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Abstract. This paper consider the optimal portfolio and consumption with stochastic salary and inflation
protection strategy for a defined contributory pension scheme. It was assume that a Pension Plan Member
(PPM) made a stochastic cash inflows, which are invested into a risk-free asset (cash account), stocks and
inflation-linked bonds. Due to high risk of inflation and diminishing value of pension benefits, Pension
Fund Administrators (PFAs) starts investing the contributions of the PPM in inflation-linked bonds.
The paper presents the value of the PPM’s wealth at time ¢. A solution technique was constructed
to provide analytical solution to our resulting Hamilton-Jacobi-Bellman (HJB) equation. The optimal
consumption and variational form of Merton portfolio demand for stocks, inflation-linked bonds (indexed
bonds) and cash account were obtained. The optimal portfolio values for inflation-linked bonds includes
an inter-temporal hedging term that offset any shock to the stochastic contribution of the PPM. It
was found that the terminal consumption depend on the initial wealth, the present value of future
contributions, coefficients of relative risk aversion and the discount (preference) rate which captures the

PPM’s preference over time.
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The inter-temporal consumption optimization problem with a stochastic income stream
is considered. It is assumed that the PPM with initial capital is at work before retire-
ment age, T" and consumption is continuous over time. This work is inspired by works
of Samuelson [19] and Merton ([15], [16], [17]) which show that time variation in invest-
ment strategy imply optimal portfolio strategies for multi-period investors which may
be different from those of single-period investors. Multi-period investors give value to
assets that are have short-term risk-return and have the ability to hedge consumption
against adverse shifts in future investment opportunities. Furthermore, they found that
investors preferred risky assets that reflect inter-temporal hedging process. Inter-temporal
hedging terms as concept is detailed in the works of [12], [1], [2], [5], [6], [12] and [11].
[8] considered optimal consumption and investment problem of investors. [14], [13] and
[9], provide an approximate solution and analytical results to the inter-temporal con-
sumption problem related to Labor-Income stream. [9], assumed that the asset return is
non-stochastic. [23] considered a tractable model of precautionary savings in continuous
time and assumed that the uncertainty is about the timing of the income loss in addition
to the assumption of non-stochastic asset return. [4] considered labor supply flexibility
and portfolio choice of individual life cycle. They determined the objective of maximizing
the expected discounted lifetime utility and assumed that the utility function has two
argument (consumption and labor/leisure). [3] used the quadratic utility function that
has the characterization of linear marginal utility. This utility function is not attractive
in describing the behavior of individual towards risk as it implies increasing absolute risk
aversion. [18], [17], [19], [24] investigated the continuous-time consumption model with
stochastic asset returns and stochastic labor income using Martingale approach. But,
[19], [20], and [21] considered continuous case adopting dynamics programming approach.
They assumed that the utility function is a linear combination of two Constant Relative
Risk Aversion (CRRA) utility functions with respect to consumption and labor supply.
They derived analytically a closed-form solution for the consumption, labor-supply and
portfolio.

[4] concluded that labor income induces the individual to invest an additional amount
of wealth to the risky asset. They shown that labor income and investment choices are

related, while they failed to analyzed the optimal consumption process. [24] analyzed the
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optimal consumption process and treated consumption and leisure as a 'composite’ good.
They assumed that people work for their whole lifetime which is unrealistic. In this paper,
we assume that people work up to a certain age, T and continue to enjoy the the labor
income and investment returns throughout their lifetime. The above authors considered
investment of the individual labor income stream into a risk-free and a risky assets. In
this paper, the investment of individual labor income stream into a risk-free asset and
risky assets is considered. The aim is to find the optimal values of wealth, investment
portfolios and consumption of the PPM up to terminal time.

The remainder of this paper is organized as follows. In section 2, financial market
models are presented. In section 3, modeling of wealth and contribution dynamics of a
PPM are presented. In section 4, the stochastic salary and contribution process of a PPM
was presented. The wealth, portfolio and consumption processes of a PPM were presented
in section 5. In section 6, the construction of the present value of a PPMs contributions
was presented. In section 7, expected utility of wealth, optimal portfolio and consumption

processes for a PPM were presented. Finally, section 8 concludes the presentation in the

paper.

2. The Financial Market Models

The Brownian motions W3 (t) = (WS(t),...,W5(t)),t € [0, T] and WR(t) = (WZ2(t), ...

t € [0,T] are n-dimensional and m-dimensional processes respectively, defined on a given
probability space (Q, F, {F?};>, {F?}tzoy P), t € [0,T], where P is the real world probabil-
ity measure, t is the time period, 7" the terminal time and afj and U;?,j are the volatility of
stock i and volatility of the indexed bond k with respect to changes in W?(t) and WJQ (t)
respectively. u = (u1,...,p,) and a = (oq,..., ) are the appreciation rate vectors

for stocks and indexed bonds respectively, go > 0 is the expected rate of inflation and r

is the short term interest rate. Moreover, ¥° = diag(c};);; and X9 = diag(a,gj)}g’fj are
the volatility matrices for the stocks and indexed bonds respectively referred to as the
coefficients of the markets and are progressively measurable with respect to the filtration
F such that F$ € FS and F® € F such that FS UFQ € F and FS NFQ = ¢.

We assume that the financial market M™+™ ! is arbitrage-free, complete and continuously



1552 CHARLES I. NKEKI»* AND CHUKWUMA R. NW0OZO0?

open between time 0 and 7', i.e, the processes #° and 09 satisfies respectively

) 6. 6? _ (S Ha+7—1rly)

0° (2%)7 (1 = rln)
where, 1,, is n x n identity matrix, 1,, is m x m identity matrix, 69 is the price of inflation
risk at time ¢ and #° is the market price of risk of stocks at time ¢. In this paper, we assume
that the PFA faces a market that is characterized by a risk-free asset (cash account) and

two risky assets, all of whom are trade-able. Therefore, the dynamics of the underlying

assets are given in (2) to (4)

dB(t) = rB(t)dt,
B(0) = 1;

(2)

aS;(t) = Si(t) (padt + 25—y o5,aWE (1))
SZ(O) =5>01:1=12,...,n;

dI(t, Q(t) = (rly, + S0 I(t, Q1)) dt + X1, o I (£, Q(1)) AW (),
I(0)>0,k=1,2,...,m,

(4)

where,
e W?3(t) and W9(t) are independent,
e B(t) is the price process of the cash account at time ¢,
e S(t) is stock price process at time t.
e () is the inflation index at time ¢ and has the dynamics:
AQ(t) = ggQ(t)dt + QAW (2),
where 7 is the expected rate of inflation, which is the difference between nominal interest
rate, r and real interest rate R (i.e. gg =1 — R).

e [(t,Q(t)) is the inflation-linked bond price process at time ¢.
® 1m:(171>"',1)/and1n:(1,1,...,1)/.
—— ———

m times n times

o 107 = V2L (67)
o 11696 = /(6>

The exponential process

(5) Z(t) = exp (—e’ W) - %Heu%) 0<t<T,
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where, W (t) = (W®(t), W9(t))" is assumed to be a martingale.
Now the state-price density function is defined by

(6) At) = % exp (—(7" + %||9||2)t . W(t)) 0<t<T

Using [to Lemma on (3) and (4), the following solutions

(7) B(t) = exp(rt);

(8)  In(t,Q(t)) = Ix(0) exp ((rlm + X909 — %Z(a%f) t+ Za&ﬂ/y@(t)) ;

J=1 J=1

(9) Si(t) = s;exp <<,ul — %Z(gfj)2> t+ Zafﬂ/l/jﬂt)) :

are obtained.
3. Modeling of Wealth and Contribution Dynamics of a PPM

In this section, the wealth dynamics of a PPM and contribution process of the member

in pension funds is modeled.

Definition 1. Let A = (Ag(t), Af(t)) consist of portfolios A2 (t) which is the proportion
of PPM’s wealth invested in the inflation-linked bond k at time t, AS(t) the proportion of
PPM’s wealth invested in stock i at time t. Again, let C(t) be the consumption process,
then that the pair (A, C) is self-financing if the corresponding wealth process X~C(t),t €
[0,T7], satisfies

axac() = 3" as x>0 I3 | 5 agq) a0 Uelt: Q1)

(10) = S = 16, Q()
+1- Xn: A7 () - iAQ(t)> XM(t)M — C(t)dt
i=1 1 k=1 ’ B t) 7

Therefore, the overall sum of the proportion of PPM’s wealth invested in stocks is given

as ZAf (t), the overall sum of the proportion of PPM’s wealth invested in inflation-
i=1

linked bonds is given as Z AkQ(t) and the overall sum of the proportion of PPM’s wealth

k=1
n

m
invested in cash account is given as 1 — Z AP (t) — Z A2(t). The requirement of being
i=1 k=1



1554 CHARLES I. NKEKI»* AND CHUKWUMA R. NW0OZO0?

self-financing implies that the change in wealth must equal the difference between the

capital gains (gross gains) and infinitesimal consumption.
4. The Stochastic Salary and Contribution Process of a PPM

In this subsection, the process of deriving the PPMs contribution from the salary is
considered. It is that the ’effective salary’ of the PPM is driven by a geometric Brownian
motion. Further assumptions are that the expected growth rate of a PPMs salary and the
volatility of the salary driven by the source of uncertainty of inflation are deterministic.
Then, a wealth process of the PPM with an initial value whose dynamics is a combination
of the gross wealth and contributions of the PPM at time ¢ is derived. The present value
of the expected future contributions process by following Zhang, 2007 approach is also
derived. The wealth dynamics of the PPM at time ¢ is obtained as well. The dynamics

of the PPM effective salary is given by

dD(t) = D(t) (Bdt + o, - AWO(1)),
D(0)=d >0,

(11)

where D(t) is the salary of the PPM at time ¢, § is the expected growth rate of salary of
PPM and op = ope is the volatility of salary which is driven by the source of uncertainty

of inflation, W@(t), where e = (1,0,...,0)". It is assumed in this paper that 8 and op
—_——

m times

are constants. It is further assumed that from now on X9(¢), £9(¢), u(t), a(t), go(t) and
r(t) are constants in time. Using [tés Lemma on (11), we have (12) to be the solution to

the stochastic differential equation (SDE)(11):

(12) D) = dexp (5= glovl?) 40 W),

5. The Wealth, Portfolio and Consumption Processes of a PPM

In this subsection, the dynamics of a PPM who with flows of contributions into the
pension funds is presented.
If the PPM contributes continuously to his defined contribution pension fund with a fixed
contribution rate of ¢ > 0 then, the PPMs corresponding wealth process with an initial

value of z, (0 < ¥ < o0), which we denoted by X*P:¢(t), is governed by the following
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SDE:
[ anC ) — N A () x AP IS | aap yanc st Q1)
dx (t)_;AZ )X (t) 0 +;Ak ()X () 1(2.000) +
(13) (1—;Af 2A )XADC(t)(if—((tt))—k(cD(t)—C(t))dt
XADC(0) =z,

\

where ¢D(t) is the amount of money contributed into the pension fund at time ¢. It is
assumed that the contributions are invested continuously over time. The contribution at
time ¢, ¢D(t), can be viewed as the rate of a random endowment and is strictly positive.
Substituting the assets dynamics defined by (2) to (4), we obtain the following
S A,D,C S S
dXAPO(t) = AT () XAPO(1) (ui(t)dt + ) o (t)dw; (t))
i=1 j=1

(1) 43 AOXEPEE) ((r(B)L, + SO0 de+ 3 XDPC(0)oL, Wt

k=1 j=1

+ (1 — zn: A (t) i A% ) XADLC()r(t)dt + (eD(t) — C(t)) dt,

AXADC () = [r(t) XADC (1) 4 En: AFBXAPC () (it) —7(t))

(15) + i AR®)XAPO) (r(8) L + S9)0(t) — 7(t)) + cD(t) — C(t) }at
+ i AR XAPC (o dWS(t) + i AS(H)XAPC (ol (1AW (L),

dXPC(t) = XAPC()([r(t) + As(t) (u(t) —r(t)1,)

+Ag (1) - (B2(1)09(t)) + cD(t) — C(t)]dt

+ [Zsl (t)A%(t) + EQA’Q(t)}' CAWO(t) + (%2 (1) A (1)) - dW5(t)),
XADPL(0) = g,

(16)

\

where, Ag(t) = (AS(1), AS(1),...,AS(t)) and Ag(t) = (AL(t), AL (t),..., A (t)).

Definition 2. A portfolio process A is said to be admissible if the corresponding wealth

process X~PC(t) satisfies

(17) P (XA’D’C(t) + E, UtT %cD(u)du} > 0) =1,vt € [0,T].

where, E(-|F,). The class of admissible portfolio processes is denoted by Ip.
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6. Construction of the Present Value of a PPM’s Contributions

Definition 3. The value of the PPM’s expected future contribution process is defined as

T A(u)
A(t)

(18) U(t) = E, [ t cD(u)du} ,

where Ey is the conditional expectation with respect to the Brownian filtration {F(t)}i>o

and
(19) A(t) = exp(—rt)Z(t)

1s the stochastic discount factor which adjusts for nominal interest rate and market price

of risks for stocks and indexed bond.

By observing the Markovian structure of the expression on the right-hand side of (19),
it should be noted that it is possible to express W(¢) in terms of the instantaneous con-

tribution ¢D(t). The following Theorem establishes this fact which follows Zhang (2007).

Theorem 1. Let U(t) be the value of the expected future contribution process at time t,

then

(20) W(t) = © (exp((G(T — 1)) — 1) eD(t), ¥t € 0,T]

«

witha=p—r—op-0 and

(21) U(0) = = (exp(al) — 1) cy.

O =

Proof: By definition 3, we have that

(22) U(t) = Et[t {/\\g))cD(u)du}
(23) = cD(t)Et[t %du]

The process A(.) and D(.) are geometric Brownian motions and therefore follows that
A(w)D(u)
A(t)D(t)
collapses to an unconditional expectation and we obtain

is independent of {F(¢),u > t}. Consequently, the conditional expectation

(24) W(t) = D) f(t,T),
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with the deterministic function f(¢,7) defined by

(25) ft&,T)=E [/0 : A(T)gg” dr
But,
APl = e | = G101 = 8 W) exp |6 Gllonlyr+ op WO

, 1 1 ,
= exp(f—r1)Texp (UD — HQ) . WQ(T) exp (—§||9||27 - §||O'D||T -0 W(T))

Therefore,

(26)

A(T)% =exp (8 —r)Texp (O'D — QQ)/WQ(T) exp (—% (||6’||2 + %HO‘DHQ) T—0- W(T))

where W (7) = (W(r), W (7'))/. Taking the mathematical expectation of (26), we obtain

(27) E {A(T)%} =exp((B—r—op-0)7)

The last equality is obtained by the fact that an exponential Martingale has expectation

of one. Integrating both sides of (27), we obtain

/OTt E {A(ﬂgggi] dr = /0 e (B=r—op - 0)7)dr

1

= 5y ond lexp((8 —r —op-0)(T —1)) —1]

Therefore,

1

(28) U(t) = F—r—op 0 [

exp((B—r—op-0)(T —1t)) — 1] cD(t)

At t =0, we have the present value of PPM’s future contribution to be

1

(29) V) ==y

lexp((B—r—0p-0)T)—1]cy

Theorem 1 gives the value of PPMs future contributions. This will enable the PPMs and

PFAs to determine the value of their pension contributions up to terminal period.

Lemma 1. Suppose that theorem 1 holds, then

(30) dV(t) = U(t) ((r+op - 0)dt + of, - AW(t)) — cD(t)dt.
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Proof: Taking differential of both sides of (30), we have

AV(t) = dlg—lexp((5 — 7 = op - O)(T 1)) = 1eD(D)
= e glen((3 == op )T~ 1) - 1Dt
4 DOdexp((8 =7 = o )T =) ~ 1
= OB~ — o )T — 1) ~ YD) (Bt + o - V()
G g PO~ = op - O)exp((8 — — o - O)(T 1))
_ mhxp((ﬁ o —ap-O)(T — 1) — UD(E)(r + op - O)dt

+ol - dW9(t)) — eD(t)dt
Therefore,
(31) dU(t) = U(t)((r +op - 0)dt + oy - dAWC(t)) — cD(t)dt.
Definition 4. The value of the wealth of the PPM is given by the process
(32) V(t) = XSPO (1) 4+ W(t)

Proposition 1. Let V (t) be the wealth process of a PPM and X*P:C(t) and V(t) satisfies
(31) and (11), then

( AV () = [F(W (1) + XAPCW) + U()op - 6 + As(D) XAPC(#) (1 — r1,)
+AQ () XADLC(1) - (£909) — C(t)]dt + (XAPC()XIANL(1)) - dWS (t)+
(XAPCHSQAL(E) + W(t)op) - AW(t)

V(0)=v=x+ V.

(33)

\

Proof: Taking the differential of both sides of (32) and substituting in (31) and (11),

we obtain the desired result.

7. Expected Utility of Wealth, Optimal Portfolio and Consump-

tion Processes for a PPM

In this section, we study the expected utility of wealth, optimal portfolio and consump-

tion strategies of a PPM in a contributory phase of a DC pension fund. We define the



OPTIMAL PORTFOLIO AND CONSUMPTION WITH STOCHASTIC SALARY... 1559

general value function
U(t,v) = ELJ(V ()| XSPC(1) = 2,9 (t) = V]

where U(t,v) is the path of V (¢, X*PC(t), U(t)) given the portfolio strategy A(t) =
(Ag(t), Ap(t)). Define Il to be the set of all admissible portfolio strategy that are Fy-

progressively measurable, that satisfy the integrability conditions

(34) E| /t Ag(u)Aly(u)du] < 00, B /t Ag() A (u)du] < co.

and let J(t,v) be a concave function in V' (t) such that J(¢,v) satisfies the HIB equation

(35) J(t,v) = Asg[) E[J(V(#)|XAPC(t) = 2,T(t) = U] = ASSI'II) U(t,v)
(36) J(V () + suppaen, H (1) =0,
where,

HY(t) =rad, + Vop - 0Jy + As(t)x(p —rl,)J,
1
(37)  +Ag(t)x - (B909)J, — CJ, + exp(—pt)J(C) + E(ESA’S(t))’x2(ZSA'S(t))Jm+
1

1
5(ZQA’Q(t))’:cz(ZQA’Q(t))Jm + éqﬂa'DaDJW + 2V, AL (1) Jow

Let J(V(t)) be the solution of the HJB equation (36). Since the utility function is concave
and the value function is smooth i.e., J(V(t)) € C*?(R x [0,T]), then (36) is well-defined.
Hence, we have the following:

—((2)) " (p—rl) o

(39) A1) = -

—((Z9)H)~1(29° T, — XU (t)opJay)

(39) Nlt) = o

From (37) the consumption part can be expressed as

OHV (t)
C(t)
(40) exp(—pt)J'(C*(t)) = (Jz)

=7 ()

= —Ja + exp(—pt) S (C*(t)) = 0
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Therefore,
v (dICE)\T
" c<t>—< s ) (J,) exp(pt
C* (1) = K ((J,) exp(pt))
where
dJ(C)\ "'
" (Sieu)

Substituting (38), (39) and (41) into (36), we obtain the following: where {A* C*} is
optimal strategy.
Thus, the HJB equation of (36) becomes
(43)
) +r¥Je(V(L) + 5 UDUD‘I’ Juw(V(1)) + op - 0V Ty (V (1)) + rad(V(t))—
1(0°)0°J, (V(t))2 1opop¥2 e (V(1))? (QQ) 091, (V(t)
P v 2 O?
iy KOV (1)) exp(pf) LV (1)

+exp(—pt)(JK Jo(V (1)) exp(pt)) = 0

Proposition 2 gives the solution of the HJB equation (43) under CRRA utility function.

Proposition 2. The solution to the HJB equation (43) with

(44) Q(t) = exp[r(T —t)]
QT)=1
27%(y — 1) exp {—%t + ry = Q(T - t)} =

(1-— )(0’9 700 — 2vp + 2yr — 272r)

P(t) = exp [ 20'0(T —t) — g]

v0'0 — 00 + 2vp — 2yr + 24%r 8

{exp [ } (29%r — 291 + 2yp + 400 — 0'0) — 72}
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is given by

where,

(peqay = (EEUT GO eablT o),

L=~ 1—7 qg} ]
( t ST —t \
2’}/26Xp (_p_+r(7 )( )) "
0'0 ) 1 ! T
exp(—L(T_t)_P_)X
272 v
T
¢ exp il —272
)

\ v
JA,C(T 2, W) = [z + \Il]l—’Y B C(t)l_v.
L (el 1 P 1 —

¢f = 79/0 — 09+ 2vp — 29 + 2727&.

Proof: Let

(x+W)— O

7w = ) @apy

v >0, v#1is given by

(45)

(47)

(50)

Jo(t, 2, 0) = [z + P]HQE)P(1) Q) P'(t) + Q'(t) P(1))

Jw(t7 Zz, \P) = [ZL‘ + \I/]_V(Q(ﬂf)(t))l_7

‘]‘I’(t7 x, \IJ) = [l‘ + \Ij]_W(Q(TE)P(t))I_7

Jea(t, 2, W) = —y[z + W]71(Q(H) P(1)' 7

Tou (b2, ) = =y[e + 0] Q) P(1)

Juu(t,2, ) = —yle + 0] Q) P(1)

1561
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Substituting (45)-(50) into (43), we have we obtain the following:

(z + W) (QWP(H)) Q)P (2) + (0H>HwW@+WWWQ@P©P”—
L oo+ W) QO P(L) T + opWel(s + ) Q1) P(L)

(
2
K((exp(pt))(x + W) "H(Q6)P(1)'77) + ra(e + W) 7(QH) (1) 7+
1(0%)0°(z + ) (QMP)* Y | 10hop PPy + B)~212(Q(1)P(1))*! )
2 A+ 0)TI(Q)P@)) 2 (@ £ W)T(Q() P(¢)
O'D‘IW@Q(fﬂJr‘I’) THQIP@)XIT 1 (09)0°(x + W) Q) P(1)*
(@ + W) (Q) P(1) 2 A+ U)T I (QE)P()

+exp(—pt)J (K (exp(pt)(z + ¥) Q) P(t))' 7)) = 0,

(z+ ) QP TQIP(E) + (¢ + 1) (QWPE) QO P()
e+ 0)7(QUP()' ™ — K ((exp(pt)) (v + ¥) 7 (Q)P() ™)+
(¢ +0)(QOP) 7 (¢ + 1) QU P()
rale + 0) Q) Py + SV DTHQUP e

N ! > v
%(HQ) 0% (z + \If)7 (QMOPE) ™ exp(—pt)J (K (exp(pt)(z + ¥) " (Q(t)P(t))'™7)) = 0,

— (z+V)(QMPE) Q) P(H) + r¥(z + W) (Q() (1) 7+
ra(e + W) Q) P() 7 =0

= (¢ 4+ 0)H(QW)P®) Q)P (1) -
t

K((exp(pt)) (x + ) (QU)P(0)' ) + )7 (Q(1)P(1)
S Y L 2 (i 0 O Cad G D 01 0)

2 g 7
+exp(—pt)J (K (exp(pt)(z + W) Q) P(1)) 7)) = 0,

)

From (51), we have that

(53) Q'(t) +rQ(t) =

Solving (53), we have

(54)
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From (52), we have
(55)
(z+ W) (QM)P() Q) P'(t) — K((exp(pt))(z + ¥) Q)P () ") (z + V) (QE)P(t)
%9'9(% + W) (Q)P(1)' T + exp(—pt) (K (exp(pt)(x + ¥) (Q()P(t)' 7)) = 0.

But, J(C(t)) = % and (M)_ _ K

dcC
Then (55) becomes

(@ 9 (QIP) QP ) ~ (explpt)) & + 1) (QUIPH)' ™) (@ + 1) (QUP(B)'
300+ 1) QP + expl—pt) = (exp(pt) o + ) (@QUP0) )0 =0

Simplifying, we have

(o + U (QU)P(H) (exp[ D

y—1

(@ (Q)PE) o+ U)(QU)P() T+
%0 Oz + W)' Q)P + exp(—pt)
x (exp [pt (22)] (@ +0) QU P(1) e ”)
Further simplification, we have the following
(e + D)(QU)P() Q)P (1) — (exp {—”—D
<:c +W)Q)P(H) T (x+ W) (Q(1)P() 7+
_ . 1 pt(y—1)
=80+ 1) (QUP() + exp(—pt) = exp [——]

A—y)(y=1)

x(z+U)I(QM)P() 7 =0

P'(t) +%0’9P(t) + 77exp {—”—t] Q)T (P) T =0

Substituting in the value of Q(t) = exp[r(T — t)], we have

/ 1, gl pt Y-
P(t)+ —00P(t) + exp{——}exp{rT—t—
(1) + 58P + 1 2 e | rr -
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-1 t 2y-1
exp [T(T - t)L — p_} N

g g

1 Y
P(t)+ —00P(t) +
(8)+ 5-00P() +

(56)  P(t)+ —00P(t) +

1 2r—-
2y 1 _vexp {—;(pt —r(T —t)(y— 1))} (P#) 5 =0

Using Mathematica 6.0 to solve (56), we have the following result:

272(y — 1) exp {_p_t_l_r(’y—l)(T—t)] o
Y Y
(1 =) (00 —~0'0 — 27yp + 2yr — 279°7)

Pt) = exp [—(12;27) 0o(T —t) — %]

SO0 — 00+ 29p — 297 + 29%1
{eXp [g} (29%r — 291 + 2yp + 100 — 0'0) — 272}

Hence, the solution to the HJB equation (43) is obtained as follows:

(

[z + 9] C(t)l‘”) exp[r(l —7)(T'—t)]

JAaC U) = —
(12, 0) ( ;

1—7 1—7 .
13 —1)(T -t
2ty (-2 LT =00

2 Y
00(v—1 T T
or (52 ) e (1) )
\ o =7 L=y
where,

bdp =00 — 00 + 2yp — 29r + 29°r.

From the solution above, the following:

exp[r(1 —y)(T' — )] 0'0(1 —)
<Z5} exp {

e (G B 0 e () (e () -27) |

can be extracted and hence,

0'6(1 —~) 1
exp {r(l (T —1t)+ 2’}/(T—t)] qb—} X

{ e (-5 TSR o) e () (e () 27) )
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0'0(1 — ) 1
exp [ru — -+ O t)} o]
2% exp ( _p(Ty— t) N r(y — 1i(T —t) 9/9(;72— 1) (T —1) >

’ +exp(—1) (cbf exp (%) - 272)

0'0(1 — ) 1
exp [r(1 = )T =)+ T2 ) 3ol

T — 1 —y)(T — "6(1 — 7
2726Xp( AT =t) rA=T—t) : v)(T_t) )
X L. g 2y
+exp(—1) (¢f exp (%) — 272)

Intuitively, we have that the growth rate from the PPM’s contribution is (1 — v)(7 —
0'0(1 — )
—— (T -1

t)+ 2 (T'=1)

which was discussed above. Now there is additional term as a result of the presence of

consumption process, which is

! 2 =) (=T =t) 000 -7). .
gb—}exp[pT] {27 exp( 5 " + 22 (T t))

+exp(—1) <¢>f exp (%) — 272> }7-

Since PPM will like to invest more if the stock markets are doing well, the only thing of

interest in the above expression are terms which contain the sharp ratio (i.e. 6'6) while
for all other parameters remain fixed, that is,

o rl-) 000 ) :1(_p+(1_—7)(9'_9_7~)).

y Y 22 y v 2

1— 0'0
PPM will invest more into the pension fund if p < (1=7) <7 — 7’).
Y

This implies that if the discount rate of the PPM’s preference over time, is less than the

1— 0'0
(1=7) 5 7 the PPM will like to invest more into the pension fund and may
8

1— 0'0
not invest more if p > M (7 — 7“) :
2
Proposition 3, determined the optimal portfolio and consumption processes of the PPM

value

in the pension scheme.
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Proposition 3. Suppose that the function

NGRS N S -
J(V(t) = ( 1o 7) (Q(t)P(t))
is the solution of the HJB equation (36), then
(57) 1 1
(z+¥)¢y exp {; (p - { ( 2;27) 0'0+r(1— 7)}) (T - t)]
Cr(t) = !
272 (exp [% (P - {—(1277)9'9 +7r(1— 'y)}) (T — t)] — 1) + ¢y exp {g}
YA\ =1(y — SY2)-1(yy —
(58) Any = &) 7(“ L), ((Z9)?) )E/;m L,)W(t)
@\)-1pQ Q\—1pQ Q)-ly),
) ngt = L Bt B 2ot
(60)
(£Q)lopl(t) 1 () —rla) | (55 —rl) (D)
() — “lopW(t 1 X(t) X(t)
Ag(t) =1+ X(t) 7| fme)rpe 4 (29)71990(t)

X(t)
Proof: From (41), we have that

C(t) = Kl[J,exp(pt)]

= K[(z+ ) (Q(t)P(t)) " exp(pt)]>
=1 t

= (z+T)(Q)P(t)) 7 exp (_%)

(x + ¥)psexp {r(v ; 1>(T —t) — %t]

s ] oa [0 0]« (o 2] 27)

(x + ¥)¢psexp [r 4l ; D (T —t)— %t + g — (12;27) 0'0(T — t)]

—1 T 1 - T
2792 exp [r 4l )(T —t) — Pt + 2 QQ'H(T — t)] — 2792 + ¢rexp [p_]
g v 2y 7

(x +V)psexp {r(’y ; 1)(T —t) — %t + g - (12;727)9’6(77 - t)]

gl Yo 2y

( + U)o exp {p(TJ b_ { (12;]) 00 + r@} (T — t)}

) 272 (exp {p(Ty_ = {(12;;”9/9 * r@} - t))} - 1) oo [g]

Y (S FEEE P N Py B RO (14
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(x+ W)y exp E <,0 — {ue’e +7r(1— 7)}) (T — t)]

272

- 272 (exp [% (P N {(12;77)9’9 +r(l - 7)}) (T - t)] - 1> Forew [%]

Intuitively, the expected growth rate (GR) of PPM optimal consumption is equals

(61) GR=1 (p— {%e’ewu_v)})

This is referred to as the Euler’s equation for the inter-temporal maximization under

1

uncertainty. The coefficient — is referred to as the elasticity of substitution of consumption
Y

in economics. The positive term 6’6 captures the uncertainty of the financial markets.

When the market become risky, it induces the PPM not make more contributions into the
(1 — 7) /
—F2=0'0 1—

5y 0+ r(1=7)
the growth rate of the expected consumption is strictly positive, it is strictly negative if

1-— 1 —
p < {(2—7)9’9 +7r(l— 'y)} and constant if p = {(2—7)9’9 +r(l— 7)} .
g Y

Intuitively, as the discount rate captures the PPM’s preference over time, if p is greater

1—
than —( 5 7)9’0 + (1 — ), it implies that PPM will like to consume more since the
f)/

(1-7)

markets are risky to invest into. If p is less 2—9’9 + r(1 — =), it implies that PPM
/‘)/

pension fund. From (61), we have that for constant v, if p > {

will like to consume less and invest more into the pension fund. Finally, if p is equal to

1—
—( 5 ) 0’0 + r(1 — ~), then PPM will be at the critical position to determine whether to
f‘)/

consume more and invest less or to invest more and to consume less.

We obtain our desire results for AG(¢) and Ag(t) by substituting (46)-(50) into the
optimal strategies in (38) and (39).

The optimal rules in (58)-(60), we referred to as the variational form of classical Merton

rule, tells us that under the CRRA utility function, the proportion of wealth invested in
(Z57) = L) | (552) = rl) V()

gl X(t)y
have two terms. The first term is the classical optimal portfolio rule in stock markets. The

the stock markets at time ¢ is equal to

second term is proportional to the ratio of the present value of expected future contribution
to the optimal portfolio value-to-date in relation to stocks. It is the additional returns
into the portfolio value as a result of the inclusion of present value of the expected future

contribution in the pension fund.
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YL (RQ)T1hQw (¢
Again, the proportion of wealth in the indexed bond at time ¢ is (2%) + (2%) ®) —

@)1 v Xt
YO opU(t
&) X?tj; ( ) The optimal investment strategy above is made up of three parts: The

first two terms is the variational form of classical optimal portfolio rule. The second term

of the first two terms is proportional to the ratio of the present value of expected future

contribution to the optimal portfolio value-to-date in relation to the indexed bond. The

(29 LopW(t)
X()

risk) to the contribution of the PPM at time t.

term is an inter-temporal hedging term that offset any shock (inflation

From (57), we have at ¢t = T, the terminal optimal consumption to be

C*(T) = (z + T) exp (piT) .

This shows that the optimal terminal consumption is a function of the initial wealth x, the
present value of future contributions, ¥, v and p. Again, at t=0, the optimal consumption

is

(& + ) ¢y exp [% (p - { 12;279’0 +r(l - 7)}) T}
ot (o[t (o= (o)) 1) voren ()

Next, we determine how C*(0) changes as we vary the following parameters, z, y, v, ,

C*(0) =

T, p, and op. Hence,

o o]
C N (=) DR e )
ey (exp(al) — 1) exp - (i _2;)9/9 ! pT

2 T
exp 2y T|—-1|+¢sexp <p_>
v g

Qi

o)
)

[N}
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A1(7) (za — cy(1 — exp(aT))) exp ((7 — 1)(227332 +00)T + %)

_ 1 2 2 / T T 5
2ayt [(Qrv(v — 1) + 292 exp ((’Y )( 27"33 +6'0) ) +(y—1)00+ 27/)) exp <p7) _ 272}

where,

—1D(2r? +0'0)T T
Alm=475<2m—w—z)afe_zw)exp(W ><233 ) +p7)+

(2ry* + (3 —27)0'0) (v — 1)(2ry + 0'0) + 27p)2 T exp (g) +

292(4r2T (1 — 7)7% + 3T01 + 2T20'0(0'0 + p) + 2v(6'0 + 2p)— ;
YO'OT (50’0 + 6p) + 2v*(2Tp* + 0'0(pT — 2)) + 2ry(31T60'60+

YTO — 2y + 2T (y — 2)p) — 4T6'0)))

ac*(0) Ag(T)¢sexp ((0'0 + 29(By =1+ p—yop - 0) = 0'0)T) ,
_ ; -
Ty {272 — 2y (exp ((7 Dy +0 H)T) + ¢f> exp (ﬁﬂ
2y v
where,

—1)(2r* +0'0 T
Ay(T) = —dacyry® exp <<7 )(2;37 >T + '07> _

292((y = 1)(2r7? + 0'0) + 29°p) (cy — ax) exp (—aT) +
2cyy® (V(0'0 + 29(By — 1+ p = yop - 0)) — 0'0) —

T
cydy (27> — 2ry2 + (v — 1)0'0 — 2730p - 0) exp %)

6507 — 1)(2r? + 08) (cy — @) exp (<§ )T

9C(0) _
211043(/0)7 (cy — (cy — ax) exp (—aT)) exp (7(9/9 + 2By - ;53_ Yop - 0)) — 9/9)T) |
a [272 — (27”7(’7 —1) +29%exp ((7 —~ 1)(52372 T QIQ)T) +(y—1)00 + 2w> exp <§>} 2

where,

Aalp) = (210 = 1) = 09 -42(68 + 20) T2 (oo

(y=DEr2+00)  pT\
2~y3 + 7 B ’
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50+(0) Au(r) exp ((7 - 1)(227:3 +00)T + %) (1—aT)exp (BT) —exp ((r +op-0)T))
or a _ r 2 / 2
{—272 + exp (%) (27’7(7 —1)+292exp ((’y 1)(2233 6 Q)T) +(y—1)0"6 + 27p>]
where,

Au(r) = 29(7 — VBi(r) + %w 1) (7 — 1)(2ry + 08) + 270) By (r)+

) (e (st

a 273
((v = D) (2ry +6'0) + 29p) (cy(1 — exp(aT)) — ax) —
~exp (=(r +0p - 0)T) (v = 1)(2ry + 0'6) + 29p) Ba(r)

Bi(r) = Balr) (= - LEZEPE)),

«

(y=1)(2r?*+00)T
273

T
By(r) = —2v*4exp (%) (27"7(7 —1) +27y%exp < ) +(y—1)0'0+ 27p) :

cyf® 00 +~(—00+2vy(r—p+~yop-0)T
o0 _ g :

970 (4~ 1)(@ry 4+ 00) + 270) (exp(BT)(1 — aT) — exp (r + 0 - O)T))

8. Conclusion

The paper has presented the value of the PPM’s wealth who made contributions con-
tinuously into the pension scheme and consume part of the wealth at time ¢ < T'. Ana-
lytical solution to the resulting Hamilton-Jacobi-Bellman (HJB) equation was obtained.
The optimal consumption and variational form of Merton portfolio demand for stocks,
inflation-linked bonds and cash account were obtained. The optimal portfolio values for
inflation-linked bonds was found to includes an inter-temporal hedging term that offset
any shock to the stochastic contribution of the PPM. It was discovered that the terminal
consumption depend on the initial wealth, the present value of future contributions, coeffi-
cients of relative risk aversion and the discount rate which captures the PPM’s preference

over time.
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