
Remark 2.2 For m=-1, k =1, the recurrence relations of Igos reduces to the
recurrence relations of lower record values as
E[X"(r-1n,-11)]
j < 0+1 i-1 rj+i-1 J rj
=— ATE| X! r,n,=11)|+| —+1|E[ X" (r,n,-11 16
sl enaan) Lalelx aca] oo

Remark 2.3 Sitting 2 =1 in Remark 2.2, we get the recurrence relations for single
moments of lower record values from exponentiated Pareto, established by Shawky

and Abu-Zinadah [13].

Theorem 2.2 For ELD and for 2<r<n and k =12,...

E[X"(r-1n,mKk)|-E[X"(r-Ln-1,m k)]

ayr}/l i=2

_i(m+1)(r —1){5 [X 7 (r,n,m,k )]%f(gi”jm% [X 2 (r,n,m k )]}

17)
Proof Results can be obtained from (3) and (12).
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Theorem 2.3 For ELD and for and k =1,2,...

E[X"(r-Ln-1mk)]

i 21(0+1) ., i . .
ZHOJ%;( i+ )ﬂ,"E[X (r,n,m,k)]+(aL%+1JE[X (r,n,m,k)] (18)

Proof Results can be obtained from (3) and (13).
3. Explicit expression for product moments of Igos for ELD

Using (6) and binomially expansion, the explicit expression for the product

moments of Igos X '(r,n,m,k )and X '(s,n,m,k ), can be obtained when m =1 as

. . r-1s-r-1 1 — 1
E[X"(r,n,mKk)X " (s,n,mk)]|= LTS = Z(r J[Sg j

L(r)f(s—r)(m+1)" "% b

0
af (s-r+a-b)(m+1)]-1

(1+/1x) ) I (x dx

(19)

(-1)*" Tx‘ [1-(2+ax)" |

0

where

1 (x) aé’}tj y'[1-( 1+/1y)a]a[ys+(m+l)b]_l(1+ly)_(M)dy

Setting z =1—(1+ 4y )", we get

= I!{a[;fs+(m +1)b]+|}

Substituting the above result of I (x ) in (19), we get

, 0>]
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a’0r"' C
r(r)C(s—r)(m +1)572

e . -

I X' [1—(1+ AX )_HT[MS realm (1+ Ax )_(M)dx
0

E[X "(r,nmk)X " (s,n,m,k)]:

Again, we setting w =1—(1+1x )", we get

E[X " (r,n,m,k)X " (s,n,m,k)]= e,

0>max(i,j), i,j=012,. (20)

and when m =-1 that

= X (i )X o=k X [ F (O o e

F(x)

(21)

where

I y [InF () =inF (y)]"[F(y)] 7 (v )y

Setting z =InF(x)-InF(y), we get

rmsrecogflfor- gL,

=y ak+|)

Substituting the above result of I (x ) in (21) and simplifying the result, we get
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E[X"(r,n,=Lk)X " (s,n,-1k)]=(ak ) 2~ Jii(]( J g e

a=0b=0

o L)),

Sl pl(ak +1) " (ak +|+p)“

@>max(i,j), i,j=012,.. (22)

Special cases:

(1) The product moments of lower order statistics can be obtained by taking

m =0, k =1in (20) as follows
. o rdsrtd o r=1\s—r=1\(j\(i
E Xn r+ nX r:J—s+'n :azﬂ’(l ) CI’S'n ( j( j( j( ]
[ t t ] T a0 é cZ(;dzo a b c)\d

_1)a+b+j+i—c—d ii

22Tt a5 150) (v 15B)+1 5]

(23)

nt
C,...= :
where =ren = _1)i(s —r +1)1(n —s)!

(2) The product moments of lower record values can be obtained by taking k =1in

(22) as follows:

E[X " (r,n,-11)X T (s,n,-11)]= a4 Z‘: ‘ (J j([i:)j(_l)j+iab
ii (Zj(” (Zj(m o

Ze3pa+1) " (a+l+p)”

(3) We can obtain the product moments of lower record values for the
exponentiated Pareto distribution by taking A=1 in (24), established by
Shawky and Abu-Zinadah [13].

Theorem 3.1 For ELD and for @ is positive integer, 1<r<s<n-1 and

k=12,..

E[X"(r,n,mk)X " (s —1,n,m,k)]=L§[9+1}ul

Oay, 5\ U
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E[X " (r,n,m,k )X ’”“1(s,n,m,k)}+(of—7r+1JE[x "(r.nm k)X " (s,n,m,k)}

(25)
Proof From the following relation (Khan et al. [9])

E[X "(r,n,m,k)X" (s,n,m,k)]—E[X "(r,n,m,k)X (s —Ln,m,k)}

:_nr(i)%(_;—r)ixiyj[F(X )"t (i [F (x)]
(h[F(y)]-h[F )] [F (y)]" dyox

and using (3), (25) will be achieved.

Remark 3.1 Under the assumption given in Theorem 3.1 with k =1, m = 0, we get
the recurrence relation for product moment of lower order statisticsand at k =1, m =
—1, we deduce the recurrence relations for product moments of lower record values

from ELD.

Remark 3.2 Atk =1, m = -1 and A=1, we deduce the recurrence relations for
product moments of lower record values from exponentiated Pareto distribution,

proved by Shawky and Abu-Zinadah [13].

4. Characterization
Theorem 4.1 Let X be a non-negative random variable having an absolutely
continuous distribution function F (x) with F (0) =0 and 0 < F (x) < 1 for all
x>0, then
E[X"(r-1n,mk)]
i 21(6+1) . - i .
:ﬁ%;[ i )ﬂ,"lE [X T (r,n,m kK )]+[0:—%+1]E [X " (r,n,m,k )]
(26)

if and only if F (x) = 1-(1+ A VT
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Proof The necessary part follows immediately from equation (14). On the other hand
if the recurrence relation in equation (26) is satisfied, then on using equation (5), we

have

T(r _1)J.X ITFOO) T (x)gn?[F (x)]dx

o

o+1

j Z(?”j_ﬂ‘r‘l(fr—ffxw1[F(x)]“f (x) 5 [F (x)Jox

:eayr i=2 | 0

TR AR —

ay,

Integrating the lift hand side of the above equation, by parts, we get

;:(r;l)zxj [F ()T (x)ag[F (x)Jax +3- Cr;l)zx FF ()] g [F (x)Jox

7 T(

_eayr i=2 0

[ j ”JE(JI“[HX )7 () [F (x) Jax

ay,

i §(o+t —/?”i_lc“lmx““1 VT (x)gm [ F (x ) ]dx
S A e T o] )0n[F (e

Which is implies that

| Coa Ty i -l v
TR eOT e R ()]

r

<

Now applying a generalization of the Muntz-Szasz theorem (Hwang and Lin [3]) to

o e I

equation (27), we get

which prove that

F(x):[l—(1+/1x)_qa; X >0, 6, Land o >0
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