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Abstract: In this paper we introduce of commutative groupoid algebra which is an equivalent definition of lattice
commutative groupoid algebra and Futher we prove that it is regular autometrized algebra. Futher we remark that
the binary operation © on commutative groupoid algebra can never be associative.
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1. Introduction

In this paper we have two sections. In the first section we introduce the concept of commutative
groupoid algebra with the binary operation © and obtain certain properties. Futher we prove that
commutative groupoid algebra is equipped with a structure of a bounded lattice and also is lattice
commutative groupoid algebra. It is also observed that the binary operation ©® can never be
associative. In the second section we introduce two more binary operations “+”, “-” on
commutative groupoid algebra and obtain certain properties with these operations. Futher we
prove that any commutative groupoid algebra is a “metric space”. Also we prove that every

commutative groupoid algebra can be made into a regular autometrized algebra.

2. Commutative groupoid algebra
In this section introduce a concept of commutative groupoid algebra and obtain some properties.
Futher we prove that commutative groupoid algebra is equipped with a structure of a bounded

lattice and also is lattice commutative groupoid algebra.
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Definition 2.1 Let (L, A, Vv, 0, 1) be a bounded lattice with order reversing involution “ —~” and a
binary operation “QO” satisfying the following axioms: V a, b, ¢ € L.
()aO(bO—=<)=b0O (a0 —).

(L)a®—-=a=0.

(Il)a®b=b0oOa.

(l5)a® bH=bO-a=0=a=h.

(5)a® (—-Hh0Oa)=b0O —«(-=a0hb).

(L1) ~((avb)O <€) =—a 0 —c)A—~(b O —).

(L2) (@aArb) O <) =—a O ) V(b O —).

If (L, A, Vv, 0, 1) satisfying (I1)-(Is) then (L, A, V, 0, 1) is said to be quasi- lattice commutative
groupoid algebra.

Definition 2.2 An algebra (L, O, — 0, 1) of type (2, 1, 0, 0) is called a commutative groupoid
algebra. If it satisfies the following conditions V X, y, z € L.:

(Gl) xO(YO-1)=yO (X0 -1

(G2) 10x=x

(G3) x00=0

(G4) x0Oy=yOx

(G5 XO—HvyOX) =yO—Hx0OYy).

(G6) —-0=1.

Lemma 2.3 Let L be commutative a groupoid algebra then

(1)xO—x=0forall x € L.

(2)1=0.

Proof

Q) XOxX=X0—(x01)=x0—-(xX00)=00—x)00=0.

(2 -1=10-1=0

Define arelation<on L: x<y < Xx 0O -y =0.

Lemma 2.4 In any commutative groupoid algebra, the following conditions hold V X, y, z € L:
1) XO¥=0=xKOy<=x=Yy.

2 XO—vy=0=y0O-zthenx©O —<z=0.

3) X<y=z0y<zO—Xandx0Oz<yO0O —z.

4 A((xXO¥O—¥0O-y=x0-v.



®)
Proof
1)
(2)

©)

(4)

()

COMMUTATIVE GROUPOID ALGEBRA 264

(XO—=2)OHy0O-1)<(X0 V).

X0O -y =0impliesto x <y, also x Oy =0 impliesto y ® —x =0 and then y <x.
therefore x =y. Conversely, if Xx=y = X0 y=x0 X =0. Also x Oy =0.
WehaveXx O z2=(X01) 0 <zZz=XO—-XO¥)O—<Z =20 (=(Xx0y)Oy)=—xX
OYO(yo-—Z)=—«x0y)00=0.

Suppose x <y thenx O -y =0.

Now, consider ZO ) O (zO X) =—Hz0 X)O(vVO2)=v0O(Zz0O—Hz20 X)) =
VO(H(zZOX)OX)=«(=ZO0X)O(yOX)=«(=20O0Xx)0O0=0.

Also, XO ) O HyO ) =(2z0X)OH(yO z)=x0 (20 Hy0O -1)=x0(Hz0
V)OO ¥)=~(20 )0 (XO¥)=—«z20¥)00=0.

Conversely, suppose that x © =<y O —z and take z=0 we get x <.
(A(XO¥)O¥)O0v¥y=x0~H(¥O0—-XO¥)=(XO¥)O—~HyO(X0O-¥)=(x0
V) O (XO (YO ¥)=(XO-¥)O0-0=x0-y.

[x O 7)) 0 AyO Z)]O AX0O ¥) =0y 0[(yO )0 (X0 )=
X0 ¥)OXO(HYyO )0 ]=AXx0¥OXO(=(Z0O -y 0O -V)-=
X0 ¥O[Hz0 ¥)OKXO¥=—0-y0[X0 -y 0O KXO V)=
(2O ¥)O0=0.Thus(xO ) O (yO —z) < (x O V).

Lemma 2.5 Let L be a commutative groupoid algebra. Then {(—%) =x. V x € L.

Now we define two binary operations V and A on a commutative groupoid algebra L by

X/\y=

X0 (X0 =y) =y O =(y O —x)

xVy==["(x0-y)0-y] =y 0 x) 0 x].
Theorem 2.6 In any lattice commutative groupoid algebra L. the following hold V x, y € L.

1)
)

Proof:

1)

(2)

“(XVy)="XxXA"y.

“(XAy)="xVy.

Since ~(x Vy) O {x A 7y) ={AXO7y) 0 ¥} 0 { X O A(x0Yy)}={Ay 0 X
O—x%}O—AAyO %x)O %)} =0. Thus ~(x Vy)<—x A~y. Also, (KA ) O «(—(xV
y)) =0.

From (1) we have ~(—x V —y) ==(—x) A ~(y) =x Ay. Thus ~(x A y) = =x V V.

Theorem 2.7 In any commutative groupoid algebra L. the following hold V X,y € L:
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(1) xAysSxysxVy.
2 X V y is the least upper bound of {x, y}.
3) X Ay is the greatest lower bound of {x, y}.

proof:

1) Since xAy)O X=(YOHyO X)) O X=KO(HyO x)0y)=Hy0 x)O(yO
—X) =0.Also, x Ay) O ¥y=(XO—(XO ¥)0O¥y=(X0O ) O —x0O —y)=0.Also, X
O(xVy)=xO[-(XO¥O¥y]=AXO¥)O(XO¥)=0y0AxVy)=yO[Hy
0K OXK]=—y0O —x)0O(yO —x)=0.

2 From 1, it can be observed that x V y is an upper bound for {x, y}. Suppose that r be any
upper bound for x, y. this implies thatx © =r=0=y O —r.

Now we shall prove that x V y <r.

SincexVy)O = xXO0O¥)O )OO~ =—(—XO¥)O )0 (+01)=—A—(X0
V)OO V)OO (TO0V)=AxXO¥)O¥)O(TOHyO)=—A((X0¥)0-¥)O0
(YOAvYON)=A(XO¥)O O (A(yOnNO-¥)=—Avy0r 0O (X0 -y)
O¥)O¥)=—ArO )0 (X0 ) (bylemma24(4).=—rO ¥)OX0O ¥)=X0O
) O HrO ). <x O —+=0. (by lemma 2.4(5)). Sor>x Vy. Thereforx Vy=1u.b
%

3) From (1) it can be observed that x A y is a lower bound for {x, y}. Suppose that r is any
lower bound for {X, y} thenr <x and r <. this implies thatr O x=0=r O —.
Sincer®O@ (xAy)=r01)0 (X0 (X0 ¥)=0r0-=0)0—-(x0—-(x0 )=
ro—ro—x0—-x0-xXx0-¥=X0—A=r0x)o—-x0—x0 )<

(T OX)O X0 ) (Bylemma24 6)=(vOXx)O0A70x)<-yOr=0 (By
lemma 2.4 (6)). Therefor r<x Ayand hence x Ay=g.l. b{x, y}

Remark 2.8

1) Let (L, O, <) be a commutative groupoid then L is a partially ordered set “Poset” from
lemma 2.3(1) and lemma 2.4(1, 2). It is clear that L is a partially ordered set “Poset”.
Since forx e Lwehave X O -1 =0 =x<1. Also,00 x=0= 0=x. L is a bounded
poset.

2) From lemma 2.7 we have that every two elements in a commutative groupoid algebra has
supremum and infumum. Hence (L, <, Vv, A, 0, 1) is a bounded lattice with bounds 0 and 1.

Now we have the following corollaries 2.9 and 2.10 as consequence of lemma 2.7.
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1) X<y,x<z=>x<yAz

2) y<Xx,z<Xx=>yVz<X.

proof:

1) Let x <y, x <zthen by lemma 24(3)z0 -y <z 0O %, and X O 7z <y O -, and
XO—<Z=0.SincexO (yAz)=x0—Hz0 20 y)]<xO0Hz0—~Hz0 )] =
XOAXO (X0 )] =x0 (X0 —0)=x0O —%x=0. Thereforx <y A z.

2) Let y < x, z < x then by lemma (2.4) we have y © —z < x O —, and z © X = 0.

yvzOx=H« 02020 x<[{x0-=%0-20 =

AXO (20 )] O X=—x0O-0) O %=—K)O—«K=0. Thereforey v z <x.

Corollary 2.10 In any lattice commutative groupoid algebra L the following hold V x,y, z € L:

1) xXVy)O—=x<xO—=zand (xVy)O—=z<yO0O —z.
2) xO0—=Z<ExAy)O-zand vy0Oz<(xAy)O 1.
Proof: Clear by using 2.9 and lemma (2.4)(3).

Theorem 2.11 In any commutative groupoid algebra L the following hold ¥ x, y, z € L:

1)
(2)
Proof:
)

~[(xv

HxVy) O] =~x02) A ~(y O —2)
AxAy)02z]=~x072) V—=(y O —2)

By corollaries 2.9 and 2.10 we get
YO~-z]<=(x072) A~ (y O —2)

Now consider

{~(x0~2) A ~(y® =2)} O ((x Vy) © =2)

={-x0 20 =[(x0 1) O (yO 2} O {H{{xO¥) 0¥ 07}
=[{-(x0 %) O )]0 {{-x0 ) 0 {~x0 ) O (yO )]} © =}
=~-(x0¥) 0 ) 0 {{-{x0 ) 07}0{-(x02) O (yo )}

=0 0 0 {{x02)0}0{y0{-(x0 20}
=+(x 0 %) 0 ) O{{{-(x0 ) © 1) 0] 0 ¥}

=4H(x0 2020 Y] O[{(xO¥) 0) O]

By lemma (2.4) (4)

=qA((x0 1) O -1) Oy OO —v) (Bylemma 2.4 (4))

> ((x O ) O —z) O x. (By lemma 2.4 (5))
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=XO((XO012)01Z)=—X01Z)OXO0-)=0

2 Similar to the proof (1).

From remark 2.8 and theorem 2.11 we have the following

Theorem 2.12 let (L, ©, — 0, 1) be a commutative groupoid algebra, then (L, Vv, A, 0, 1) is a
lattice commutative groupoid algebra.

Remark 2.13 Let (L, ©, = 0, 1) be a commutative groupoid then © can never be associative as

the following example.

Example 2.14
LetL={0,4a b,c,d,e,f 1} beachaindefined0<a<b<c<d<e<f<1 Define -and O as
follows
X 0 a b C d e f 1
—X 1 f e d C b a 0
0] 0 a b C d e f 1
0 0 0 0 0 0 0 0 0
a 0 0 0 0 0 0 0 a
b 0 0 0 0 0 0 a b
C 0 0 0 0 0 a b C
d 0 0 0 0 a C C d
0 0 0 a C d d e
f 0 0 a b C d f
1 0 a b C d e f 1

Clearly O is not associative since (d 0O e)Of=cOf=b#d0O (eOf)=d O d=a. Thus
dOe)Of£d0O (eOF).

3. Autometrization on commutative groupoid algebra
In this section we introduce two binary operations on a commutative groupoid algebra namely +
and — and we obtain a few results concerning their operations defined. Also, we obtain some

geometric properties of commutative groupoid algebra. Also we prove any commutative
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groupoid algebra is a metric space. Futher we prove that every commutative groupoid algebra
can be made into regular autometrized algebra.

We begin with the following

Let L be commutative groupoid algebra. Define + and — on L as follows.
X+y=—(X0O ), X-y=x0—¥.VX,yel

Then we obtain the following

Lemma 3.1 Let L be commutative groupoid algebra, then (L, +, 0) is a commutative monoid.
Proof: It is sufficient to prove that + is associative and 0 is the identity element with respect to +.
Letx,y,ze L. Then(X+y)+z2=—AX0O ¥)+z2=—(X0O )0 Z]=20 (X0 )] =
AXO(ZOY))]=AXx0Ay+2)]=x+(y+2).

Also, X +0==(x 0O —0) =% 0 1) =—~K) =x.

Lemma 3.2 For a, b, ¢, x and y in a commutative groupoid algebra L, the following conditions
hold:

1) a-a=0

2 a-0=a

(3) (@a-b)vo=a-b

4 a-b=0«<acx<h.

() ~l@rb)-c]=~a-c)v—b-c)

(6) avb=(a-b)+b

(7 aAb=b-(b-a)

(8) x<atb<Xx-a<bh.

9 0-a=0.

(10) a-(b+c)=(a-b)-c.

(11) @-b)+((-c)>a-c.

(12) a=(av0)+(ano0)

(13) a-(b+c)=(a-c)-h.

(14) a>b=(a-b)+b=a.

(15) [a-&xAyl+b=[(a-x)+b]v[(a-y)+ b]

Now, we are in a position to introduce the concept of a metric on a commutative groupoid

algebra.
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Definition 3.3 let L be a commutative groupoid algebra. Define a map *: L x L — L by
a*b=(@-b)+(b-a)
Lemma 3.4 In a commutative groupoid algebra L, we have
(a0 hH)O—{(bO-a)=1=a=h.
Proof: a0 Hb=@O0DH)O01=@0D)O[(bO-8)0O0—- a0 D)]=—(bO-1a)0[@a0O-D)O
(a0 h)]=—(b0O0-4a)00=0.
Now,b O a=(0b0O08)01=bO0a)0[(a0DH)O—-(bO-18)]=—a0H)O[bO-1a)0
—(b © 4)] =—+a 0O —b) ®0=0. Therefor a =b.
Theorem 3.5 let L be a commutative groupoid algebra. then for all a, b, ¢ in L, we have
a<b=atc<b+c
Proof: Leta<b, thena ©® b =0,
@+c)0o(b+c)=C(a0—=<)O(HO—=)="bO[(aO0=C)O<]="DO[€O (120 —<)]
=H0O[a0H(a0c)]=—a0c)O(@adhH)=—a0c)O0=0.
Corollary 3.6 In any commutative groupoid algebra L, we have
a<bandc<d=atc<b+dforalla,b,c,delL

Theorem 3.7 (L, *) is a metric space wherea*b =(a-b) + (b -a)
Proof: Leta,b,c e L

a*b=(a-b)+(b-a)>a-a=0.(bylemma3.2 (11). Also,a*b=b*a. Leta*b=0. Thus (a
-b) + (b - a = 0 this implies that {a © ) © (b © —8) = 1 = (by lemma 3.4) a = b.
Conversely, ifa=b,thena*a=0,a-a=0. Finally,(@*b)+(b*c)={(a-b)+(b-a)} + {(b-
c)+(c-b)}={@-b)+@Mm-c)}+{(c-b)+(b-a)}>(a-c)+(c-a) =a*c. Thus *is a metric
on L.
Definition 3.8 [3] A system A = (A, +, <, *) is called an “Autometrized Algebra” if and only if
1.1 (A, +) is a binary commutative algebra with a distinguished element Zero: “0”
1.2 <is an anti-symmetric, reflexive ordering on A and
1.3 *:A X A is a mapping satisfying the formal properties of a distance function namely:
1) a * b>0 with equality < a=b
2)a*b=b*aand
3a*c<a*b+b*c
Definition 3.9 [3] An Autometrized Algebra L is said to be regularifa*0=a, V a € L.

Theorem 3.10 Let L be a commutative groupoid algebra, thena*0=a, vV a e L.
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Proof:a*0=(a-0)+(0-a)[(bylemma3d.2(2)a-0=a,0—-a=00 —-a=0].
za+t0=—-120-0)==(1a0l)=—(=a)=a

By theorem 3.7 and theorem 3.8 we get the following

Theorem 3.10 Any commutative groupoid algebra L is a regular autometrized algebra.

We end this section by looking at the following example:

Example 3.10 Let L = {0, a, b, c, d, e, f, 1} be a chain defined0 <a<b<c<d<e<f<1l.In

example (2. 14) we defined — O and in this example we define * as follows

* 0 a b C d e f 1
0 0 a b C d e f 1
a a 0 a b C b e f
b b a 0 a C d d e
C C b a 0 a C c d
d 1 C b a 0 0 b C
e e d d C 0 0 a b
f f e d C b a 0 a
1 1 f e d C b a 0

Clearly 0 is the additive element, since x * 0 = 0 * x = x for all Xx. Also every element which it
is the inverse of itself since x * x = 0 for all x. Further it is observed that * is not associative.
Since instance (a*b)*c=a*c=b#a* (b*c)=a*a=0. Therefor * is not a group operation.
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