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1. Introduction

Hajek [5] introduced a complete residuated lattice which is an algebraic structure for many
valued logic. It is an important mathematical tool for algebraic structure of fuzzy contexts
[6,7,12-15,28]. Many researcher introduced the notion of fuzzy uniformities in unit interval
[0,1] [3,16], complete distributive lattices [8,31]. Recently, Molodtsov [22] introduced the soft
set as a mathematical tool for dealing information as the uncertainty of data in engineering,
physics, computer sciences and many other diverse field. Presently, the soft set theory is making

progress rapidly [1,4,12-14, 18-22, 29,30]. Pawlak’s rough set [23,24] can be viewed as a

*Corresponding author.

Received October 27, 2015
437



438 JUNG MI KO, YONG CHAN KIM
special case of soft rough sets [S]. The topological structures of soft sets have been developed
by many researchers [4,12-14,26-27].

Kim [13] introduced a fuzzy soft F : A — LY as an extension as the soft F : A — P(U) where L
is a complete residuated lattice. Kim [12-14] introduced the soft topological structures, L-fuzzy
quasi-uniformities and soft L-fuzzy topogenous orders in complete residuated lattices.

In this paper, we study the notions of soft L-quasi-uniformities in complete residuated lattices.
We investigate the relations among soft L-topology, soft L-neighborhood systems and soft L-

quasi-uniformities. We give their examples.
2. Preliminaries

Definition 2.1. [2,6.7,28] An algebra (L,A\,V,®,—,0, 1) is called a complete residuated lattice
if it satisfies the following conditions:

(Cl)L=(L,<,V,A,1,0) is a complete lattice with the greatest element 1 and the least ele-
ment 0;

(C2) (L,®,1) is a commutative monoid,;

C)xoy<Lziffx <y—zforx,y,z € L.

In this paper, we assume that (L,<,®,—) is a complete residuated lattice and we denote

Lo=L—{0}.
Lemma 2.1. [2,6.7,28] For each x,y,z,x;,y;,w € L, we have the following properties.

()1 —=x=x,00x=0,
QIfy<zthenxOy<x®z,x—>y<x—zandz —>x<y—ux,
B)xOy<xAy<xVy<x®y,

@ x© (Viyi) = Vi(x©yi),
5) x = (Aiyi) = Nilx = i),
©) (Vixi) = y=NAilxi =y
(M x— (Viyi) 2 Vilx = yi
®) (Aixi) =y = Vi(xi = y),
9 (xOy) wz=x—(y—=2)=y— (x—2),

b

b

)
)
)
)
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(1) xOx—y)<yandx —>y<(y—z) = (x = 2),
(D) (x=y)Oz—=w) < (x0z) = (YOW),
(12)x=>y<(x0z) = (yOz)and (x 2 y) O (y > 2z) <x—z.
Definition 2.3. [13,14] Let X be an initial universe of objects and E the set of parameters
(attributes) in X. A pair (F,A) is called a fuzzy soft set over X, where A C E and F : A — LX is

a mapping. We denote S(X,A) as the family of all fuzzy soft sets under the parameter A.

Definition 2.4.[13,14] Let (F,A) and (G,A) be two fuzzy soft sets over a common universe X.

(1) (F,A) is a fuzzy soft subset of (G,A), denoted by (F,A) < (G,A) if F(a) < G(a), for each

acA.
(2) (F,A)AN(G,A) = (F ANG,A) if (F AG)(a) = F(a) NG(a) for each a € A.
3) (F,A)V(G,A)=(FVG,A)if (FVG)(a)=F(a)V G(a) for each a € A.
4) (F,A)®(G,A) = (F ®G,A) if (F©G)(a) =F(a)®G(a) for each a € A.

6) e (F,A) = (a®F,A) foreach a € L.

Definition 2.5. [13,14] Let S(X,A) and S(Y, B) be the families of all fuzzy soft sets over X and
Y, respectively. The mapping fy : S(X,A) — S(Y,B) is a soft mapping where f : X — Y and
¢ : A — B are mappings.

(1) The image of (F,A) € S(X,A) under the mapping f; is denoted by f ((F,A)) = (fy(F),B)

where
Vaco-1(ipop) 7 (F(a) (), if¢~'({b})#0,

0, otherwise.

Jo(F)(D)(y) =

(2) The inverse image of (G, B) € S(Y,B) under the mapping fy is denoted by f,° '(G,B)) =
(f¢_l(G),A) where

f31(G)(@)(x) = f7(G(9(a)))(x), Ya € A,x €X.

(3) The soft mapping fy : S(X,A) — S(Y,B) is called injective (resp. surjective, bijective) if
f and ¢ are both injective (resp. surjective, bijective).
Lemma 2.6. [13,14] Let f, : S(X,A) — S(Y,B) be a soft mapping. Then we have the following
properties. For (F,A), (F;,A) € S(X,A) and (G,B),(G;,B) € S(Y,B),

(1) (G,B) > fy(f, ' ((G,B))) with equality if f is surjective,
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(2) (F,A) < f; ' (f5((F,A))) with equality if f is injective,
3) fy ' (Vier(GiB) = Vier £ ' ((Gi. B)),
@ 5 (Nier(GiB) = Nier £ ((Gi,B)),
) fo(Vier(Fi,A)) = Vier fo ((Fi,A)),
(6) fo(Nier(F,A)) < Nier fo (Fi,A)) with equality if f is injective,
() f, ' ((G1,B)®(G2,B)) = f, ' ((G1,B) © f, (G2, B)),
(8) f5((F1,A) ® (F2,A)) < fo(F1,A)) ® f5((F>,A)) with equality if f is injective.

)
)

Definition 2.7. [13,14] A map T C S(X,A) is called a soft L topology on X if it satisfies the
following conditions.

(ST1) (0x,A),(1x,A) € T, where Ox (a)(x) =0,1x(a)(x) =1 foralla € A,x € X,

(ST2)If (F,A), (G,A) € 1, then (F,A) ® (G,A)) € ,

(ST3) If (F;,A) € T foreachi €1, \/;;(F;,A) € 7.

The triple (X, A, 7) is called a soft L-topological space.

A soft L-topology is called enriched if @ ® (F,A) € 7 for each (F,A) € 7 and @ € L.

Let (X,A,71) and (X,A, 12) be soft L-fuzzy topological spaces. Then 7; is finer than 7, if
(F,A) € 7y, for all (F,A) € 1.

Let (X,A, tx) and (Y, B, 7y) be soft L-topological spaces and fj : S(X,A) — S(Y,B) be a soft

map. Then fy is called a continuous soft map if

£,'((G,B)) € 7, ¥(G,B) € 1y.

Definition 2.8. [12] A map N : X — (L*)SX4) is called a soft L-neighborhood system on X if
N = {N, = N(x) | x € X} satisfies the following conditions

(SN1) Ni((1x,4)) = (1x,A)(x) = 14 and Ni((1x,A)) = (0x,A)(x) = O4,

(SN2) N((F,A) ® (G,A)) > N((F,A)) ©Ne((G,A)) for each (F,A),(G,A) € S(X,A),

(SN3) If (F,A) < (G,A), then Ny((F,A)) < Ne((G,A),

(SN4) Ny ((F,A)) < (F,A)(x) for all (F,A) € S(X,A) where (F,A)(x) = F(—)(x).

A soft L-neighborhood system is called stratified if

(S) Ni(a® (F,A)) > a ©Ny((F,A)) forall (F,A) € S(X,A) and a € L.

The triple (X,A,N) is called a soft L-neighborhood space.
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Let (X,A,N) and (Y,B,M) be soft L-neighborhood spaces. A mapping fy : (X,A,N) —

(Y,B,M) is said to be a continuous soft map iff My ((G,B))(¢(a)) < Nx(fq)_1 ((G,B)))(a) for
eachx € X,a€A,(G,B) € S(Y,B).

3. Soft L-uniformities and soft L-neighborhood systems

Definition 3.1. A subset U C S(X x X,A) is called a soft L-quasi-uniformity on X iff it satisfies
the properties.

(SU1) (1xxx,A) € U.

(SU2)If (V,A) < (U,A) and (V,A) € U, then (U,A) € U.

(SU3) For every (U,A),(V,A) €U, (U,A)® (V,A) € U.

(SU4) If (U,A) € U then (15,A) < (U,A) where

I, ifx=y,
1, ifx#y,

La(a)(x,y) =

(SUS) For every (U,A) € U, there exists (V,A) € U such that (V,A)o (V,A) < (U,A) where

(V,A) 0 (V,4))(a)(x,y) = (V(a) o V(a))(x,y)
=V,ex(V(a)(z,x) @V (a)(x,y)), Vx,y € X,a € A.

The triple (X,A,U) is called a soft L-quasi-uniform space.

A soft L-quasi-uniformity U is called stratified if « ® (U,A) € U forall @ € Land (U,A) € U.

A soft L-quasi-uniformity U on X is said to be a soft L-uniformity if

(U) if (U,A) € U, then (U~!,A) € U where U~ !(a)(x,y) = U(a)(y,x).

Let (X,A,U;) and (Y, B,U>) be soft L-quasi-uniform spaces and (f x f)¢ be a soft map. Then
(f < f)g is called an uniformly continuous soft map if, for all (V,B) € Uy, (f x f)(;1 ((V,B)) €
Us.

Theorem 3.2. Let (X,A,U) be a soft L-quasi uniform space. Define two maps rNY,INV . X —

X
LY by

N (FA) @)=\ (AU@Gx) = F@)©)), ¥ (FA) €S(X,A), x€X,
(U.A)eU yeX



442 JUNG MI KO, YONG CHAN KIM

IN((FA) (@)= \/ (A U@xy) = Fa)), ¥ (F,A) € S(X,A), x€X.
(U,A)eU yeX

Then we have the following properties.

(1) (X,A,rNY) is a stratified soft L-neighborhood space.

(2) (X,A,INY) is a stratified soft L-neighborhood space.

(3) rNP((F,A))(a) = V { G(a)(x) | (U,A)[(G,A)] < (FA) | (U,A) € U } = V{G(a)(x) ®
Nyex (U, A)[(G,A))(a)(y) = F(a)(y)) | (U,A) € U} where

(U,A)[(G,A)]( =\ Ula ®(G,A)(y).
yeX

@) INJ((F,A)) =V { (G,A)(x) | (U,A)[[(G,A)]] < (F.A) | (U,A) €U } =V{G(a)(x) ®
NAvex (U, A)[[(G,A)][(@)(y) = F(a)(y)) | (U,A) € U} where

U, A)[[( =\ Ula ©(G,A)(y)-

Proof. (1) (SN1) For (U,A)U, by (SU4), (14,A) < (U,A). Then
Ny ((0x,4))(@) =V w.ajeu Ayex (U (@) (3nx) = 0x ()
<VwaeuU(a)(x,x) = 0) =

Hence rNY((0x,A)) = (0x,A)(x) = 04. Also, rNY((1x,A)) = (1x,A)(x) = 1,, because

Ny (1x)(@) 2 A\ (1a(a)(xy) = 1x(a) () = 1.

yeX

(SN2) By Lemma 2.2 (11) , we have

rNY((F,A))(a) © N ((G,A))(a) = (V Ayeu Nex (U(a)(y,x) = F(a)(y)))
®(V(VA cu Neex (V(a)(z,x) = G(a)(2)))

< (Vwowayeu Ayex (U(a)(y F(a)(y) @ (V(a)(3x) = G(a)(y)))
< (Vu eu/\yex(U®V y.x) = (FOG)(a)(y)))
S\/Weu/\yex( (@) (y,x) = (F®G)(a)( )) = rNJ((F,A) @ (G,A))(a).

(SN3) It follows from the definition of rN)}J .
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(SN4) For (U,A) € U, by (QU4), (15,A) < (U,A). We have

N ((FA) (@) =V ajeu Avex (U (@) (v,x) = F(a)(y))
<Vwaeu(U(a)(x,x) = F(a)(x)) < F(a)(x).
(SNS)
Ny ((F,A))(@) = Vw ayeu(Nyex (U (@) (v,x) = F(a)(v)))
<Vwaeu(Nyex((VoV)(a)(y,x) = F(a)(y)))
= Vwajeu(Nyex((Veex V(@) (z,x) ©V(a)(v,2)) = (a)(y)))
= Vivayeu (Avex Aeex (V(@)(z,2) OV (@),
(by Lemma 2.2 (9))
= Vwajeu(Ayex Aeex (V(@) (%) = (V(a)(1,2)
= Vwajeu(Aex(V(a)(z,x) = Ayex (V(a)(v,2) = Fa)(y ))))-
Put G(a)(z) = N\yex (V(a)(y,2) — F(a)(y)). Then (G,A)(z) < rNY((F,A)) forall z € X. Thus,

N ((FA) (@) < Vyaeu{Awex(V(a)(zx) = G(a)(2)) | (G,A)(z) < NY((F,A))}
<Vwayeu {N((G,4))(a) | (G,A)(z) < NJ((F,A))}.

Thus, (X,A,rNVY) is a soft L-neighborhood space.

Since
aOU(a)(y,x) © Ayex (U(a)(y,x) = F(a)(y))
<aoU(a)(y,x)©U(a)(yx) = Fa)(y) <aoF(a)y),
we have
a® A\ (Ua)(y,x) = F(a)(y) < N\ U(a)(yx) = a©F(a)(y)).

Thus, NV is stratified from:

a O rNY((F,A))(a) = a®Vy ajeu Avex (U(a) (yx) = F(a)(y))
= Vyeu(@© Ayex(U(a)(y,x) = F(a)(y))
<Vwayeu Nyex(U(a)(y,x) = (¢ ©F)(a)
= rNY(a® (F,A))(a).

)
)
(2) It is similarly proved as (1).

(3) Put y = V{G(a)(x) | (U,A)[(G,A)] < (F,A)|(U,A) € U}. We show that rNY((F,A)) =y

from the following statements.
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Let G(a)(y) = Avex (U(@)(x,y) = F(a)(x)). Then

(U,A)[(G,A)](a)(z) = V,ex (U(a)(z,y) © (G,A)(y)
= Vyex(U(a)(z,y) © (Asex (U(a)(x,y) = F(a)(x))))
< Vyex(U(a)(z,y) © (U(a)(z,y) = F(a)(z))) < F(a)(2).
Hence rNY((F,A)) < 7.
Let (U,A)[(G,A)](a)(z) = V,ex (U(a)(z,y) © G(a)(y)) < F(a)(z). Then

)
)

G(a)(y) < A\ (U(a)(z.y) = F(a)(z)).

zeX
Hence rNY((F,A)) > 7.
Put 8 = V{G(a)(x) © Ayex (U A)[(G,A))(@) () — F(a)(y)) | (U,A) € U}. We show that
0 = v from the following statements.
Let (G,A) € S(X,A) with (U,A)[(G,A)] < (F,A) and (U,A) € U. Then
N (U.A)[(G,A)](@)(y) = Fla)(y) = 1.

yeX
Hence G(a)(x) © A\yex ((U,A)[(G,4)](a)(y) = F(a)(y)) = G(a)(x) < 6. So, y < 6.
Let & = V{G(a)(x) © \yex ((U,A)[(G,A)l(a) (y) = F(a)(y)) | (U,A) € U}. Since

(U,A)[(G,4) © Ayex (U, A)[(G,4)](a) (y) — F (@) (y))](a)(x)
= Vyex (U(@)(x,5) © (G, 4)(y) © Arex (U, A)[(G,4)](a) (2) = F(a)(2))
<Vyex ((U(a)(x,y) ©(G,A4)(y) © (U, A)[(G,A)](a) (x) — F(a)(x))
= (U,A)[(G,A)](a)(x) © ((U,A)[(G,A)](a)(x) = F(a)(x)) < F(a)(x).
we have (U,A)[(G,A) © A\yex ((U,A)[(G,A)](a)(y) = F(a)(y))] < (F,A). Then
G(a)(x) © /}(((U,A)[(G,A)](a)(y) = Fa)(y)) <.
ye

Thus, 6 = 7.

Theorem 3.3. Let (X,A,U) be a soft L-quasi-uniform space, (X,A,rNV) and (X,A,INY) soft

L-neighborhood spaces. Define 1, TIIJ C S(X,A) as follows

= {(F,A) € S(X,A) | F(a)(x) = rN/((F.A))(a),vx € X},
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= {(F,A) € S(X,A) | (F,A)(x) = IN((F,A))(a),Vx € X}.

Then,

(1) ty is an enriched soft L-topology on X.
(2) ’L'[lJ is an enriched soft L-topology on X.
(3) rNY = N,

(4) INY = N,

Proof. (1) (ST1) Since rNY((1x,A)) = (1x,A)(x) = 1x(—)(x) = 14 and rNY((0x,A)) =
(0x,A)(x) = 0x (=) (x) = 04, we have (1x,A), (0x,A) € 7).

(ST2) Let (F,A),(G,A) € 7f;. Since rNY((F,A) ® (G,A)) > rNY((F,A)) © rNY((G,A)) =
((F,A) ® (G,A))(x) and (SN4), then (F,A) ® (G,A) € ;.

(ST3) Let (F;,A) € 1f; forall i € T. Since rNY (Vjer(Fi,A)) > Vier INY ((F,A)) = Vier(Fi,A)
and (SN4), then V/;.r(F;,A) € 1.

Let (F,A) € ;. Since rNY (a ® (F,A)) > a0 @ rNY((F,A)) = o ® (F,A)(x) and (SN4), then
a® (F,A) € 1. Hence 1y; is an enriched soft L-topology on X.

(2) It is similarly proved as (1).

(3) Since rNY ((F,A)) < rNU(rNY((F,A))) < rNY((F,A)) from (SN3) and (SN5), rNY ((F,A)) =
rNY (rNY((F,A))) forall x € X. Since rNY((F,A)) € 1;, by the definition of N7, rNY ((F,A)) <
N ((F,A)).

Since N = \/{(G;,A)(x) | (Gi,A) < (F,A), (G;,A) € T} and (G;,A)(x) = rNY((G;,A)),
then

V(Gind)(x) =\ iNY(GisA)) < NV ((F.A)) = VYV (Gin)) < (GiA) ).

i i i i
Hence rNY(N%((F,A))) = NU((F,A)). Since NU((F,A)) < (F,A), by (SN3), N ((F,A)) =
rNY(N((F,A))) < rNY((F,A)). So, rNY = N,

(4) It is similarly proved as (3).
Theorem 3.4. If fy : (X,A,U) — (Y,B,V) is an uniform continuous soft map, then

(1) fp: (X,A,rNY) — (Y,rNV) is a continuous soft map.

(2) fp: (X,A,INY) — (Y,B,INV) is a continuous soft map.

(3) amap fy:(X,A 15) — (Y,B,1y) is a continuous soft map.
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4) amap fy: (XA, ’L‘IIJ) — (Y,B, ‘L'(,) is a continuous soft map.

Proof. (1) Since (f x f),"((V,B))(a)(x,2) = V(9(a))(f(x), f(z))), we have

Nyer (V(¢(a)(y,f(x)) = G(¢(a))(y))
< Neex (V(0(a)(f(2), f () = G(¢(a))(f(2)))

= Aeex (f < )5 (V. B) (@) (z,%) = f5 (G, B))(a)(2))

N} ((G.B))(9(a)) = Vvayev(Awer (V((a)) (2. £ (x)) = G(#(a))(2)))
< Vi (waneu (S X fg H(V,B))(a)(z,x) = f5 ' ((G.B))(a)(2))
<rNY(fy ! ((G B)))(a).

(2) It is similarly proved as (1).
(3) Let (G, B) € . Then (G,B) = rNY((G,B)). Then

£, '((G,B)) = f, | (rN¥((G,B))).

Since

fy {(rNY((G,B)))(a)(x) = rNY((G,B))(¢(a))(f(x))
=N}, ((G,B))(¢(a)) < rNY(f, ' ((G,B)))(a) (by (1))
=rNY(f, ' ((G,B)))(a) (),

then fq)_](rNY((G,B))) < rNU( ~1((G,B))). Thus
13 '((G,B)) = f, ' (rNY((G, B))) < rNY(f, (G, B))).
By (SN3), f, '((G,B)) = rNY(f, ' ((G,B))). Hence £, ((G,B)) € T
(4) It is similarly proved as (3).
Example 3.5. Let X = {h; | i={1,...,4}} with h;=house and Ey = {e, b, w, c,i} with e=expensive,b=
beautiful, w=wooden, c= creative, i=in the green surroundings.

Let (L=10,1],®,—) be a complete residuated lattice defined by

1, ifx<y,

XOYy=xAy, x—>y=
y, otherwise.
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Let X = {x,y,z} be aset and W (e), W (b) € LX*X such that

1 02 0.5 1 0.6 0.8
We)=107 1 03 |Wb)=|04 1 04
04 06 1 0.5 05 1

Define U= {(U,A) € S(X xX,A) | (U,A) > (W,A)}.

(1) Since W(e)oW(e) = W(e) and W(b) oW (b) = W (D), U is a soft L-quasi-uniformity on
X.

@ Since rNY((F,A))(€) = Vigaev Ayex (U(€)(3,3) = F(e) (), we have

rNY ((F,A))(e) =V .ayjeu Ayex (U (e) (v,x) = F(e) ()

(
= (F(e)(x) A (0.7 = F(e)(y)) A (0.4 — F(e)(2)),
Ny ((F,A))(e) = (0.2 = F(e)(x)) AF () (y) A (0.6 = F(e)(z)),
rNY((F,A))(e) = (0.5 = F(e)(x)) A (0.3 = F(e) (y)) AF(e)(2),

rNY((F,A))(b) = (F(b)(x) A (0.4 = F(b)(y)) A (0.5 — F(b)(2)),
rNy ((F,A))(b) = (0.6 = F (b)(x)) AF (b)(y) A (0.5 — F(b)(2)),
rNP((F,A))(b) = (0.8 = F(b)(x)) A (0.4 — F(b)(y)) AF(b)(2),

(3) Since INY((F,A))(e) =V a)eu(Ayex (U(e) (x,) — F(e)(y)), we have

INY((F.A))(e) = (F(e)(x) A (0.2 = F(e)(y)) A (0.5 = F(e)(2)),
INY((F,A))(e) = (0.7 — F(e)(x)) AF(e)(y) A (0.3 = F(e)(2)),
IN;((F,A))(e) = (0.4 — F(e)(x)) A (0.6 = F(e)(y)) A F(e)(2),

INY((F,A))(b) = (F(b)(x) A (0.6 = F(b)(y)) A (0.8 = F(b)(z)),
INY((F,A))(b) = (0.4 = F(b)(x)) AF (D) () A (0.4 = F(b)(z)),

y
IN((F,A))(b) = (0.5 = F(b)(x)) A (0.5 = F(b)(y)) AF (b)(2),

Z

(
(
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(3) Since 1f; = {(F,A) € L | (F,A)(x) = rNY((F,A)),Vx € X}, we have

;

(FA) et iff { F

(F,A) et iff { F

For F(e) = (0.6,0.7,0.6),F (b) = (0.6,0.5,0.6), we have (F,A) € T"\ .y, (F,A) & TZINU because

rNU?

0.7=F(e)(y) £0.7 — F(e)(x) = 0.6.

For G(e) = (0.6,0.6,0.7),G(b) = (0.5,0.5,0.6), we have (G,A) & 1"

T (G,A) € TIINU because

0.6 = G(b)(z) £ 0.8 = G(b)(x) = 0.5.
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