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Abstract. In this paper, we introduce soft L-neighborhood systems and soft topologies in a complete residuated
lattice. We study the relations between soft L-neighborhood systems and soft topologies. In particular, we study

some functorial relationships between previous spaces. We give their examples.
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1. Introduction

Molodtsov [15] introduced the soft set as a mathematical tool for dealing information as the
uncertainty of data in engineering, physics, computer sciences and many other diverse field.
Presently, the soft set theory is making progress rapidly [1,3,5,11,12-14,25,27]. Pawlak’s rough
set [17,18] can be viewed as a special case of soft rough sets [5]. The topological structures of
soft sets have been developed by many researchers [3,9,10,22,23,27,28].

On the other hand, Hajek [7] introduced a complete residuated lattice which is an algebraic
structure for many valued logic. It is an important mathematical tool for algebraic structure of

fuzzy contexts [2,6,7,9,10,19,20,21,24].
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Kim [9,10] introduced a fuzzy soft F : A — LV as an extension as the soft F : A — P(U) where
L is a complete residuated lattice. He introduced soft L-fuzzy interior and closure operators,
quasi-uniformities and soft L-fuzzy topogenous orders in complete residuated lattices.

In this paper, we introduce soft L-neighborhood systems and soft topologies in a complete
residuated lattice. We study the relations between soft L-neighborhood systems and soft topolo-
gies. In particular, we study some functorial relationships between previous spaces. We give

their examples.
2. Preliminaries

Definition 2.1. [2,6,7,24] An algebra (L,A,V,®,—,0,1) is called a complete residuated
lattice if it satisfies the following conditions:

(Cl) L= (L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the least ele-
ment 0;

(C2) (L,®,1) is a commutative monoid,;

CHxoy<Lziffx <y — zforx,y,z e L.

In this paper, we assume that (L, <,®,—,®,*) is a complete residuated lattice with an order
reversing involution x* = x — 0 which is defined by x®y = (x* ®y*)* unless otherwise specified

and we denote Ly = L — {0}.

Lemma 2.1. [2,6,7,24] For each x,y,z,x;,y;,w € L, we have the following properties.
H1—=>x=x,00x=0,

Q) Ufy<zthenxOy<x®z,xBy<x®z,x >y<x—zandz—>x<y—ux,
B)xOy<xAy<xVy<xdy,

@ (Nivi)* = Vi, Vayi)™ = Niyis

(5) xO (Vi) = Vi(x©yi),

(6) x (Aiyi) = Ni(x B yi)s

(7 x = (Niyi) = Ni(x = yi)s

@) (Vixi) =y = Ni(xi =),

) x = (Viyi) = Vilx = i),

)
)
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(10) (Aixi) =y > Vi(xi = y),

(D) (xOy) 2z=x—=>(y—=2) =y = (x=2),

(I12)xO(x—y)<yandx —>y<(y—z) = (x = 2),

(13) (x =2 y) Oz = w) < (xO2) = (YOW),

(14) (x = y) Oz = w) < (x@z) = (yBw),

(Ix—=y<(x0z) = (oz)and (x = y)O(y—=27) <x—7,

(16) (x®z) Oy <x® (y©2z),

A7) x—=y=y*—x".

Definition 2.2. [9,10] Let X be an initial universe of objects and E the set of parameters
(attributes) in X. A pair (F,A) is called a fuzzy soft set over X, where A C E and F : A — LX is

a mapping. We denote S(X,A) as the family of all fuzzy soft sets under the parameter A.

Definition 2.3.[9,10] Let (F,A) and (G,A) be two fuzzy soft sets over a common universe X.
(1) (F,A) is a fuzzy soft subset of (G,A), denoted by (F,A) < (G,A) if F(a) < G(a), for each

acA.
(2) (F,A)AN(G,A) = (F AG,A) if (F AG)(a) = F(a) AN G(a) for each a € A.
(3) (F,A)V(G,A) = (FVG,A) if (FVG)(a) =F(a)V G(a) for eacha € A.
4) (F,A)® (G,A) = (F®G,A) if (F®G)(a) = F(a) ®G(a) for each a € A.
(5) (F,A)* = (F*,A) if F*(a) = (F(a))* for each a € A.

6) (F,A)®& (G,A) = (F®G,A) if (F®G)(a) = (F*(a) ®G*(a))* for each a € A.

(7 a®(F,A)=(x®F,A) foreach o € L.

Definition 2.4. [9,10] Let S(X,A) and S(Y, B) be the families of all fuzzy soft sets over X and
Y, respectively. The mapping fy : S(X,A) — S(Y,B) is a soft mapping where f : X — Y and
¢ : A — B are mappings.

(1) The image of (F,A) € S(X,A) under the mapping f; is denoted by fy ((F,A)) = (fy(F),B)

where

Va1 [~ (F(@) (), if o~ ({b}) #0,

0, otherwise.

fo(F)(B)(y) =
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(2) The inverse image of (G,B) € S(Y, B) under the mapping f; is denoted by fq)_l ((G,B)) =
(fo 1(G),A) where

£, 1(G)(a)(x) = [ (G(¢(a)))(x), Va €A, x € X.

(3) The soft mapping fy : S(X,A) — S(Y,B) is called injective (resp. surjective, bijective) if

f and ¢ are both injective (resp. surjective, bijective).

Lemma 2.5. [9,10] Let f, : S(X,A) — S(Y, B) be a soft mapping. Then we have the following
properties. For (F,A), (F;,A) € S(X,A) and (G,B),(G;,B) € S(Y,B),
(1) (G,B) > fy (f¢ ((G,B))) with equality if f is surjective,
(2) (FA) < fy (f, Y(fo ((F,A))) with equality if f is injective,
3) f, ' ((G,B)") = (f, '((G,B)))",
@ 17 (Vier(GrB) = Vier 5 (G B)).
) 17 (Ner (G B)) = Aier 5 (G B)).
©) fo(Vier(Fi,A)) = Vier fo ((Fi,A)),
(D fo(Nic1(Fi,A)) < Nier fo ((F;,A)) with equality if f is injective,
®) £, ((G1,B)© (Ga,B)) =f(;1(<G1,B>> © f, ' ((G2,B)),
) f, ' ((G1,B)® (G2,B)) = f, ' (G1,B) & f, ' (G2, B)),
(10) fo((F1,A4) © (F,A)) < f¢((F1, ) ® fo((F>,A)) with equality if f is injective,
(11)f¢( 2,A)) < fo((F1,A)) @ fo ((F2,A)) with equality if f is injective.

F17 ) (F
Definition 2.6. [9,10] A map 7 C S(X,A) is called a soft L topology on X if it satisfies the

(
(

following conditions.

(ST1) (0x,A),(1x,A) € 7, where Ox (a)(x) =0, 1x(a)(x) =1 foralla € A,x € X,

(ST2) If (F,A), (G,A) € 7, then (F,A) ® (G,A)) € T

(ST3) If (F;,A) € tforeachi €I, \/;c;(F;,A) € 1.

The triple (X, A, 7) is called a soft L-topological space.

A soft L-topology is called enriched if @ ® (F,A) € 7 for each (F,A) € T and @ € L.

Let (X,A, 11) and (X, A, 72) be soft L-topological spaces. Then 7 is finer than 1, if (F,A) € 1y,
forall (F,A) € 1.
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Let (X,A,tx) and (Y, B, 7y) be soft L-topological spaces and fj : S(X,A) — S(Y,B) be a soft

map. Then fy is called a continuous soft map if

£,'((G,B)) € 7, ¥(G,B) € 1y.

Definition 2.7. [9,10] Let X be a set. A function ex : X x X — L is called:

(E1) reflexive if ex (x,x) = 1 for all x € X,

(E2) transitive if ex (x,y) ® ex (v,z) < ex(x,z), for all x,y,z € X,

(E3) if ex(x,y) = ex(v,x) = 1, then x = y.

If ex satisfies (E1) and (E2), ex is a fuzzy preorder on X. If ey satisfies (E1), (E2) and (E3),

ey is a fuzzy partially order on X.

Lemma 2.8. [9,10] For a given set X, define a binary mapping ex : S(X,A) x S(X,A) — L by

ex((F,A),(G,A)) = \ N\ (F(a)(x) = G(a)(x)).

acAxeX

Then, for each (F,A),(G,A),(H,A),(K,A) € S(X,A) and o € L the following properties hold.
(1) (F,A) < (G,A) iffex((F,A),(G,A)) = 1.
(2) ex is a fuzzy partially order on S(X,A),
3) If (F,A) < (G,A), then

ex((K,A),(H,A)) <ex((F,A)©(K,A),(G,A)© (H,A)).
(H,A)) <ex((F,A)® (K,A),(G,A) & (H,A)).
=ex(a® (F,A),(G,A)) = o0 — ex((F,A),(G,A)) and a®
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(11) Let fy : (X,A) — (Y, B) be asoft map. Then for (F,A),(G,A) € S(X,A) and (H,A),(K,A) €
S(Y,B),

eX((FvA)v (G7A)) < eY(f(P((FvA))qu)((G?A)))a

eY((HaA)a(KvA)) < eX(f(p_l(<H7A>)qu)_l((KaA)))a

and the equalities hold if fj is bijective.
3. Soft L-topologies and soft L-neighborhood systems

Definition 3.1. A map N : X — (L4)5X4) is called a soft L-neighborhood system on X if
N = {N, = N(x) | x € X} satisfies the following conditions

(SNT) Nx((1x,A)) = 14 and Ny(0x) = 04,

(SN2) N((F,A) @ (G,A)) > Ny((F,A)) ® Nx((G,A)) for each (F,A), (G,A) € S(X,A),

(SN3) If (F,A) < (G,A), then Ne((F,A)) < Ne((G,A)),

(SN4) Ny ((F,A)) < (F,A)(x) forall (F,A) € S(X,A) where (F,A)(x) = F(—)(x) and Ny((F,A))(a) <
F(a)(x).

(SN35) Ni((F,A)) < VIN(((G,A))) | ((G.A)() < Ny(((F.A))), ¥y X},

A soft L-neighborhood system is called stratified if

(S) Ny(a® (F,A)) > aa©N((F,A)) forall (F,A) € S(X,A) and a € L.

The triple (X,A,N) is called a soft L-neighborhood space.

Let (X,A,N) and (Y,B,M) be soft L-neighborhood spaces. A mapping fy : (X,A,N) —
(Y, B, M) is said to be a continuous soft map iff M) ((G,B))(¢(a)) < Nx(fq)_l ((G,B)))(a) for
eachx € X,(G,B) € S(Y,B).

Theorem 3.2. Let (X,A, 7) be a soft L-topological space. Define a map N7 : X — (LA)SXA)
by

Ni((F.A)) = V{(G,A)(x) | (G.A) < (F,A), (G,A) € T},

where (G,A)(x) = G(—)(x). Then the following properties hold.
(1) (X,A,N7) is a soft L-neighborhood space.
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(2) If 7 is enriched, then N° is stratified and

N{(FA) =\ ((GA)(x)©ex((G,A),(FA)).
(GA)er

Proof. (1) (SN1) Since (1x,A), (0x,A) € 7, NF((1x,A)) = 1x,A)(x) = 14 and N} ((0x,A)) =
(0x,A)(x) = 0a.
(SN2) For each a € A,

NI ((F,A)) ©N{((G,A))

(VI(F,A) () | (F,A) < (F.A), (F,A) € t})

O(V{(R,A)(x) | (F2,4) < (G,A), (F2,4) € })

< V{((F,4) © (F2,4)) (%) | (F1,4) © (F2,4) < (F,A) ©(G,A), (F,A)© (F,A) € T}
<Ny ((F,A) ©(G,A)).

(SN3-4) follow from the definition of N7.

(SN5) Put N*((F,A)) = V{(G,A) | (G,A) < (F,A), (G,A) € T} with N*(x) = N7. Then
N ((F,A)) € 1. By the definition of N, since N* ((F,A)) < N*((F,A)), we have N} (N*((F,A))) >
NE((F,A)). By (4), NZ(NT((F,A))) < NE((F,A)). Hence NE(NT((F,A))) = NE((F,A)). Thus,

NI((F,A)) = N{(NZ((F,A)))
< V{N{((G,A)) [ (G,A)(y) < Ny ((F.A))}-
So, (X,A,N7) is a soft L-neighborhood space.
(2)

aON;((F,A)) = a0V{(G,A) | (G,A) < (FA), (G,A) e}
<V{a®(G,A)|ac(G,A) <ac(F,A), a®(G,A) €t} <NI(a® (F,A)).
Hence N° is stratified.
Put y(x) =V (G.4)e:((G,A)(x) ©ex ((G,A), (F,A))). Let (G,A) with (G,A) < (F,A) and (G,A) €
7. Then (G,A)(x) ®ex((G,A),(F,A)) = (G,A)(x) ©1 = (G,A)(x). Thus (G,A)(x) < y(x).
Therefore N ((F,A)) < y(x).
Let (G,A)(x) ®ex((G,A),(F,A)) with (G,A) € 7. Since T is enriched, (G,A) ®ex((G,A),(F,A)) €
7 and (G,A)(x) ® ex((G,A),(F,A)) < (G,A)(x) ® ((G,A)(x) — F(a)(x)) < F(a)(x). Then
Y(x) < NE((F.A)).
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Theorem 3.3. Let (X,N) be a soft L-neighborhood space. Define Ty C S(X,A) as follows
w = {(F,A) € S(X,A) | (F,A)(x) = N((F,A)),Vx € X}.

Then,

(1) Ty 1s a soft L-topology on X,

(2) If N 1s stratified, then 7y is an enriched soft L-topology.
(3) N=N™W.

(4) If (X, 1) is a soft L-topological space, then T = Tyz.

Proof. (1) (ST1) Since Ny((1x,A)) = (1x,A) = 14 and N¢((0x,A)) = (0x,A) = 0,4, we have
(1x,A), (0x,A) € Ty.

(ST2) Let (F,A),(G,A) € ty. Since Ny((F,A) ®(G,A)) > Ny((F,A)) ©Ny((G,A)) = ((F,A)®
(G,A))(x) and (SN4), then (F,A) ® (G,A) € Ty.

(ST3) Let (F;,A) € Ty for all i € T. Since Ny(V;er(F,A)) > Vier Ne((Fi,A)) = Vier(F,A)
and (SN4), then /. (F;,A) € Ty.

(2) Let (F,A) € Ty. Since Ne(a ® (F,A)) > o @ N((F,A)) = e ® (F,A)(x) and (SN4), then
a®(F,A) € 1y.

(3) Since N¢((F,A)) < Ny(N_((F,A))) < Ni((F,A)) from (SN3) and (SN5), N¢((F,A))
Ny(N_((F,A))) for all x € X. Since N_((F,A)) € 1y, by the definition of N, N,((F,A))
N ((F,A)).

Since Ny" ((F,A)) = V{(Gi,A)(x) | (Gi,A) < (F,A), (G;,A) € Ty} and (G;,A) (x) = Nx((Gy,A)),

IA

then

\/(Gi»A)(X) = \/Nx((Gi,A)) < Ne(N™((F,A))) = Nx(\/(Gi,A)) < \/(Gi,A)(X)-

1 l 1

Hence N, (N™ ((F,A))) = NJ"((F,A)). Since N* ((F,A)) < (F,A), by (SN3),
N ((F,A)) = Nx(N™((F,A))) < Nx((F,A)).

Thus N2V = N, for all x € X.
(4) Let (F,A) € tyr. Then (F,A) = N*((F,A)) € .
Let (G,A) € 7. Then (G,A)(x) = NI ((G,A)) for all x € X. Then (G,A) € 1.
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Theorem 3.4. f, : (X,A,7x) — (Y,B,ty) is a continuous soft map iff f, : (X,A,N%) —

(Y,B,N™) is a continuous soft map.

Proof. (=) Since f,'((G,A)) € tx for each (G,A) € 7y, we have

Nyt (H,B))(9(a)) = V{G(¢(a))(9(x)) | (G,B) < (H,B),(G,B) € 1}
(/5 ((G,B))(@)(x) = [ (G(¢())) (x))

<V{f5 (G, B)(@)(x) | £, ((G,A)) < £, (F.A)), £, ' ((G,A)) € %}
<NZ(f,'((G,B))).

)
)

(<) Let (G,B) € 1y. Since Ty = Tyw from Theorem 3.3(4),

fo ((G,B))(a)(x) = f~(G(¢(a)))(x))
=G(9(a))(9(x)) =N, ((G,B))(¢(a))
<N (£, (G, B))(x)(a).

Hence f§ ((G,B))(x) < NX(f, '((G,B)), thatis, £, ' ((G,B)) € tx.

We similarly prove the following corollary as Theorem 3.4.
Corollary 3.5. f, : (X,A,Nx) — (Y,B,Ny) is a continuous soft map iff f : (X,B,1n,) —

(Y,B, Ty, ) is a continuous soft map.

Example 3.6. LetY = {h; | i={1,...,4}} with h;=house and Ey = {e,b,w, ¢, i} with e=expensive,b=
beautiful, w=wooden, c= creative, i=in the green surroundings.

Define operations ®, — and * on [0,1](called Lukasierwicz structure) by

xOy=max{0,x+y—1}x"=1—x

x—y=min{l —x+y,1}.

Then ([0,1],©,—,*0,1) is a complete residuated lattice (ref.[2,8,28]).
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(1) Let A = {w,c,i} C Ey and X = {hy,h2,hs}, (F1,A) and (F»,A) be fuzzy soft sets as

follows:
(F1,A) hy hy hy (F2,A) hy hy hy
w 0.6 03 0.5 e 03 04 02
c 0.6 03 0.5 b 04 0.3 0.1
i 03 06 0.5 b 02 03 0.2

(ROF,A) b hy hy

w 02 0 O
c 02 0 O
i 0 02 0

Define a soft [0, 1]-topology as follows:

x = {(0x,A),(1x,A),(F1,A),(F>,A),(Fy © F,A)}.

By Theorem 3.2, we can obtain a soft L-neighborhood system N%* : X — (LA)S(X *X.A) as fol-

lows:
(LA ), f(RA) = (1x.4)
(F1,A) (hi), if(F,A) = (F1,A),
Ny (FA)) = § (2. A) (), if(F,A) = (F2,A), (F,A) Z (Fi,A)
(FL O F,A)(hy), if(F,A) > (Fi0F,A),(FA) % (F,A),
[ (0x,A)(hi), otherwise.

Put (F,A)(hi) = (F(w)(h), F (c)(h;), F (i) (hi)). Then
(Fi,A)(h1) = (0.6,0.6.0.3), (F1,A)(h) =(0.3,0.3,0.6), (Fi,A)(hs)=(0.5,0.5,0.5)
(Fy,A)(h1) = (0.3,04.0.2), (F,A)(h) =(0.4,0.3,0.3), (F,A)(hs)=(0.2,0.1,0.2)

(FL @ F,A)(h1) = (0.2,0.2,0), (F1®F,A)(h) = (0,0,0.2),
(Fi®F,A)(h1) = (0,0,0),
(2) Let B={e,b} C Ey, (G1,B) and (G, B) be fuzzy soft sets as follows:
(G,B) hi hy hy hy
e 0.3 0.6 0.5 0.0
b 0.6 03 05 03
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(GOG,B) h hy hy Iy
e 0.0 0.2 0.0 0.0
b 0.2 0.0 0.0 0.0

Define a soft [0, 1]-topology as follows:

v = {(0x,B),(0x,B),(G,B),(G®G,B)}.

By Theorem 3.2, we can obtain a soft L-neighborhood system N¥ : Y — (LA)S(X*X.B) a5 fol-
lows:
Ny ((H,B)) =
[ (1y,B)(h), it (H,B) = (1y,B)
(G,B)(h;), if(H,B) > (G,B),
(G®G,B)(h), if(H,B)>(G®G,B),(H,B)# (G,B),
(Oy,B)(h;), otherwise.

\

Put (G, B)(h;) = (G(e)(hi), G(b) (hy)). Then

(G.B)(h1) = (0.3,0.6),  (G.B)(hs) = (0.6,0.3),
(G.B)(h3) = (0.5,0.5),  (G.B)(hs) = (0.0,0.3),
(G®G,B) () = (0.0,0.2), (G®G,B)(hy)=(0.2,0.0),
(G®G,B)(h3) = (0.0,0.0), (G®G,B)(hs)=(0.0,0.0),

(3) Define functions f: X — Y and ¢ : A — B as follows:
f(h1) = ha, f(h2) = h, f(ha) = h3

¢(w)=0(c)=e,0(i) =b.
Then f(P_l((G,B)) =(F,A) € Tand fd)_l((G@G,B)) = (Fi®F,A) € 7. Hence f : (X,A,7x) —
(Y,B, ty) is a continuous soft map. Since

My ((G,B))(#(a)) = Ny, (f, ' ((G.B)))(a),hi € X,a € A

M) ((G©G,B))(9(a)) = Ny, (f, ' (GO G,B)))(a),hi € X,a € A

Ty
Hence N )

(X,A,Nz,) — (Y,B,Ny, ) is a continuous soft map.

((H,B))(9(a) =N (f; " ((H,B)))(a),h: € X,a € A, (H,B) € S(,B), thatis, f;
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