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Abstract. In this work, the system with two preys and one predator population is qualitatively analyzed. The
predator exhibits a Holling type | response to one prey and a Holling type IV response to the other prey. The

boundedness of the system is analyzed. We examine the occurrence of positive equilibrium points and stability of

the system at those points. At trivial equilibrium (EO) and axial equilibrium(El), the system is found to be
unstable .Also; we obtain the necessary and sufficient conditions for existence of interior equilibrium point (E*)

and local and global stability of the system at the interior equilibrium(E*). Depending upon the existence of limit

cycle, the persistence condition is established for the system. The analytical findings are illustrated through
computer simulations from which we observed that, using the parameter ¢; and Cit is possible to break unstable

behavior of system and drive it to a stable state.
Keywords: prey —predator system; functional response; local and global stability; persistence.
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1. Introduction

Mathematical modeling for interaction between species using differential equation is one of the
most classical applications to biology. Analytical techniques with computer power paved a way
for better understanding and development of these models. Prey-predator models are relatively
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well-studied example of interactions. The dynamic relationship between predators and their prey
has long been and will continue to be one of the dominant themes in mathematical ecology due
to its universal existence and importance. The most noteworthy component in prey-predator
models is the “predator’s functional response on prey population”, it describes the amount of
prey consumed by an average predator. The stability of prey-predator systems with such
functional response has been the area of concentration for many theorists and experimentalists.
Two species models with functional responses are extensively studied in ecological literature [2,
9, 10, 14] Interactions on two species continuous time systems with a predator and a prey limited
only to equilibrium point or to a limit cycle. Several ecological circumstances have been
analyzed by interaction between two or more species. The system representing the interaction
between three species shows complex dynamical behavior[3,4,6,7,8,12].The interaction of
species involving persistence and extinction have been the area of interest for researchers
[1,5,11,13]

This paper is organized as follows. We start in section 2 by defining the mathematical model of
three species population which consists of two preys and one predator. The nonlinear system of
differential equations governed this system is introduced. Section 3 deals with the determination
of equilibrium points and their existence conditions. In section 4, we analyzed dynamical
behavior of these equilibrium points. Global stability and persistence of the system is studied in

section 5. In section 6 to deals with Numerical simulation and discuss the problem.

2. Mathematical model

Mathematical model considered is based on the predator-prey system with Holling type I and
Holling type IV functional response .The predator exhibits a Holling type | response to one prey
and a Holling type 1V response to the other prey.

dx

X
—=mX|1-— |- Xy—-AXzZ
=1 -y -2

dy y A,yz
— =3 1__ _ XV — 2
dt y( Lj oy m+ y?

dz A,yz
— =bAxz+h,—2—-cz
dt L m+y?

1)

Where X,y denote population densities of prey and z denote population density of the predator.

In model(1) r and s are the intrinsic growth rate of two prey species, K and L are their carrying
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capacities, ¢ is mortality rate of the predator, ¢, and «, are the interspecies interference co-
efficient of two prey species 4, and 4, denote prey species searching efficiency of the predator,

m is the half-saturation co-efficient, b, and b, are the conversion factors denoting the number of
newly born predators for each captured of first and second prey respectively.

Theorem 1: The solutions x(t) , y(t) and z(t) of system (1) initiating in R® are positive and
bounded forallt > 0.

Proof:

Since the densities of population can never be negative, obviously the solutions x(t) , y(t) and
z(t) are positive forallt >0.

From the first equation of model (1), we have

dx X
—<rl-—
dt ( K)
This gives X(t) =
w1
e +—
K

Ast— oo weget x(t)<K

Similarly, from equation (2) of model (1)
yt) <L

Consider

w(t) = &x(t) + &y (1) + (1)

For real positive number 7,

d d dy d
om0 =8 g L D (ax(t)+ &y (1) +2(1) -

Substituting equation (1) in (*) and simplifying, we get

dw rx2 sv2
E""Uw(t) = §1X(r+77)+§zy(5+’7)—§10!1><y—§2%xy—§7—gTy+(77—e)z
If we choosen < €, the (3_\1\/+,7W(t) < & (rK+ ’7) n S (S|_+ 77)

<0

Applying a Lemma on differential inequality we get,
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0),vy(0),z(0
OSW(x,y,z)gé<1_e—m)+W(X( ) yf ). z( ))
n e”
And for t »> o
Oswgé
n

Thus all solutions of system (1) enter into the region

B:{(x,y,z):OSXSK,OSySL,nggé+gforanyg>0}
n

3. Equilibrium Analysis

It can be checked that the system (1) has seven non-negative equilibrium and three of them
namely E; (0,0,0),E, (K,0,0) and E, (0, L,0) always exists. We show that the existence of
other equilibrium as follows

Existence of E;(X, ¥,0)

Here X,y are the positive solutions of the following algebraic equations
X
r(l—E)—alyzo )

s(l—%)—azx:o 3)

Solving (2) and (3) we get
sK(r—g,L)

X= rs —a,a,KL @)

I ek g

Thus the equilibrium E,(X,¥,0) existsif r—a,Land s —«,K are of same sign.

That is either r>¢,L and s> a,K (6)
r<el and s<a,K (7

Existence of E,(X,0,7)

Here X,Z are the positive solutions of the following algebraic equations
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r(l—%)—ﬂlz:o

bAx-c=0
Solving (8) and (9) we get
c
b
L
Z I
It can be seen that E,(X,0,Z) exists if Kb 4 >c¢

|
Il

)

N

Existence of E;(0,Y,2)
Here Y,Z are the positive solution of the following algebraic equations
sa-)- %2 __g
L™ m+y
bZX'Z y2 —C= 0
m+y
Solving (13) and (14) we get

b,2, % /(b,2,)? — 4¢?m
2C

§ =
_ S megr)ad
Z—%(m+y)a 0

It can been seen that the equilibrium E(0, §,2) exists if b,4, > c’m
Existence of E;(x",y",7")

Here (X',y",Z") is the positive solution of the system of algebraic equation given below:

r(l—%)—aly—ﬂlz =0

Eliminating x from (18) and (19) ,we get

861

(8)

9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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f(xy)=0 (21)
Where
f(y,2) =rS(L-y)(m+y?)—rKL(m + y?) —rLz4, + ¢y, KLy(m + y*) + L, KLz(m + y?) (22)
Also eliminating x from (18) and (20) ,we get

g9(y,2)=0 (23)

Where
9(y,2) =r(m+y")[c—KbA]+ Ko dayy(m+y*) + 4’ Kz(m+y*) - rb, A,y (24)
From (22)as z— 0,y — Y, isgiven by

_rL(s—o,K)
rs—a o, KL

a

We note that Yy, > 0 if the inequality > gL and s> a,K holds.

Also from the equation (21) and (22), we have

dy_R
dz Q
Where

P, =-rL4, + Ao, KL(Mm + y?)
Q, = rKL(r — =) + KL(M + y3) [~ — or,, ] +
1~ K y KL 12

It is clear that d_y > 0,if
dz

P>0and Q>0 (or) P<0and Q, <0

The value of x* calculated from (20)

oo Sm+y®)—b Ay
(m+y™)b4, (25)

We can see that exists E,(x",y",z") if X to be positive, if c(m+y?)>b,Ly".

4. Dynamical behavior and Stability analysis
In order to check the stability of the model (1), the variational matrix corresponding to each

equilibrium point is calculated.
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r—Z—ILX—aly—/ilz -, X -4 X
_ _ Yy Ay kY
E(X, y’ Z)_ Olzy S L aZX (m+y2)2 (m+y2)
b,4,z(m — y%) _ b, 4,y
i Ty T ey

i) The variational matrix of equilibrium points at E;(0,0,0) is

0
E, = 0

O O =
o un O

—C

The eigen values of E; are r,sand —c thus E, is always saddle point so that stable in z-
direction and unstable manifold in the x-y plane .

ii) The variational matrix of equilibrium points at E,(K,0,0)is

-r -aK -4LK
E.=| 0 s-gK 0
0 0 b ALK -c

Thus E, is saddle point with locally stable manifold in x -direction and with locally unstable
manifold in y —z plane,if s—a,K >0 and b 4K -c>0 hold. Butif s—a,K <0 and
b A4,K —c <0 then E; is locally asympotatically stable in x —y — z plane.

iii) The variational matrix of equilibrium points at E, (0, L,0) is

r-ql 0 0
-AL
E, =| —-aL -sS 2
2 2 m+ L2
0 0 bzlzl'z—c
m + L

Thus E, is saddle point with locally stable manifold in y -direction and with locally unstable

manifold in x —z plane, if r—¢,L >0 and %—c >0 hold. Butif r—¢,L <0 and
+

L B . -
r:)]MZLZ —c <0 then E, is locally asymptomatically stable in x —y —z plane.
+
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iv) The variational matrix of equilibrium at E,(X, ¥,0)

A" —aX AKX
_iy
m + §?
o 0 C

Where A’ —r—%— 9,8/ —s—ﬂ—azxc =—C+b AKX+ ——2 M?y

K L (m+ §°)
. SK(r-qlL . rL(s—a,K
ere 5 SKO—a) o rl(s—a,K)
rs— oo, KL rs —oyo,KL
Then we get
r(1— 2s(r— alL))7 rL(s — a,K) 70[ sSK(r—a,L) _, SK(r—al)
rs — oy, KL s — aua, KL ' rs — e, KL rs — oy, KL
£ g TLs-a,K) S 2r(s - azK)) sK(r—a,L) =2, (rL(s — a,K) (rs — e, KL)
: 2 rs — oy, KL rs—a,a,KL' 7 rs— oKL m(rs — ey, KL)® + (rL(s — a,K))?
0 0 b, sK(r - alL) b, 2, (rL(s — ,K) (rs — ey, KL)

rs— alazKL m(rs— alazKL) +(rL(s — o, K))?

. - SK(r—agl) rL(s—e,K
Here sum of two eigen value is sK(r=a,L) + (s~ 2K)
rs—o,a,KL  1s—ao,KL

Product of the eigen value is SK(r—a,L) . rL(s — «,K)
rs— oo, KL rs— o a,KL

If r>¢L and s> a,K holds,then the sum of two eigen value is negative and product is
positive.in this case we say that E(X, ¥, 0) exists and is asymptotically stable in plane, but if
r<el and s < a,K then the product of two eigenvalues in negative.then exists and in that
case it will be unstable in x — y plane. More over it will be stable in X —y —z plane if other eigen

sK(r—al) | b, 4, (rL(s — &, K) (rs — alazKL)
rs—o,a,KL - m(rs - oy, KL)’ +(rL(s—a2K))

value of the system is b A4,

v) The variational matrix of equilibrium points at E,(X,0,7) s

: —ac
& s b
E, = 0 B’ 0

1- Gy Rhg C
rb,( Kbl%) mﬂa( Kblﬂl)
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Where
A= —%—@Z,Bz*:s—azi—%
Here X=— ,7=L(— ¢ )
A4 Kb
Then
-rc —a,C —C
Kb, 4, b4 by
E, = 0 s_ @ by €y
b4 mi4 - Kb
1- c b,4, 1- Cc 0
rb, ( Kbl/11) m/11( KM)

Thus E,(X,0,7)exists and is asymptotically stable in x — y — z plane if the inequality Kb A4, > ¢

and gjj - r:]/z 1- Kt:ﬂi) > S holds.

vi) The variational matrix of equilibrium pointat E;(0, ¥,Z2)

r—o,§— A2 0 0
25§ Z2(m - ¥B) —4Y

E5 = —azy S L (m+ )\@)2 (m+ yZ)
bzﬂzz(m_ )@) _ b2ﬂ'2y
blﬂlz (m+)@)2 C+(m+y2)
Where
o _bA A —dctm s LY
= ~ - 2= me -

Thus E;(0, ¥, 2)exists and is asymptotically stable in x —y —zplane if r—¢,y — 4,7 also
if b4, >c’m

vii) The variational matrix at the equilibrium points E
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£
&
QD

13
Es =18y 3, Ay

Where
2rx* ) . ) . . 2sy” . 2" (m—y*
a; = - A, =—ayX 8, =—AX 8y =—ay,8,, =S— Ly — X _%
_ﬂ’z y* * bzﬂ'zZ*(m - y*z) zﬂay
=—=2"— a, =bA7 a, = =—C+bAX + 2F—
23 (m + y*Z) 31 bl/,il 32 (m + y*2)2 33 bl/’{l (m + y*Z)
Then corresponding characteristic equation becomes
AP+AV+AL+A =0
Where
A1 = _(an +ay, + ass)
2rx” 2sy” (m-y™?) . y

_[c_r—s+—K +aly +ﬂlz +— L +0(2X +—22(m+y*2) blﬂlx (mzizy*z)]

Az = azzasa - a23a32 +a,,8, —a,ay t+ a11a33 - a13331
2rx* y* \ '(m-y"?) .
L O e SRR NP
2sy" . ApZ’(m- y*z) zﬂzy b,A4°y'z (m—y*)
S————a,X -2 ———_-")(-cC X’
[( % (m+y7) )-(-c+ba, ( )) Mt yo) )]
2rx” . . . *

- Ty -2 ) o b+ ) s (BT
A, =det(E")

=8,85,8y; — 818,853 + 81,8,,855 — 8,885 + 838,83 + 838,83 — 838,85
_ _2I‘_X*_ g o _Zs_y*_ *_%Z*(m_y ) b4,y b4’ y"Z (m—y")
=(r- S —ay -~ A7) X = e BAX Ry ¢ (R )]

s l(-ay’) (o b+ MZyy )+ )

. . o, bAY LAY
—ﬂlx [(—ﬂjX ).(—C+blﬂ.1x +m)+blﬂlz W]
Therefore an application of Routh-Hurwitz criterion shows that

a, <0,a, <0
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Then the following conditions are satisfied
A>0,A>0 and AA -A>0

Hence the positive equilibrium point E, (X", y*, z") is asymptotically stable.

5. Global stability and persistence

Theorem 2:

The interior equilibrium E, is globally asymptotically stable in the interior of the quadrant of the

X —Y plane.

Proof:

1
Let H (X, y) =—
Xy
Clearly H, (X, y)is positive in the interior of the positive quadrant of x —y plane.

X
h(x,y) = rX(l—R) —a,Xy

h,(X,y) = Sy(l—%)—%xv

0 0
Then A(X’ y):&(thl)_l_a(hZHl)
_r_s
_yK XL

<0
From the above equation we note that A(X, y) does not change sign and is not identically zero in

the interior of the positive quadrant of the x — y plane. In the following theorem, we show that
E, is globally asymptotically stable.

Theorem 3:

The interior equilibrium E, is globally asymptotically stable in the interior of the quadrant of the

X —z plane.

Proof:
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Let H,(X,2) :i
Xz

Clearly H,(x,z)is positive in the interior of the positive quadrant of x —z plane.
X
h,(X,z) =rx(1- E) — X2

h,(x,z) =bAxz-cz

Then A(x,z)= g(th2)+ 0

< (h,H
OX 82(2 2)

-_'
zK

<0
From the above equation we note that A(X, z) does not change sign and is not identically zero in
the interior of the positive quadrant of the x — z plane. In the following theorem, we show that
E, is globally asymptotically stable.
Theorem 4:
The interior equilibrium E; is globally asymptotically stable in the interior of the quadrant of the
y —z plane.

Proof:

Let H3(y,z)=i
yz

Clearly H,(y, z)is positive in the interior of the positive quadrant of y —z plane.

hy(y,2) = sy(1—%) L
m+y
h,(y,2) = 2l-c + 222Y ]
m+y

0 0

Then A(Y1Z) :5(h1H3)+§(h2H3)

S 21y
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From the above equation we note that A(y, z) does not change sign and is not identically zero in
the interior of the positive quadrant of the y — z plane. In the following theorem, we show that
E. is globally asymptotically stable.
Theorem 5: The co-existence equilibrium point E,(x",y",z) is globally asymptotically stable
with respect to all solutions initiating in the interior of B satisfy the following conditions

a,’ < 4a,a, (26)
Proof: The proof can be reached by using Lypunov stability theorem which gives sufficient

condition. Now let us consider a positive definite functionV (x, y, z)

* * X * * * * Z
V(6y.2) = (X)X D) 46 (v —y) -y In(yy*>+c2(z—z )= In(%) (27)
in the interior of the positive octant,
Differentiating (27) with respect to time t ,we get
V=(x-x)r(y-y) 2 @-2) 2
X y z (28)

Using system of equation (1) in (28) which simplifies

V = (x = x) = (X )y —y e+ G~ (=X )2 2 ) —ebA) ey -y )

m;iz (Cl — Clbz) _ Az y*cl ﬂ'zclz*

m+y)m+y?)  (m+y?)m+y?) mry)mey) YY)

(y=-y)Nz-72")+

—(y-y)Nz-7")

The above equation can be written as

V = _[a:l.l(x - X*)Z + alZ(X - X*)(y - y*) + azz(y - y*)z + ais(x - X*)(Z - Z*) + azs(y - y*)(z - Z*)]

Where

a, = %’au = (o +C,,), 855 = (4 —C,b4),

S ﬂ’zclz* _ mlz (Cl — Clbz) — /12y*C1

a, =C, —— ,a
ZOOL (may)m+y?) T (m+y?)(m+y?)

bl(r:—t)z)/h),cz :é then the sufficient condition that V to be negative
+

definite is a,, > 0,a,,” < 4a,,a,, .Hence V is a Lipunov function with respect to E, (X", y*, z*)

Let us choose ¢, =
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Numerical discussion

Analytical studies become complete only with the numerical justification of the results. A
qualitative analysis of the main features in the system is described by numerical simulations.
Therefore, we assign some hypothetical data in order to verify the analytical result that has been
obtained. The numerical experiments are conducted to examine the dynamical behavior of the
system in three different parameter sets. It is obvious that changing the parameter value changes

the numerical outcomes. So every different set of parameter gives unique results.

Let R, be the parameter set taken as

r=355s=55K=150,L =130,¢ =0.001, @, =0.1,b, =0.5,b, =0.6,c=3.9, 4, =0.24,4 =021, m=15
With the above parameter set, the system (1) has positive equilibrium(*******) which is
globally asymptotically stable. (See Fig.1, 2). By using Liu’s criteria, it is noteworthy that, when
the inter-species interference co-efficient ¢, increases ,the positive equilibrium losses its
stability and a Hopf bifurcation occurs.

Let R, be the parameter set taken as

r=355s=55K=150,L =130,@, =0.271,b, =0.5,b, =0.6,c =1.9,4, =0.24,4 =0.21,m=15
With the above values of parameter,if we gradually increase the value of ¢, and keep other

parameters fixed,we observe that the system(1) losses stability (see Fig.3,5) and super critical
Hopf bifurcation occurs(see Fig.2). Also the phase portrait of the system is plotted.(see Fig.4,6)

Let R, be the parameter set taken as

r=355=55K=150,L =130,¢ =0.015,a, =0.271,b, =0.5,b, =0.6, 4, =0.24,4 =0.21,m =10
With the above values of parameter, if we gradually increase the value of ¢ and keep other
parameters fixed,we observe that the system(1) losses stability (see Fig.7,8) and super critical

Hopf bifurcation occurs(see Fig.9).The numerical study presented here shows that using ¢, and

cit is possible to break unstable behavior of system (1) and drive it to a stable state. Also it is

possible to keep the population level at the required state using the above control parameter.
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Fig 1.Numerical solution for the system(1)

with parameter set R,

Fig 2. Phase portrait of system(1)

with parameter set R,
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Fig 3. Numerical solution of the system(1)

for a = 0.01with parameter set R,

Fig 4. Phase portrait of system(1)

for o = 0.01with parameter set R,
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Fig 5. Numerical solution of the system(1) Fig 6. Phase portrait of system(1)

for o, = 0.021with parameter set R, for o, = 0.021with parameter set R,
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Fig 7 . Numerical solution of the system(1)

for ¢ = 2with parameter set R,
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Fig 8. Numerical solution of system(1)

for c=1.8 with parameter set R,
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y() 00 X()

Fig 9.phase portrait of system(1) for c =1.9

with parameter set R,

7. Conclusion
In this paper, we studied the quality analysis of a two prey and one predator system. The

local and global stability at various equilibrium points are analyzed and discussed. The system is
driven from its unstable behavior to stable state by the control parameters ; and ¢ ysing which

the population level is maintained at the required state. The persistence of the system is
evaluated from the occurrence of limit cycle.
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