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We consider the one-space dimensional non-linear wave equation

0’u  0%u

ou Ou
(1) 92" o

+G<I’,t,u,%,a

), O<ax<l, t>0

with the following initial conditions

(2) u(z,0) = ¢(x), w(z,0)=v(), 0<zr<l
and the boundary conditions

(3) u(0,t) =po(t), u(l,t)=p(t), t=>0

We assume that the conditions (2) and (3) are given with sufficient smoothness to
maintain the order of accuracy in the numerical method under consideration.

In past several numerical schemes have been developed for the solution of the linear
and non-linear hyperbolic partial differential equation (1) (see [20-28]). First, Fyfe [5] and
Bickley [32] have discussed the second order accurate cubic spline method for the solution
of linear two point boundary value problems. Jain and Aziz [12] have derived fourth
order cubic spline method for solving the non-linear two point boundary value problems
with significant first derivative terms. Recently, Khan and Aziz [1], Kadalbajoo et al
[15-16], and Kumar and Srivastava [17] have studied on the use of cubic spline technique
for solving singular two point boundary value problems.

During last three decades, there has been much effort to develop stable numerical
methods based on cubic spline approximations for the solution of time-dependent par-
tial differential equations. In 1973, Papamichael and Whiteman [18] have used a cubic
spline technique of lower order accuracy to solve one-dimensional heat conduction equa-
tion. Then using the same technique Raggett and Wilson [7] have solved one-dimensional
wave equation. Later, Fleck Jr [9] has proposed a cubic spline method for solving the
wave equation of non-linear optics. In recent years, Ding and Zhang [8] and Rashidinia
et al [10] have discussed spline methods for the solution of linear hyperbolic equations
with first derivative terms. Recently, Mohanty and Jain [19] have developed high accu-

racy cubic spline method for the solution of one-space dimensional quasi-linear parabolic
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FIGURE 1. Schematic representation of three-level implicit scheme

equations. Twizell [6] has derived a new explicit difference method for the wave equation
with extended stability range. Because of the stability restriction and instability due to
non-uniform mesh, not many numerical methods for the solution of second order hyper-
bolic equations have been developed so far. Third order accurate variable mesh method
for the solution of nonlinear two point boundary value problems have been discussed by
several authors(see [4,14,28,29,30]). To the authors knowledge no high order methods on
a variable mesh for the solution of 1D nonlinear hyperbolic equations have been discussed
in the literature so far. In this paper, using nine-grid points (see Fig.1), we discuss a new
three-level implicit cubic spline finite difference method of order two in time and three
in space on a variable mesh for the solution of non-linear hyperbolic equation (1). In
this method we require only three evaluation of function G. In next section, we discuss
the cubic spline finite difference method. In section 3, we discuss the application of the
proposed method to one dimensional wave equation in polar coordinates. In this section,
we modify our technique in such a way that the solution retains its order and accuracy
everywhere in the solution region. In section 4, we examine our method over a set of
linear and nonlinear second order hyperbolic equations whose exact solutions are known
and compare the results with the results of other known methods. Concluding remarks

are given in section 5.

2. The numerical method based on cubic spline finite difference

approximation
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Let k& > 0 be the mesh spacing in the time direction so that t; = jk, 0 < j < J, J being
a positive integers. Further, We discretize the unit interval [0,1] such that 0 = o < z; <
o< axy <wxyng1=1. Let hy =2 — ;1,1 =1(1)N and o, = (hy11/h) > 0 be the mesh
ratio parameter in the space direction. We replace the region €2 by a set of grid points
(w1,t;) denoted by (I, j). The values of the exact solution u(z,t) at the grid points (I, j),
are denoted by Ulj . Let u{ be the approximate solution at the same grid point.

For the derivation of the cubic spline finite difference method for the solution of dif-
ferential equation (1), we follow the ideas given by Jain and Aziz [12]. We use the cubic
spline approximations in z-direction and second order finite difference approximation in
t-direction.

At the grid point (x;,t;), we may write the differential equation (1) as

U, — UL, = G(ay, t;, U}, UL U =G, say

T xl?

We denote:

P =oc?+o0,—1, Q=1+ a)(1+ 30, + 0?),
Rl:Jl(l—l—Ul—O'lz), SZZO'l(l—I—O'l)

At the grid point ([, 7), we consider the following approximations:

(40) T = (U7 — U7 /(2K) = U} + O

4b T = (U7 — U7/ (2k) = U+ O(k? + K2R

(4b) n = (Ui i)/ (2k) i T Ok + k" lyoy)

(4c) Uil—l = (Uzj—+11 - Ulj—_11)/(2k) = Ué—l + O(kZ - kzhl)

(4d) Uy = (U =207 + UI7Y /(K) = U, + O(K?)

(46) Uitlﬂ - (Uljrll - QUZj + Ulj:ll)/(k2) - Ut];tl—&—l + O(k2 + k2hl‘7l)

(4f) Tigr = (U =207 + U /() = Ujy_y + O — k2hy)
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. . ‘ . 2
(5a) Uy = (U, — (L—o})U] —oiU_)/(mS) = UJ, + ZTUZU:M + O(hjo} — hjoy)

(5b) Ufcl-i—l = ((1 + QUZ)UZJJA - (1 + Ul)zUzj + UZZUlj—l) /(hlsl)

. B2
— Ui, - ZT‘”@ + 01)Uso + O(0uh + o2h3 + o3h3)

T

(50) T, = (—Uiﬂ (40U — a2 + m)Uﬁl)/(hlsl)

— - MOy O+ ot - )
5) _ﬁﬂ:ﬂwH—u+mﬂ7+WWJ
o1+ 01)(hi)
(6a) Gl = Gl t, u{+1ﬂﬁil+1val+l)
(6b) 6{71 = G(21-1, 15, U{—pﬁizqavzzq)
(6¢) Gl =Gl t;,u] U, Ty)

Let S;(z) be the cubic spline interpolating polynomial of the function w(z,t) in the

interval [x;_1,2;] and is given by

(v — )3 (x—x14)%
. — —MJ —M]
(7) S] (IE) 6hl -1 + 6hl l

- h? . Ty — X Rk N\ —x
() ) (),

r1<zx<ax;l=12,... N+1,5=12,...,J

which satisfies at jth-level the following properties

(1) Sj(x) coincides with a polynomial of degree three on each [z;_1, x],
1=1,2,.... N+1.j=1,2,....J,

(2) S;(x) € C?[0,1], and

(3) Sj(z)=U/, 1=0,1,2,...,N+1; j=12...,J.
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where

(8) M] = Sj(wm) = U, = Ujy— G(ay, t;, U], Ul

xl’

U3, 1=01,... N+1:j=12 ../

xxl

(9) m{ = S;(xl) = Uil 1 <x<a

The derivations of cubic spline function S;(z) are given by

) —(ry —x)? (x—x1) . U —U., h, ;
10 =Py oy By
. (¢ —x) , s (x—211)
Also, we have
_ )3 ) _ 3
12) Sy = Gy o n)

6h41 : 6Ny 1

- R? N\ (X1 —x ; h? ; r—x
(S Ran N Ve N e Ul L i
i ( : 6 hita HNGE 6 ! hiyr )’

y<zx<x,;l=012....N; j=12...,J

Uz]+1 B Uz] . it [Mj . Mj]
I+1 l

— (141 — $)2

(x —a)*
M, +
2hi1

13 Si(z) =
( ) l(x) 2hl+1 +1 hl+1 6

M+

From continuity equation: S'(z;-) = S'(z;+)

hy | hiv1 hi+hg, ; Un—U U -U.,
14 Bpg oyl TRy i -
( ) 6 -1 + 6 I+1 + 3 l hl+1 hl
Further, from (10), we have
‘ , . U —Ul, . :
(15) my_, = Sj($l—1) =Uj, = % - g[Mlj +2Mj ]

and from (13), we have

Ul = UY N husa

(16) m{+1 = Sgl‘(xlﬂ) = U:il—i—l = [Mlj + 2Mlj+1]
hia 6
Combining (10) and (13), we obtain
. ) . hyo . ,
(17) m{ = Sj(xl) = Uil =T, [Mlj+1 - Mqu]'

xl 6(1 + Ul)
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Note that, (8), (15), (16) and (17) are important properties of the cubic spline function
SJ<CC)
Further, at the grid point (x;,t;), let us denote

[ 9G Y oG
1 )= — =
(18) “ (aUa)/ o= (aUt)
Since the derivative values of S;(z) defined by (8), (15), (16) and (17) are not known at

each grid point (z;,¢;), we use the following approximations for the derivatives of S;(z).

Let
(19a) Mz = Uttl Gl
(19b) M?+1 = Uttl—i—l Gl+1
(19¢) M?—l = Uttl 1 Gl 1
(20a) T U U 7 SV
l xT 6(]. +Ul> + -1
U, —uU’ h
(20D) i, = - L THURE o
it 6

. U —-U’, h -
(20(3) fﬁfﬁl = % - EI |:Ml + 2Ml]1:|
Now we define the following approximations:
(21a) G] = Glan,t;, U}, ], Ty),
(21b) Gg+1 = G(lerl?t Ul—&-l?m{-l—l?UilJrl)a
(21c) Gf 1 = Gla- 17tJ’Ul pmz 1762—1)7

in which we use the cubic spline function U l] = S,(x;), approximation of its first order space
derivative defined by (20a)-(20c) in z-direction and central difference approximations of

time derivative defined by (4a)-(4c) in t-direction.
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With the help of the approximations (4a) and (5a), from (6a), we obtain

e - h%o; BFUY
(22a) G, =G+ ZT &C; ol +O(h} + k)
- ; Ro(l+0) U7 |
(22b) Gl = Gl —— G 89031 af +O(h + k)
. ) h2(1 3r7d
(22c) G, =Gl — (1 +o) O ol + O(h? + k?)

6 ox3

Now using the approximations (19a)-(19¢), (22a)-(22c), and simplifying (20a)-(20c), we

get

(23a) mi =m] + O(h} + k*hy)
(23b) mj,, =ml,, +O(h} + k)
(23c) ml_ =m]_, + O(h} + k*hy)

Now, with the help of the approximations (4a) and (23a), from (21a), we obtain

(24a) GI = Gy, t5,UF md + O(h + k*hy), U + O(K?))
= G<xl’ tjv Ulja m{’ Utjl) + O<h? + k2hl + kz)

= G + O(h3 + k*hy + K?)

(24b) Gl =Gl + O} + K2y + K?)
(24c¢) Gl =Gl +0(h} + K h + k)

Then at each grid point (z;,t;), a cubic spline finite difference method with accuracy of

O(h} + k*hy + k?) for the solution of differential equation (1) may be written as

(25) (Ul — (140U} + U} ] :TZQ[PlUitH-l + QU + RUY, ]
2 N N .
- 1—l2[Psz+1 + QiG] + RG]+ T
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Using the approximations (4d)-(4f) and (24a)-(24c), from (25), we obtain the local trun-

cation error

h
[PlUtH—l + QlUttl + RlUttl 1]

(26) T =[U/, — (1L +o)U] + Ui || — 15

h
—+ [PZG{H + QiG] + RG]+ O(hY + K2R} + k*hY)

Now substituting the values G} = U}, — U/, and G, = U}, — U’ .., in (26), and
then using Taylor expansion of U}, U}, and U’ . at the grid point (;,t;), the local
truncation error defined in (26) reduces to TV = O(h + k2h? + k2h2).

Note that, the initial and Dirichlet boundary conditions are given by (2) and (3),
respectively. Incorporating the initial and boundary conditions, we can write the method
(25) in a tri-diagonal matrix form. If the differential equation (1) is linear, we can solve
the linear system using Gauss-elimination (tri-diagonal solver) method; in the non-linear

case, we can use Newton-Raphson iterative method to solve the non-linear system (see

Kelly [3], Hageman and Young [11], Varga [31] and Saad [33]).
3. Application to wave equation with singular coefficients

Consider the hyperbolic equation with singular coefficient.

Let us consider the equation of the form

(27) U = Upr + D(r)u, + E(r)u+ f(r,t), 0<r<1l, t>0

subject to appropriate initial and Dirichlet boundary conditions given by (2) and (3),
respectively, where D(r) = a/r, E(r) = —a/r?. For a = 0, the equation above represents
time dependent wave equation and for a = 1 and 2, and replacing the variable x by r,
the equation (27) represents wave equation in cylindrical and spherical polar coordinates,

respectively.
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Applying the approximation (25) to the differential equation (27), and neglecting the

local truncation error, we obtain the scheme

12

)

[Ulj+1 —(1+ UZ)Ulj + UlUlj—l]

L L L Uyl . .
= [PUysy + QU + RiU )] — Pi[Diga (%) FE Uy + fl4]
Ui — U} - -
— Ry[Dyy (%) +E U]+ fl]
. <PlDz+1thz RiD;_1ly

G - o —Qz) [DzUiz+Elej + f]

2PlDl+1hlUl QlDlhlUl —j . .
+ ( 6 - 6(1 + Ul) [Dl+1le+1 + El"‘]-Ul]—l-l + flj—i-l]
QiDihvoy 2R D1 hy —j ; ;
— D,_ U E,_U’ J
+ (6(1 + Ul) 6 [ l 1 J?l—l _I_ l 1 -1 + fl*l]
P Dy 1hioy —;j =] QlDlhlUl = w7
- %[Uitz + 20 ] + m[UitH—l — U]
2R, D;_1h; —; i
+ e U+ 20 ] [=1(N, j=0,12...

where the values of P, Q);, R, are already defined in the previous section and D; = (D,,),
Diz1 = D(riz1), By = E(n), Eie1 = E(rea), f! = f(ri,ty), flog = f(rien, 1) ete.

Note that the linear variable mesh scheme (28) is of O(k? + k?h; + h}) accuracy for the
solution of the wave equation (27) with singular coefficients, however, the scheme fails to
compute when the solution is to be determined at [ = 1 due to zero division. We overcome
this difficulty by using the following approximations.

Let
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(293) Dl = D()
2h2
(20b) Dy = Dy + o1y Dy + %Dm +O() = Dy
h
(29(3) lel = Dl — thrl + ?Dm‘l — O(h?) = DQ
(29(:1) El = EO
2h2
(29¢) By = By + oihi By + 0l2 LB, + O()? = E,
h2
(29f) El—l = El - hlErl + ElErrl - O(h?) = E2
(30a) fl=fint)=F
A .  g2h2 .
(30b) [l = fi +olufly+ l2 l ot O(l)’ = Fy
, ) . h?
(30c) flo=f—hf+ 5o O(h}) = I,
where D, = dDdgnTl)a Dy = d2$(2'rl)’ E. = difi(:z)’ B = d2£q(2rl)7 gl - 8f(g$tj)a zrl =
—82f8(:§’tj), etc.

Now substituting the approximations (29a)-(29f) and (30a)-(30c) in (28) and neglecting

high order terms, we obtain
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12

(31) h_lz[

Ulj+1 — (1 +a)U} + U]

. .y i Ul - U/ ,
= [PlUitlJrl + QlUitl + RlUgtl—l] — B[D, (#) +E1Ulj+1 + 1]
U’ —yl? )
— Ry[D, (%) +EU | + By
n (PlDlth'l RiDsyhy

i —@)[DOUMEOUHFO]

2P, D hyoy QIDOhlUl — .
( 6 B 6(1+ oy) [DlUilH + ElUl]_,,_l + F]
QlDohl(Tl 2R1D2hl — .
+ (6(1 Yo) 6 [D2Usy 4 + BUY | + B

_ BDioy QiDohioy —; j 2R Doly

[Uitl + 2U{tl+1] + m[[]ttlﬂ - Uitl—l] + [Ufﬂ + 2U{tl—1]
Note that the numerical method (31) is of O(k* 4 k?h; + h}) accuracy and free from the
terms 1/(x41), hence very easily solved for [ = 1(1)N in the solution region 0 < z < 1,
t > 0. This technique shows that the proposed numerical method is applicable to wave
equation with singular coefficients and we do not require the presence of any fictitious

points outside the solution region to handle the numerical scheme near the boundary.
4. Numerical illustrations

Substituting the approximations (4a), (4d), (5a) and (5d) directly into the differential

equations (1), we obtain a lower order variable mesh method

(32) Uty =T+ Glant;, UL T, T + 002+ hy), 1=1(1)N,j=12....

xl»

In this section, we have solved some benchmark problems using the method described by
equation (25) and compared our results with the results obtained by using the method (32)
for the solution of 1-D non-linear wave equations. The exact solutions are provided in each
case. The right hand side homogeneous functions, initial and boundary conditions may be

obtained using the exact solution as a test procedure. The linear difference equations have
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been solved using a tri-diagonal solver, whereas non-linear difference equations have been
solved using the Newton-Raphson method. While using the Newton-Raphson method,
the iterations were stopped when absolute error tolerance < 107'? was achieved. All
computations were carried out using double precision arithmetic.

Note that, the proposed method (25) for second order hyperbolic equations is a three-
level scheme. The value of u at ¢ = 0 is known from the initial condition. To start any
computation, it is necessary to know the numerical value of u of required accuracy at
t = k. In this section, we discuss an explicit scheme of O(k?) for u at first time level, i.e.,
at t = k in order to solve the differential equation (1) using the method (25), which is
applicable to problems in Cartesian and polar coordinates.

Since the values of u and u; are known explicitly at ¢ = 0, this implies all their successive
tangential derivatives are known at ¢t = 0, i.e. the values of u, uy, Ugy, - -, Up, Uge, - - -, €tC.
are known at t = 0.

An approximation for u of O(k?) at t = k may be written as

2

k
(33) up = u) + kul) + ?(utt)? + O(k?)

From equation (1), we have
(34) (uge)) = [ug + G (2, t, u, Uy, ug)])

Thus using the initial values and their successive tangential derivative values, from (34)
we can obtain the value of (uy)?, and then ultimately, from (33) we can compute the
value of u at first time level, i.e. at ¢ = k. Replacing the variable x by r in (33), we can

also obtain an approximation of O(k?) for u at t = k.

Since
1= IN+1 — T = (xN—i-l —ZUN) + (Q?N —[EN_l) + ...+ (231 —$0)
:hN+1+hN+---+h1 :h1(1+0'1+O'10'2+0'10'20'3+...—|—O'10'2-'-0'N)
Thus
1
(35) h

- 1+01—|—0’10‘2—|—...+0'10'2...0'N



HIGH ACCURACY CUBIC SPLINE APPROXIMATION... 1139

This determines the starting value of the first step length in z-direction and the subse-

quent step lengths in x-direction are calculated by
h/2 = 0'1]11, hg = O'QhQ, -+ - ete.

For simplicity, we may consider o; = o (a constant), then h; reduces to

(36) P ks B

1 _JN+1’

Therefore, by prescribing the value of N and o, we can calculate h; from the above
relation and the remaining mesh points in z-direction is determined by h; 1 = ohy, | =
1(1)N. We have chosen the value of o = 1.02. Throughout our computation we use the
time step k = 1.6/(N + 1)?

Example 1 (Wave equation in polar coordinates)
a

(37) Uy = Uy + —up + f(r 1), 0<r <1, t>0
T

The exact solution is © = coshrsint. The maximum absolute errors are tabulated in
Table 1 at t =1 for « = 0,1 and 2.

Example 2 (Van der Pol type nonlinear wave equation)
(38) Uy = Upe +Y(u® — Dug + f(2,8), 0<z <1, t>0

with exact solution v = e 7 sin(rz). The maximum absolute errors are tabulated in
Table 2 at t =2 for v =1,2 and 3.

Example 3 (Dissipative nonlinear wave equation)
(39) U = Uge — 2uuy + f(z,t), 0<z<1l, t>0

with exact solution u = sin(7z)sint. The maximum absolute errors are tabulated in
Table 3 at ¢ =1 and 2.

Example 4 (Non-linear wave equation)

(40) Ut = Ugz + YU(Uy +up) + f2,t), 0<2<1,t>0
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with exact solution © = e~* cosh . The maximum absolute errors are tabulated in Table

4 for y=2,5, and 10 at t = 1.

5. Concluding remarks

Available numerical methods on a variable mesh for the numerical solution of second
order non-linear wave equations are of O(k*+ h;) accurate. In this article, using the same
variable mesh and same number of grid points and three evaluations of the function G
(as compared to five and nine evaluations of the function G discussed in [13, 20, 21] for
constant mesh), we have derived a new stable cubic spline discretization of O (k*+k*h;+h})
accuracy for the solution of non-linear wave equation (1). The proposed method produces
stable results for nonlinear equations, which is exhibited from the computed results. The
proposed numerical method (25) is applicable to wave equation in polar coordinates which

produces stable results, whereas the corresponding lower order method (32) is unstable.
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TABLE 1. The maximum absolute errors

Method (31) Method (32)
N+1 a = a=1 a=2 a=0,1 and 2
08 | 0.1045(-03) | 0.2574(-04) | 0.7176(-04)
16 | 0.6586(-05) | 0.1606(-05) | 0.4543(-05) Unstable
32 | 0.4124(-06) | 0.1003(-06) | 0.2849(-06)
64 | 0.2579(-07) | 0.6274(-08) | 0.1782(-07)

TABLE 2. The maximum absolute errors

Method (25) Method (32)

N+1| =1 v=2 =3 y=1 y=2 =3
04 0.3700(-03) | 0.2380(-03) | 0.2443(-03) | 0.1310(-01) | 0.5800(-02) | 0.2400(-02)
08 | 0.2676(-04) | 0.1610(-04) | 0.1473(-04) | 0.3300(-02) | 0.1600(-02) | 0.6426(-02)
16 | 0.2138(-05) | 0.1210(-05) | 0.9764(-06) | 0.8805(-03) | 0.4164(-03) | 0.1728(-03)
32 0.2363(-06) | 0.1236(-06) | 0.7923(-07) | 0.2573(-04) | 0.1217(-03) | 0.5039(-04)

TABLE 3. The maximum absolute errors
Method (25) Method (32)
N+1 t=1 t=2 t=1 t=2
08 0.8583(-04) | 0.1064(-04) | 0.9300(-02) | 0.1410(-01)
16 0.6570(-05) | 0.8302(-05) | 0.2500(-02) | 0.3700(-02)
32 0.7055(-06) | 0.9182(-06) | 0.7250(-03) | 0.1100(-02)
64 0.1108(-06) | 0.1810(-06) | 0.2781(-03) | 0.3941(-03)
TABLE 4. The maximum absolute errors
Method (25) Method (32)

N+1 vy=2 y=5 v=10 vy=2 y=5 v=10
08 | 0.5008(-04) | 0.2193(-03) | 0.6101(-02) | 0.1100(-02) | 0.7500(-02) | 0.2670(-00)
16 | 0.3157(-05) | 0.1207(-04) | 0.1278(-03) | 0.3195(-03) | 0.2200(-02) | 0.6850(-01)
32 0.2001(-06) | 0.9454(-06) | 0.1118(-04) | 0.1077(-03) | 0.6869(-03) | 0.2120(-01)
64 | 0.2843(-07) | 0.5431(-07) | 0.1692(-05) | 0.4569(-04) | 0.2748(-03) | 0.8400(-02)




