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Abstract. In this article we study the structure of the generalized k th group of units, U¥(R) of the quotient ring

R =Z[i]/ < B > . In particular, we consider the case where the generalized k th group of units, U*(R) is the trivial

group for a fixed k.
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1. Introduction

The fundamental theorem of finite abelian groups states that any finite abelian group G is
isomorphic to a direct product of cyclic groups. That is, G = Z,, X Z,, X ... X Z,, . Hence,
the group of units of a finite commutative ring with identity is isomorphic to a direct product
of cyclic groups. The decomposition of U, the group of units of Z,,, into a product of cyclic

groups of prime power order is given in the following theorem.

Theorem 1.1. Let n = p{'.p3*...p% be the decomposition of n into product of distinct prime

powers. Then, U,, = Upal X Upuz X ... X Upfrlr. Moreover,
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(H) U, =17,
2 Up=17Z
(3) Upa =2 X Lya—> , where a > 2.

4 Upa =22y 1 % ZPH , where p is an odd prime.

If R is a finite commutative ring with identity, then U (R) denotes its group of units. It is well
known that if R decomposes as a direct sum of rings, R=R| & R,... ®R,, then U(R) Z U (R;) X
U(Ry) X ... xU(R;). In[2], El-Kassar and Chehade generalized the concept of the group of units
as follows: the multiplicative group U (R) support a ring structure by defining the operations &
and ® on U (R) that makes (U (R),®,®) aring isomorphic to U(R;)®U(Ry) ®...®U(R,). The
ring U(R1) ®U(Ry) @ ... ©U(R,) will be denoted by R> =2 U (R) and R' denote the ring R. They
defined U?(R) to be the group of units of the ring R> =2 U (R) so that U?(R) = U(R?>) 2 U (U(R))
and in general U™(R) = U(R™) = U (U™ '(R)). The group U™ (R) is the mth group of units of
the ring R. Thatis, if R=R; ®Ry® ... R, then U™(R) ZU™(R;) x U™(R2) X ... x U™(R;).

-
Theorem 1.2. Let y;, 75, ..., ¥, be distinct Gaussian prime integers and let f = H}/’}j , then
j=1

Zi)) < B > Z[i]/ < V' > L[i]/ < ¥y} > ®... L[]/ < ¥ > and UX(Z[i]/ < B >) =
UK (Z[i]) < v)' >) xUX(Z]i]) < ¥5? >) x ... x UK (Z[i]/ < y* >). We may also write U¥ ()
Uk (V]') x U* (¥32) x ... x Uk (y).

Throughout this paper,

1%

m, n and r always denote positive integers,

p and p; always denote prime integers that are congruent to 3 modulo 4,

Y and y; always denote Gaussian prime integers,

7 and 7; always denote Gaussian prime integers of the form a + bi where a and b are
non zero integers,

e g=7n7and g; = ;7 always.

g and g; always denote prime integers that are congruent to 1 modulo 4,

S1, 8, and S5 always denote the sets {1,2,3,4,5,6,7,8,9}, {1,2} and {5, 13} respectively.

The problem of classifying the group of units of an arbitrary finite commutative ring with

identity is an open problem. However, the problem is solved for certain classes. In the case when
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R=17Z,, itis well-known that U, is cyclic if and only if n =2, 4, p% g%, 2p* or 2¢q*. Also, Cross
[1] showed that the group of units of the quotient ring of Gaussian integers, U (Z[i]/ <B>), is
cyclicif and only if B = 1+i, (1+i)*, (1+i)*, p, (1+i)p, &, (1+i)7". Cross did not mention
when the group of units U (Z[i]/ < B >) = U(P) is trivial. The goal of this paper is to study
trivial case of the group of units of the ring Z[i]/ <B> and its generalization U™ () in the

special cases when m =2 or 3.

It is well known that the Boolean rings are the only rings with trivial group of units. El-
Kassar and Chehade considered the problem of determining all rings R for which U™ (R) is
the trivial group for a fixed m. They completely solved the problem of determining all rings
Z,, with a trivial second group of units and they showed that if U?(Z,) is trivial, then n must
be a product of at most two prime power factors when n > 1. El-Kassar and Chehade proved
that U?(Z,) = {0} if and only if n = 2,3,4,6,8, 12 or 24. They also considered the problem of
determining the values of m for which the mth group of units of Z, is trivial for some special

values of m and n.
2. Trivial group of Units

The structure of the group of units of Z[i]/ < B > is given by Cross as stated in the below

theorem.
Theorem 2.1.

() U(x") 2 Z n_qH.
(2) U( }’l) = n 1 X anfl X Zp2_1.
(3) U((l +l) ) szfl X Z2m—2 X Z4 lfn - 2m.
(4) U((l"‘l) ) szfl Xsz—l XZ4 lfn:2m+1
Note that U(Z[i]/ <1+i>) = U(Zy) = {0}.
Lemma 2.2. U((1+)") is not trivial for every n > 2.

Proof. For n = 2, we have U <Z[i]/ <(1 —|—i)2>> > U (Zs[i]) = Zs % {0}. If n > 2, then
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melXZ m71XZ4ifn:2m+1
U(1+iy={ ? ?
szfl X Z2mf2 X Z4 if n— 2m

and since Z4 is non trivial, then U ((1+)") is non trivial for every n > 2.
Lemma 2.3. U(p") is non trivial for every n.

Proof. U(p") EZ 1 X L1 X Zp_y, so U(p") is trivial if and only if Z,,-1 and Z »_, are

P
trivial. But Z .1 1s trivial for every prime p if n = 1 while that Z >, is trivial only if p?=2.

This contradicts that p is a prime integer.
Lemma 2.4. U(7") is non trivial for every n.

Proof. U(n") = Z,_ -1 and Zu_ -1 is trivial if and only if ¢" — g™ = 4k(4k+1)""! = 1.

The last equation has no integer solution for any integer k.
Using the previous lemmas, we obtain the following theorem.

Theorem 2.5. If f3 is a Gaussian prime power integer other than 1+, then U(f3) is non trivial.
3. Trivial Second group of Units

In this section, we find all values of B such that U?() is trivial. Note that

U2 <Z[ ]/<(1 i) >) > U2(Z,[i]) 2 U (Z2) = {0).

Lemma 3.1. U?((1+i)") is non trivial for every n > 3.
Z2m 1><Z2m lXZ4lf”l—2m+1
Proof. U (( ) = .
Z2m 1 X Z2m 2 X Z4 lf n— 2m

U(szfl) X U(Z2n172) X U(Z4) lf n—= 2m

12

Then, U? ((1+i)")
but U(Z4) =7, % {0}
Lemma 3.2. U?(p") is non trivial for every n.

Proof. U*(p") 2 U(Zyu1) X U(Z 1) X U(Z,2_y). Since p> —1> 1, then U(Z > ;) % {0}
and U(Z,>_,) = {0} if and only if p>—1=2.Hence p = /3 and the proof is complete.

Lemma 3.3. U?(x") is non trivial for every .
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Proof. Lett = ¢" — ¢" !, then U(n") 2 Z, and U?(n") =2 U(Z,). In [2], the authors showed
that U(Z,) = {0} if and only if t = 2. For ¢t = 2, we have 2k(4k +1)"~! = 1 and this equation

has no integer solution.

Using the preceding lemmas and note, we have the following theorem that is a direct conse-

quence of theorem 2.5
.
Theorem 3.4. If B = Hyjf with n, > 1 and ¥;, %5, ..., 7, are distinct, then U?(B) is trivial if
j=1

and only if B = (1+1i) or (14i)%.
4. Trivial Third group of Units

Since the second group of units, U2 (), is not trivial except for B = (1 +1i) or (1+i)?, then it
is natural to study the trivial case for the higher order generalized group of units. In this section,
we study in particular the trivial case for the third group of units, U3(f), of the quotient ring
Z[i]/ < B > . We prove that U3(pB) is trivial if and only if f8 is a product of at most six distinct

Gaussian prime integers. In our work we study the cases(each alone) where f3 is divisible by

(1) One Gaussian prime.

(2) Two distinct Gaussian primes.
(3) Three distinct Gaussian primes.
(4) Four distinct Gaussian primes.
(5) Five distinct Gaussian primes.

(6) Six distinct Gaussian primes.

A complete characterization for the trivial case of U3 () is given.

4.1 Prime Power Factor

In this subsection, the trivial case for the third group of units will be studied when f3 is

divisible by one prime factor.

Lemma 4.1.1. If B = (1 +i)", then U3 () is trivial if and only if n € S;.
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Proof. If n < 2, then U? ((1+i)") = {0} and hence U? ((1+i)") = {0}. For n = 3, we have
U((1+i)%) = Z4 and hence U3((1 +i)3) is trivial. Also, U((1+4i)*) = Z, ®Z4 and U3((1 +
i)*) =2 {0}. Now, if n > 4, then
U(Zyn1) X U*(Zyn1) x U*(Zg)  if n=2m+1
U?(Zoyn1) X U*(Zyn—) x U*(Z4)  if n=2m
U2(Z2m71) XUz(szfl) lfn:2m+1
Uz(szfl) X U2(Z2m72) ifn=2m

I

Casenisodd (n =2m+1):

U?(Zyn-1) = {0} if and only if m — 1 = 1,2 or 3. Hence, n = 5,7 or 9.

Case n is even ( n = 2m):

U3((1+44)") = {0} if and only if U?(Zym1) 22 {0} = U*(Z,n») if and only if m = 3 or 4 and
hence n = 6 or 8.

Lemma 4.1.2. If B = p”, then U>(B) is trivial if and only if p =3 and n € S,.

Proof. U3(p") = U*(Zy1) X UX(Z 1) X U*(Z,2_y). Note that U?(p) = U*(Z,> ;). But
p?—1=8(2k> +3k+1).

If k=0, then p =3 and U*(Z,>_,) = U*(Zs) = {0}.

If k > 1, then p* — 1 > 48 and hence U*(Z,>_;) % {0}.

For n > 2, then Uz(an—l) = {0} if and only if p =3 and n = 2.

Lemma 4.1.3. If B = ", then U3() is trivial if and only if n = 1 and g € S;3.

Proof. U3(n") = U?(Z,), where t = 4k(4k +1)"~'. But U%(Z,) = {0} if and only if t =
2,3,4,6,8,12 or 24. But ¢ is even, so t = 3 is dismissed. No integer solution for the cases
where ¢ = 2 or 6. The cases where t = 8 and 24 give ¢ = 9 and 25 respectively and hence re-
jected. If t = 4, then k(4k+1)""!' = 1. Hence k =n=1and g = 5. Fort = 12, we get k = 3

and n = 1 and hence g = 13.

The below theorem illustrates the trivial case for the third group of units of the ring Z[i]/ < B >

when f is divisible by one Gaussian prime integer.

Theorem 4.1.4. If B = 7", then U3(B) is trivial if and only if
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(1) B = (1+i)" withn € Sy;
(2) B=3or3%
(3) B = (1+£2i) or (2+3i).

4.2 Two Prime Power Factors

The trivial case for the third group of units when f is divisible by two prime factors is studied.
Lemma 4.2.1. If B = (14i)"p™, then U3 () is trivial if and only if p =3, n € S; and m € S,.
Proof. Since U3(B) = U3((1+i)") x U3(p™), then the proof follows by using theorem 4.1.4.
The proof of the next three lemmas follows directly from theorem 4.1.4.
Lemma 4.2.2. If B = (14i)"x", then U>(B) is trivial if and only if r = 1, n € Sy and ¢ € S5.
Lemma 4.2.3. If B = p"n’, then U3(pB) is trivial if and only if B = 37 or 3°7 with ¢ € S3.
Lemma 4.2.4. If § = ' n%?, then U3(B) is trivial if and only if 8 = (1 +2i)(1 —2i),(2+
30)(2—3i), (1£2i)(2+30).
Lemma 4.2.5. If § = p"' p5?, then U3(p) is non trivial.

Proof. U3(B) is trivial if both U (p/") and U3(p5?) are trivial and by theorem 4.1.4, we have

p1 = p2 = 3 which contradicts that p; and p; are distinct.
The above results are summarized in the following theorem.

Theorem 4.2.6. Let n € S;, m € Sy and q, q1, g2 € S3. If B = ¥['752, then U3 () is trivial if

and only if one of the following is true:

(1) B = 3"(1 +i)".
@) B=(1+i)x.
3) B = 3",
4 p=mmn,.

4.3 Three Prime Power Factors

We study the trivial case for the third group of units when 8 is divisible by three distinct

prime factors.
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Lemma 4.3.1. If § = Hpj /. then U3(PB) is non trivial.
j=

Proof. U3(B) 2 U3((1+i)") x U3(p|" p5?) and by lemma 4.2.5, U3 (p!" p5?) is non trivial.
The proof of the next lemma arises directly from theorem 4.1.4.
Lemma 4.3.2. If § = (1 +i)"x|' 7%, then U3 () is trivial if and only if § = (1+i)"(1+2i)(1—
21), (14i)"(2+3i)(2 = 31), (1+i)*(1+2i)(2+3i) withn € S;.
In lemma 4.2.5, we see that U3(p/ p§™) is non trivial when r # s. Then U>(f) is non trivial
3 2
when 8 = Hp?j or B = Hp?j T
j=1 j=1
Using lemmas 2.4 and 4.2.4, the following lemma arise.
Lemma 4.3.3. If § = pmHﬂ /then U3(PB) is trivial if and only if B = 3" (1 +2i)(1 — 2i),

3m(2 +3i) (2 - 3i), 3m(l:l:21)(2:|:3l) with m € S.

Lemma 4.3.4. If § = HJ‘L’ /. then U3(PB) is trivial if and only if one of the following is true:
j=1

(D) B=(1-20)(1+2i)(243i0).
2) B = (1£2i)(2-3i)(243i).

Proof. U3(B) = U3(m\') x U3(n}?) x U3(7’) and by lemma 4.1.3, we have U3(7y") is trivial
if ry =1 with g = 1 4 2i or y = 24 3i. Since 7y, 7, and 73 are distinct, then f = (1 —2i)(1+
20)(243i) or B = (1£2i)(2 —3i)(2 + 3i).

Lemma 4.3.5. If 8 = (1 +i)"p™x", then U3(B) is trivial if and only if B = 3™(1 +i)"x with

neS,meSand g € S3.
Proof. Follows directly from lemmas 4.1.1, 4.1.2 and 4.1.3.

Summarizing lemmas 4.3.1 to 4.3.5, we get the following general result.

3
Theorem 4.3.6. Letn € S1, m€ Sy, j € {1,2,3} and ¢, g; € S3. It B = [}, then U3(B) is
j=1
trivial if and only if B equals one of the following:

(H 3"(1+i)"n
@) (14i)"7 7.
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(3) 3w m,.

4) B =mmoms.

4.4 Four Prime Power Factors

The case where f3 is product of four distinct Gaussian prime powers is given next. The proof

can be obtained in a similar manner used in the proof of the previous lemmas.

Lemma 4.4.1. If § = Hp /_ then U3 () is non trivial.
j=1
Lemma 4.4.2. If f = (Hp] > ", then U3(B) is non trivial.
Lemma 4.4.3.Ifnc S; and 8 = )" ’"Hﬁ /then U3(PB) is trivial if and only if

(1) B =3(1+i)"(1£2i)(2+3i).
(2) B =32(1+i)"(1£2i)(2+3i).

Lemma 4.4.4. Letn € Sjand let f = HTL’ /then U3 () is trivial if and only if

(1) B = (14+i)"(1—2i)(142i)(243i).
) B = (1+i)"(1+2i)(2—3i)(2+3i).

4
Lemma 4.4.5. 1f § = [ ] p}”, then U(B) is non trivial.
=1
3

Lemma 4.4.6. If f = (H p'}” ) ", then U3(B) is non trivial.
=1

2
Lemma 4.4.7. If § = (HpT’) (Hﬂ ’) then U3(pB) is non trivial.
=1

Lemma 4.4.8. If f = pmHn’ then U3(B) is trivial if and only if B = 3" (1 — 2i)(1+2i)(2+

3i) or 3"(1+2i)(2— 31)(2+31) with m € S5.

Lemma 4.4.9. If § = Hn’ then U3 () is trivial if and only if B = (1 —2i)(142i)(2—3i)(2+
j=1
3i).

The following general result illustrates lemmas 4.4.1 to 4.4.9.
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4

Theorem 4.4.10. Letn € S;, m€ Sy, j € {1,2,3,4} and ¢, q; € S3. If B = H}/;j, then U3(B)
j=1

is trivial if and only if one of the following is true:

2
(D) B=3"1+i)"[[=;.
j=1

W

2 B=Q1+i)"]x;

j=1

3
3) B=3"]]x;.
j=1

4
@ B=]~;

j=1
4.5 Five Prime Power Factors

In this subsection, f3 is divisible by five distinct prime factors. The proof of the below lemmas

will be omitted.

Lemma 4.5.1. If § = Hpj /. then U3 () is non trivial.
j=

3
Lemma4.5.2. If B = (1+ i)”n”Hij, then U3(B) is non trivial.
j=1

2
m;j 3 . .« .
Lemma 4.5.3. If § = (Hn ’) (I_Ilpj’> , then U~ (B) is non trivial.
]:

Lemma 4.54. Letn € S;, me Sy and let f = (1+ i)”pmﬁn;j. Then U3(B) is trivial if and
only if B =3"(1+i)"(1 —2i)(142i)(2+3i) or B = 3'"(1];)"(1 +2i)(2 — 3i)(2+ 3i).
Lemma 4.5.5. Let n € S and let § = Hn /. Then U3(B) is trivial if and only if
B=(1+i)"(1 —2i)(1+2i)(2—3i)(2+31)

Lemma 4.5.6. If § = Hn /. then U3 () is non trivial.
j=1

4
Lemma 4.5.7. Let m € Sp and let B = pmHﬂ:;f . Then U3(PB) is trivial if and only if

B = 31— 20)(1420)(2—3)(2430).

2
Lemma 4.5.8. If B = (HpT’) (Hn ’) then U3(B) is non trivial.
j=l
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Lemma 4.5.9. If f = I_Ilpj g rllnj’ , then U3 () is non trivial.
= j=
4
Lemma 4.5.10. If 8 = Hpj 7| =", then U3 (B) is non trivial.
=1

5
Lemma 4.5.11. 1f § = []p}”, then U*(B) is non trivial.
j=1

Combining lemmas 4.5.1 to 4.5.11, the following general result is obtained.

5
Theorem 4.5.12. Letn € S;, m€ S,, j € {1,2,3,4} and ¢, g; € S3 and let B = Hy’;j. Then
j=1
U3(PB) is trivial if and only if one of the following is true:

3
() B=3"(1+i)"[]=;-
j=1

~

2 B=01+)"T]=;

j=1
4
3) B =3"]]n=;
j=1
4.6 Six Prime Power Factors

Following the same argument in the above subsections, we consider the case where f8 is

divisible by six distinct prime factors. The following theorem shows up.

6
Theorem 4.6.1. Letn € S;, m€ Sy, j € {1,2,3,4} and ¢, g; € S3 and let § = Hyjj. Then

J=1

N

U3(B) is trivial if and only if B = 3" (1 +i)"[ [ x;.

Jj=1

5. Main Result

Now, it is clear that U3() is non trivial if B is a product of more than six prime power

factors. Combining all the theorems stated in this article, the following main result is obtained.

Theorem 5.1. Let n € §1, m € Sy and let B = [ ]¥}’. Then U3(B) is trivial if and only if
j=1
r < 6 and one of the following is true:

(D) B =1+
(2) p=3"
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(3) B=(1£2i) or (2+3i);
@ B=3"(1+i)"
(5) B=(14+)"(1£2i) or (14+i)"(243i);
(6) B =3"(1+2i)or3"(2+3i);
(1) B =(142i)(2+3i);
(8) B =3"(1+i)"(1+2i) or 3"(1+i)"(2 £ 3i);
9) B=(14)"(1+2i)(2+3i0);
(10) B =3"(142i)(243i);
(1) B = (1 —2i)(1+2i)(243i);
(12) B = (142i)(2—3i)(2+3i);
(13) B =3"(14i)"(14+2i)(2+3i);
(14) B = (140)"(1=2i)(1+2i)(2£3i);
(15) B = (1+i)"(142i)(2 —3i)(2+3i);
(16) B =3"(1—2i)(1+2i)(243i);
(17) B =3"(142i)(2—3i)(2+3i);
(18) B = (1—2i)(142i)(2—3i)(2+3i);
(19) B =3"(1+1)"(1—20)(1+2i)(2£3i);
(20) B =3"(1+4i)"(142i)(2—3i)(2+3i);
1) B = (1+i)"(1—2i)(1+2i)(2—3i)(2+3i);
(22) B =3"(1—-2i)(1+2i)(2—3i)(2+3i);
(23) B =3"(144)"(1—2i)(1+2i)(2 —3i)(2+3i).
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