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1. Introduction and notations

Metric spaces are playing an increasing role in mathematics and the applied sciences. Over the
past two decades the development of fixed point theory in metric spaces has attracted consider-
able attention due to numerous applications in areas such as variational and linear inequalities,
optimization, and approximation theory. Different generalizations of the notion of a metric
space have been proposed by Gahler and by Dhage. The notion of D-metric space is a general-
ization of usual metric spaces and it is introduced by Dhage [8,9]. Recently, Mustafa and Sims

[10, 11, 12] have shown that most of the results concerning Dhage’s D-metric spaces are invalid.

Received November 29, 2015

540



SOME MAPPINGS ON PRODUCTS OF GENERALIZED G-METRIC SPACES 541

In [10, 13, 14, 15], they introduced a improved version of the generalized metric space structure
which they called G-metric spaces. For more results on G-metric spaces and fixed point results,
one can refer to the papers [1,2,3,4,5,6,7,8,9,13,14,15,16,18].

Before giving our main result we recall some of the basic concepts and results for G-metric

spaces.

Definition 1.1. ([11]) Let X be an non-empty set and let G : X x X x X — R4 be a function
satisfying the following conditions

(1) G(x,y,z) =0ifx=y=z

(2) 0 < G(x,x,y) forall x,y € X withx #y

(3) G(x,x,y) < G(x,y,z) forall x,y,z € X withy # z.

(4) G(x,y,z) = G(x,z,y) = G(y,2,x) = ... (symmetry in all three variables)

(5) G(x,y,z) < G(x,a,a)+G(a,y,z) (for all x,y,z,a € X. (rectangle inequality)

Then the function G is called a generalized metric or;more specifically,a G-metric on X

and the pair (X,G) is called a G-metric space.

Remark 1.1. Axiom 4. asserts that the value of G(x,y,z) is independent of the order of x,y and

z, and is usually known as the symmetry of G in them.

Definition 1.2. ([11]) Ler (X, G) be a G-metric space, and let (x,) be a sequence of points of X.

(1) We say that (x,) is G-convergent to x € X ifn,},EWG(x"’x’"’x) = 0; that is, for any
€ > 0, there exists ng € N such that G(x,x,,Xn,) < &, for all n;m > ny .We call x the limit
of the sequence x, and write x, — x or nhinwxn =X

(2) The sequence xy, is said to be a G-Cauchy sequence if, for every € > 0, there is a positive
integer ng such that G(x,,xm,x;) < €, for all n,m,l > ng that is, if G(x,,Xm,x;) — 0,
asn,m,l — 0.

(3) (X,G) is said to be G-complete (or a complete G-metric space) if every G-Cauchy se-

quence in (X,G) is G-convergent in X .

Definition 1.3. ([11]) Let (X,G) and (X',G') be two G-metric spaces, and let f: (X,G) —

2(X',G") be a function. Then f is said to be G-continuous at a point a € X if and only if given
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€ > 0, there exists 6 such that x,y € X; and G(a,x,y) < & implies G'(f(a), f(x),f(y)) <€&. A

function f is Gecontinuous on X if and only if it is G-continuous at all a € X.

Proposition 1.1. ([11] The self-map T on a G-metric space (X,G) is G-continuous at x € X if

and only if for every sequence (x,),>1 € X with x, — x, we have

Tx, — Tx.

Proposition 1.2. ([11] Ler (X,G) ba a G-metric space and let (x,), be a sequence of X. If

xn — xin (X,G) and x, —> y in (X, G), then x = y.
In [1] S. Gahler introduced the following definition of a 2-normed space:

Definition 1.4. Let X be a real linear space of dimension greater than 1 and let ||., .|| be a real

valued function on X x X — R satisfying the following four properties:

(G1) ||x,y|| = 0and ||x,y|| = 0 if and only if if the vectors x and y are linearly dependent;

(G2) [yl = [ly, x|

(G3) ||x, oy|| = |al||x,y|| for every real number o
(Ga) llx, y+z| < [lx,yll + |lx . z[| for every x,y,z € X.

The function ||. ,.|| will be called a 2-norm on X and the pair (X, ||. ,.||) a linear 2-normed
space.The theory of 2-normed spaces was first introduced by Gdhler in 1960 [12]. Since then,

various notions in normed spaces have been extended to 2-normed spaces by many authors.

A sequence (x) in a 2-normed space (X, ||., .||) is said to converge to some a € X in the
2-norm if

lim |jx; —a,u;|| =0, forevery u; € X.
k—>o0

A sequence (x;) in a 2-normed space (X, ||., .||) is said to be Cauchy with respect to the 2-norm
if

lim ||x; —x;,u;|| =0, for every u; € X.
—> 00

)

If every Cauchy sequence in X converges to some a € X, then X is said to be complete with

respect to the 2-norm. Any complete 2-normed space is said to be 2-Banach space.
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Definition 1.5. ([19])Let X and Y be 2-normed spaces, zo € X and f : X — Y be a mapping.
Then f is said to be 2- continuous at 7 if for every € > 0, there exists positive real number 3

such that
[x —z0, ¥y —20llx < B implies || f(x) — f(z0), f(¥) — f(20)lly <e.

And f is said to be 2-continuous (on X) if f is 2-continuous at x for all x € X.

Theorem 1.1. Let X be a linear real space

(1) If (X,||. ||) is a 2-normed space, then the map G : X x X x X — R defined by
G(xayax) = HX_Z,y_ZH fOl’ allx7y>Z €X

is a G-metric.

(2) If (X,G) is a G-metric space, then the map ||. , .| : X x X — R defined by
1, ¥l = G(x,,0); forall x,yecX

is a 2-norm.

2. G-METRIC IN PRODUCT OF GENERALIZED METRIC SPACES

Definition 2.1. Let (X;,G;) be an G-metric space for i = 1,2,....,d and let X = H X; and
1<i<d
G:X XX xX — Ry be a function defined as

G(x,y,2) = Y, Gi(xi,yizi), for x = (%) 1<k<d>y = (Vi) 1<k<a and z = (zx) 1<k<a € X.
1<i<d

Proposition 2.1. Let (X;,G;) be an Gi-metric space fori=1,2,....d and let X = H X; and

1<i<d
G:X XX xX — Ry be a function such that

Gx,y,2) = Y., Gi(xi,yi,zi), forx = (xi)1<k<a»y = (Vi) 1<k<a and 2= (zi)1<k<a € X.
1<7<d

Then (X,G)-is a G-metric space.
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Proof. (1) Assume thatx =y =7zi.e.;x;y =y =z fork=1,2,...,d and we have

G(x,x,x) = Y, Gi(xp,x%,x) =0 (since Gy is a Gy-metric for k= 1,2,...,d).
1<k<d

Thus, G(x,y,z) =0ifx=y =z

(2) Let x = (xx)1<k<a>y = (Vx)1<k<q With x # y we have that

G(x,x,y) = Z G (x, Xk, yx) > 0 since each Gy is a Gy-metric.
1<k<d

(3) Let x = (xx)1<k<d,y = (Vk)1<k<a and z = (zx) 1<k<q € X with y # z, we have that
G(x7x7y): Z Gk(xk7-xk7yk) S Z Gk(xkvykvzk):G(x7y7Z)'
1<k<d 1<k<d
(4) Let x = (xx)1<k<d>y = (Vk)1<k<a @and 2= (2x)1<k<a € X. Since fork=1,2,....d
Gr (X, Y, 2k) = G (X, 2k, Yk) = Gk (V> X, 2%) = G (V> k> Xk) = G2k, Yi> Xk) = G (2ks Xk, Yie)

we have that

G(x,y,2) = G(x,z,y) = G(y,z,x) = ... (symmetry in all three variables)

(5) Letx = (x¢)1<k<d>Y = (Vi) 1<k<d> 2 = (2k)1<k<q and a = (ax)1<k<a € X

G(x,y,z) = Z Gk(xkay/ﬁzk)
1<k<d
< ) (Gk(xlmakaak)+G(akaYk7Zk))
1<k<d
= Y Gilwaa)+ Y, Gilar,yeu)
1<k<d 1<k<d

< G(x,a,a)+ G(a,y,z) (rectangle inequality).

Then the function G is called a generalized metric or,more specifically,a G-metric on X

and the pair (X, G) is called a G-metric space.

The following are some examples of G-metric spaces.
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Example 2.1. Let X be a metric space with the metric dy for k = 1,2,....d. For all x =

(xk)1<k<d>Y = (Vi) 1<k<a and z = (2x)1<k<d € X = H Xi. Define the quantities Gy and G,

1<k<d
by
Gs(x7y7z) = Z Gi(x/ﬁykazk):
1<k<d
where
Gy (X, Yks 2k) = (dk(xlmyk)+dk(ykazk)+dk(zkaxk))a k=1,2,...d
and
GM(x7y7Z) - Z G?@ka)’k&k)a
1<k<d
where

Gy (Xk, Yk, 2k) = max (dk(xk7Yk>adk()’kazk)7dk(zkaxk)) fork=12...4d.

A simple computation shows that G, and Gy are G-metrics on X.

Example 2.2. Let X = R? and consider the map G : R? x R x RY — R define for all x =

() 1<k<d,y = k) 1<k<a and z = (zx)1<x<a € R? by

0, fx=y=z

G(x,y,2) =

Z (|xk| + |yk] + |zk]) otherwise
1<k<d

then it is readily checked that (X, G) is a G-metric space.

Theorem 2.1. Let (Xi,Gy) be an complete Gi-metric space for k =1,2,...,d. Then the Space

(X,G) where X = H X, and G = Z Gy is a complete G-metric space.
1<k<d 1<k<d

Proof. By Proposition 2.1 ,(X, G) is a G-metric space. To prove that is a G-complete, let (xn =
(X105 X2,1, ...,)cd7,l))n>1 be a G-Cauchy sequence in X i.e.;
G(xp,Xm,x1) — 0 as n,m,l — oo.
Consider the sequence (xy,)n>1 C X forafixed k:1 <k <d.
Since

G (X Xems Xic 1) < G (X, Xm, X1),



546 IBRAHIM OMER AHMED
it follows that (xy,), is a Gx-Cauchy sequence in X, and therefore tends to a limit x; € X
(since X} is G-complete) i.e.;
Gi(Xke s Xk s Xk) —> 0 as n,m — oo,
It therefore suffices to confirm that
Xy —> X 1= (X],X2,...,X5) EX = H X;.
1<k<d
It is know that there exists a positive integer n; such that

£
G (Xk s Xie iy Xi) < 7 for n,m > n;, and for some € > 0.

We deduce that for n,m > max (ny)
1<k<d

G(xmxm;x) = Z Gk(xk,n;xk,maxk) <
1<k<d 1<k<d

Xn —>G X

Definition 2.2. Let (X,G) be an G-metric space. An map T : X — X is said to be

(1) G-isometric if
G(Tx,Ty,Tz) = G(x,y,z) forall x,y,z € X.

(2) G-contractive if there is a constant 3 with the choice 0 < B < 1 such that
G(Tx,Ty,Tz) < BG(x,y,z) forall x,y,z € X.

(3) G-expansive if here is a constant o with the choice o > 1 such that

G(Tx,Ty, Tz) > aG(x,y,z) forall x,y,z € X.

Theorem 2.2. Let (Xi,Gy) be a complete Gy-metric space and Ty : X — Xy be a map for

k =1.2...,d. Consider the G-metric space X = H X with G = Z Gy and the map T =
1<k<d <k<d
T\ xT) x..xTy: X — X defined by

T(X) = T(xl,xz, ...,xd) = (Tlxl,Tz)Cz, ---»ded>-

If each Ty is is a contractive mapping for k = 1,2...,d, then T has a unique fixed point.
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Proof. From Theorem 2.1 it is know that (X, G)-is a complete G-metric space. Since each 7} is

contractive mapping, there exists a constant f3; (0 < B < 1) such that
Gk(Tka, Tiy, Tka) < ﬁka<xk7yk7Zk) for all Xpes Vi 2k € Xk, k= 1,2, 7d
We have for x = (xi)1<k<a,y = (Vk)1<k<a and z = (2x)1<k<a € X that

G(Tx,Ty,Tz) = Z Gr(Tixie, Tiye, Trzk)
1<k<d

< Y BeGrlxiyize)
1<k<d

< ma G
> lgk;(d(ﬁk) 1<;<d k<xk7yk,Zk>

<
= lrg]?;(d(ﬁk)(;(x?% Z)

Hence T is a contractive mapping on X. So Theorem 2.2 in [18] confirms that 7 has a unique

fixed point. U

Theorem 2.3. Let (Xi,Gy) be a complete Gy-metric space and Ty : X — Xy be a map for
k=1.2...,d. Consider the G-metric space X = H X with G = Z Gy and the map T =

1<k<d <k<d
T\ xT) x..xTy: X — X defined by

T(x) =T (x1,x2,...,xq) := (T1x1, Taxp, ..., Tyxg).
If each Ty is is a surjective expansive mapping for k =1,2...,d, then T has a unique fixed point.

Proof. From Theorem 2.1 it is know that (X, G)-is a complete G-metric space. Since each 7y is

expansive mapping, there exists a constant o (@ > 1) such that
Gi(Tix, Tive, Tezi) = oG ( Xk, Vi, zi) for all xg, v,z € Xi, k=1,2,...,d.
We have for x = (x)1<k<a,y = (Vi) 1<k<a and 2 = (k) 1<k<q € X that
G(Tx,Ty,Tz) = Z Gr(Tixwe, Tiyr, Trzk)

1<k<d

> Y Gl yea)
1<k<d

2 in (o G
- gklgd( k)légﬁd % (XK, Vi 2k)

> in (0g)G
= 1I§nk12d( k) (x,y,z)
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Hence T is a contractive mapping on X. Let y = (yk)1<k<qd € X = [1j<x<a Xk » We have y; € X
and it follows that there exists x; € X; such that y, = Tpxg,sincce Ty is surjectve. This implise
that y = (T1x1, Taxa, ..., Tyxy) = Tx and hence T is surjective.So Theorem 2.1 in [16] confirms

that 7 has a unique fixed point. U

3. MAPPINGS IN PRODUCT OF GENERALIZED METRIC SPACES

Let (X,dx) and (Y,dy) are metrics spaces. Amap T : X — Y is called an isometric if and only
if
dy(Tx,Ty) =dx(x,y) forall x,y € X.

Let (X,]|.,||x) and (Y,||. . |ly) are 2-normed spaces . A map f: X — Y is called an isometric

if and only if

e yllx = [17(x), F)lly forall x,y € X.

Definition 3.1. (See [4].) Let X and Y be 2-normed spaces and f : X — Y be a mapping. Then

f is called a 2-isometry if

Ix =2z, y=zlx =1f(x) = f(2), f0) = f(2) forall; x,y,z € X.

Remark 1.3. Let X and Y be 2-normed spaces and f : X — Y be a mapping. Then f is a
2-isometry if and only if f satisfies the following property:

lx =z, y=zllx = ' =2, y' =Zllx| = [Lf () = £ @), fFO) =@y = IlF &) = £(2), £O) = F()y

bl

forall x,y,z,x',y',7 € X.

Definition 3.2. Let (X, G) be an G-metric space and let T : X — X be a mapping. We say that

T is a G-2-isometric mapping if
G(T*x,T?y,T?z) —2G(Tx,Ty,Tz) + G(x,y,z) =0 forall x,y,z € X.

Remark 3.1. Every G-isometric mapping is an G-2-isometric.
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Example 3.1. Let T : (R,G) — (R, G) defined by Tx = x+ 1, where
Glx,y,2) = x—y[+|y—z[+]z—x.
A simple computation shows that
G(T*x,T?y,T?z) —2G(Tx,Ty,Tz) + G(x,,2)

= =yt ly—z+lz—x=2(x—y[+ [y -2l +lz—x]) + =yl + [y -z + ]z — ]

= 0.
Thus ,T is an G-2-isometry.

Proposition 3.1. Let (X,G) be a G-metric space and T : X — X be an G-2-isometry, then the
following properties hold:

(1) G(Tx,Ty,Tz) > %G(X,y,z), n>1,xyzeX.

(2) G(Tx,Ty,Tz) > G(x,y,z) forallx,y,z € X.

(3) G(T"x, T"y, T"z) + (n—1)G(x,y,z) =nG(Tx,Ty,Tz) forall , x,y,z€X,n=0,1,2,...

(4) nli_r>n°o <G(T”x.T”y, T"z)) =1, for x,y,z€ X, x,y,z# 0.
Proof. Since the map T is a G- 2-isometry, we get
(3.1) G(T*x,T?y,T?2) — G(Tx,Ty,Tz) = G(Tx,Ty,Tz) + G(x,,z) forall x,y,z€X.
Substituting 7*x, Ty and T*z for x,y and 7 respectively in formula (3.1) we have that
G(T*2x, TH2y, TH25) — G(TF x, ThHLy, ThH1 )
G(TH x. 75y TFH ) — G(T*x, T*y, T*z), k > 0.
We deduce that

0<G(T"xT"y,T") = Y, (G(T"x, Ty, T*z) — G(T* 'x, T 1y, THZ)) +G(x,y,2)
1<k<n

= n (G(Tx, Ty, Tz) — G(x,y, z)) +G(x,y,2)

= nG(Tx.Ty,Tz)+ (1 —n)G(x,y,z).

From which 1. and 3.hold.
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Letting n — oo in part 1. yields to part 2.

1
4. Take x,y,z € X,x # y # z. It follows from part 3. that limsup (G(T"x,T"y,T"z))" <1 .

n—->oo

However, according to part 2., the sequence (G(7"x,T"y,T"z)) _ is monotonically increasing,

neN
SO
1 1
I n n n > 1 o
liminf (G(T"x,T"y,T"z))" > lim (G(x,y,2))" =1,
which completes the proof. 0

Remark 3.2. From part 3. of Proposition 3.1, it follows that for T is G-2-isometric map

G(T?x, Ty, T*z) = nG(T" 'x, 7"y, T"12) —n(n—1)G(Tx, Ty, T?)

+(n—1)*G(x,y,z) n > 1, x,y,z € X.

Lemma 3.1. Let (X,G) be an G-metric space and Let T : X — X be an G-2-isometric map,

then for all integer k > 2 and x,y,z € X, we have
G(Thx, Ty, T*2) — G(T* ', 7" 1y, " 2) = G(Tx, Ty, T2) — G(x,y,2)

Proof. We prove the assertion by induction on k. Since T is an G-2-isometric map the result is

true for k = 2. Now assume that the result is true for k i.e.; for all x,y,z € X,
3.2) G(Tkx, Tky, Tkz) — G(Tk*lx, kaly, kalz) = G(Tx, Ty, Tz) — G(x,y, Z),
and let us prove it of k+ 1. From (3.2) we obtain the following iqualities

G(Tk+]x, Tk+]y, Tk+lZ) - G(Tkx, Tky, TkZ) — (;(rrzx7 sz’ TZZ) — G(Tx’ Ty, TZ)

= G(Tx,Ty,Tz) — G(x,y,2).
O

Theorem 3.1. Let (X,G) be an G-meric space and Let T : X — X be an G-2-isometric map.

Then for any positive integer n, T" is an G-2-isometric map.
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Proof. We will induct on n, the result obviously holds for n = 1. Suppose then the assertion

holds forn > 2, i.e
G(Tznx, "y, Tznz) — G(T”x, Ty, T”z) + G(x,y, z)) =0, Vx,y,z€X.
Then
G(TZ’H—ZX, T2n+2y7 T2n+2Z) . ZG(Ton, Tn+1y, Tn+1Z) + G(X,y, Z)P
— G(TZTan, T2T2ny, T2T2nZ) o 2G(T"+1x, rTI’H’ly7 Tn+1Z) + G(.x,y, Z)
— 2G(T2”+1x, 7~2n-|—ly7 T2n+lZ) . G(Tan, TZny’ TZHZ) . 2G(T"+lx, T}’H-ly, Tl’H—lZ) 4+ G(x7y, Z)
= 202G(T"'x, 7"y, 1" 2) —G(Tx, Ty, T2)) - G(T*"x, T*'y, T*"2)
—ZG(Tn_'_lX, TVH‘ly’ Tn+IZ) +G(.x,y, Z)
= 2G(T"'x, 7"y, T"'2) — G(T*"x, T*"y, T*'z) —2G(Tx, Ty, Tz) + G(x,y,2)
- 2G(T”+1x Ty, it ) (ZG(T"x, "y, T"z) —G(x,y, z))—ZG(Tx, Ty, Tz) +G(x,y, z)
= 2G(T"x, 1"y, 7" 12) —2G(T"x, T"y, T"z) — 2G(Tx, Ty, Tz) +2G(x,,2)
= 2(G(Tx,Ty, Tz) — G(x,y,z)) — 2G(Tx, Ty, Tz) —I—ZG(x,y, z) (by Lemma3.1).

= 0.
Thus means that 7" is G-2-isometric map. 0J
Definition 3.3. A map T on a G-metric space (X,G) is called power bounded if
sup{ G(T"x,T"y,T"z), n=1,2,...} <o forall x,y,z € X.
Theorem 3.2. Every power bounded G-2-isometric map is a G-isometric.

Theorem 3.3. Let T : (X,G) — (X,G) be an bijective G-2-isometric map. Then T~ is an

G-2-isometric map.
Proof. Since T is an G-2-isosometric, we have

G(T*x,T?y,T?z) —2G(Tx,Ty,Tz) +G(x,y,z) =0 forall x,y,z € X.
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Substituting 7~2x, T2y and T 2z for x,y and z respectively in the above equation we obtain
G(x,y,2) —2G(T~'x, T 'y, T7'2) + G(T*x,T %y, T %z) = 0.
This implies that 7! is a G-2-isometric. 0

Proposition 3.2. Let (X,Gy) be a G-metric space and Ty : X — Xy be an mapping. Let

X = H X and G = Z Gy.Consider the map T =Ty X Ty X ... x Ty : (X,G) — (X,G)
1<k<d 1<k<d
defined by

Tx= (Tix1,Thxy, ..., Tyxy).
If each Ty is a G-2-isometric map ,then T is a G-2-isometric map.
Proof. Let x = (x)1<k<d>»y = (Vk)1<k<a @and z = (zx)1<x<q € X. We have that
G(T?x,T%),T?z) —2G(Tx, Ty, Tz) + G(x,y,2)
= ) (Gk(Tkzxkv Ty T 2k) — 2Gk(Tixi, Tive, Tezk) + Gk(xka)’k,zk))

1<k<d
= 0.

Lemma 3.2. If T is an G-2-isometric map, then for all x,y,z € X, k € N

G(T*x,T*y, T"2) <kG(Tx,Ty,Tz) — (k—1)G(x,,2).

Theorem 3.4. Let (X, G) be a complete G-metric space ant let T : X — X be a G-continuous
mapping. If T is an G-2-isometric mapping. Then T is injective and Z(T) (the range of T) is

closed in X.

Proof. First, we prove that T is injective. Let x,y € X such that 7x = Ty. From part 2. of

Proposition 3.1 we have that
G(Tx,Tx,Tz) > G(x,y,z) forall z € X.

Inparticular G(Tx,Tx,Tx) > G(x,y,x) ,this implise that G(x,y,x) = 0. As G(x,x,y) > 0 for

x # y,we deduce that x = y.
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We prove that Z(T) is closed. Let x, be a sequence in X such that Tx, — y in (X,G). We

have T2x, — Ty in (X, G), since T is continuous. By Definition 3.1 we have
G (X, Xy X1) = —G(T %%, T, T?x)) 4+ 2G(Tx, Xy, Tx;) for all n,m,1 > 0.

It is well know that (72x,), and (T'x,,), are Cauchy sequenses in (X, G) ,hence (x,), is a Cauchy
sequence in (X,G). Due to the completeness of (X,G) ,there exists x € X such that (x,),
is G-convergent to x. On the other hand,using the fact that 7 is G-continuous, we get that

Tx, —> Tx.Therefore, by Proposition 1.1 y = Tx. Hence Z(T') is G-closed. O
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