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Abstract. In this paper, the multiplicative version of degree distance and the multiplicative version of Gutman
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1. Introduction

Throughout this paper, we consider simple graphs which are finite, indirected graphs without
loops and multiple edges. Suppose G is a graph with a vertex set V(G)and an edge set E(G).
For a graph G, the degree of a vertex v is the number of edges incident to v and is denoted by
dg(v). A topological index Top(G) of a graph G is a number with the property that for every
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graph H is isomorphic to G, Top(H) = Top(G). Notations and definitions which are not given
here can be found in [1] and [2]. The Wiener index of a graph G denoted by W (G) is defined as
W =W(G) = Xuwncvc) do(u,v) = 5 Ly, vev(G)dc(u,v). In [10],[11], the multiplicative ver-
sion of the Wiener index was conceived by Gutman et al: 7 = 7(G) = [,y cv(6) dc(u,v) =
3 uvevic) da(u,v).

The topological indices and graph invariants based on distances between vertices of a graph
are widely used for characterizing molecular graphs, establishing relationships between struc-
ture and properties of molecules, predicting biological activity of chemical compounds and
making their chemical applications [7]. The Wiener index is one of the most topological indices
with high correlation with many physical and chemical indices of molecular compounds.

There are some topological indices based on degrees such as the first and second Zagreb
indices of molecular graphs. The first and second kinds of Zagreb indices were first introduced

n [6] (see also [5]). It is reported that these indices are useful in the study of anti-inflammatory
activities of certain Chemical instances, and in other practical aspects. The first Zagreb index
M, (G) and second Zagreb index M(G) of graph G are defined as M (G) = ¥y (c)lda (1) +

d6(v)] = Luev(G)dg(u) and M>(G) = ¥yep(c) da (u)do(v).

The degree distance was introduced by Dobrynin and Kochetova [3] and Gutman [4] as a
weighted version of the Wiener index. The degree distance of G, denoted by DD(G), is defined

as

Z (u,v)[dG(u) +dc(v)]

l\.)l>—‘

DD(G)= Y. dg(u,v)dc(u)+dg(v)
{uv}CV(G)

with the summation going over all pairs of vertices of G.
In [4], Gutman defined the Schultz index of the second kind which is now known as the
Gutman index . The Gutman index of G denoted by Gut(G), is defined as
Gut(G) = 2 Y do(uv)[de(u)de(v)],
u,veV(G)
the summation runs over all the pairs of vertices of G. Recently , Todeschini et al [12,13] have
proposed the multiplicative variants of ordinary Zagreb indices, which are defined as follows:

[1=11© H dG = 1 ldo(w)+de(v)

1 1 veV(G MVEE(G)



570 R. MURUGANANDAM, R.S. MANIKANDAN, M. ARUVI

and

I;[:I;[(G): [T de(wds(v)].

uveE(G)

In this paper, we have found a new graph invariant named multiplicative version of degree
distance and multiplicative version of the Gutman index, which can be seen as a weighted
version of the Wiener index that is DD*(G) = %HWEV(G) dg(u,v)[dg(u)+dg(u)] , Gut*(G) =
3 Muvev () e (u,v) [do(u)dg (u)).

The Cartesian product of the graph G| and G,,denoted by G;JG; has the vertex set V(G G,)
=V(G)) xV(G3) and (u,x)(v,y) is an edge of G1[JG, is u = v and xy € E(G;) or uv € E(Gy)
and x = y.

In this paper, we obtain the multiplicative version of degree distance and the multiplicative
version of the Gutman index of the cartesian product of graphs. Also we apply some of our re-
sults to compute the exact multiplication version of degree distance and the exact multiplicative
version of the Gutman index of C4 nanotube, C4 nanotorus and grid.

Throughout this paper the degree distance and the Gutman index are denoted as DD (G) and
Gut™ (G). And the multiplicative version of degree distance and the multiplicative version of

the Gutman index are denoted as DD*(G) and Gut*(G) respectively.
2. Multiplicative version of degree distance of cartesian product of graphs

We begin this section with standard inequality as follows:

Lemma 2.1. (Arithmetic Geometric inequality) Let x1,x2, ..., X, be non-negative numbers. Then

In this section, we compute the multiplicative version of the degree distance of the Carte-
sian product of G10G, of the graphs G; and Gs. Let V(Gy) = {uo,u1,...,un,—1},V(G2) =
{vo,v1,...,vny—1}, and let w;; denote the vertex (u;,v;) of G1G,.

The following lemma follows from the definition of Cartesian product of two graphs.
Lemma 2.2. Let G| and G be two connected graphs. Let w;j = (u;,vj) and wpy = (up,v4) be
in V(G10OG3). Then dg,00G, (Wij, Wpq) = dg, (ui,up) +dg,(vj,vy) and dg,n6, (wij) = dg, (ui) +
dg,(u;).
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Theorem 2.3. If G| and G, are two connected graphs with | V(G1) |= ny and | V(G2) |= na,
}nlnz X [nlDD+(G2)+4e(G1)W(G2) e

ninj

where ny,ny > 2, then DD*(G) < 23mmny—1 ["2DD+(G1)+4€(G2)W(G1)
e =T - nny

X (nz(nzfl)DDﬂGl )+4(na—1)e(G2)W(G1)+4(n1 —1)e(G1)W (Ga) 411 (n—1)DD* (G) >n1n2
niny ?

where W(G),DD(G) and e(G) denote the Wiener index, degree distance and the number of

edges of G respectively.
Proof. Let G = G{JG,.Then

DD*(G) = ! H dG(Wij, Wpg)lda(wij) +dg(wpq)]

Wij,wquV(G)

1 np—1 nj—1

= S(TT TT datwiwaldwiy) +da ()]
J=0 i,p=0,i#p
ni—1 np—1

< [T I dewijswig)ldc(wij)+dc(wig)]
i=0 j,q=0,j#q

nzfl n]fl

x  T1 T dolwijwp)ldalwi) +da(wp))
7,q=0,j7#qi,p=0,i7p

1
= E(Al ><A2 XA3), ............................................................ (1)

where Aj,A; and A3 are the products of the above terms, in order. We calculate A1,A; and A3
of (1) separately.

First we compute

n2—1 n]—l

A = H H da(wij,wpj) [da(wij) +da(wp))]
nmp—1 nj—1

= H H dG1 (uiv ul)) [dGl (ui) + dGz (vj) + dGl (up) + dG2 <vj)} byLemma(2.2)
J=0 i,p=0,i#p

nzfl n]fl

= H H dGl (ui7 MP) [dGl (ul) + dG] (up) + 2dG2 (Vj)]
J=0i,p=0,i#p

IN

( 7]12:?)1 le_zlojyép dG1 <ui7 ”17) [dGl (ui) + dGl (I"P) + 2dG2 (Vj)] >"1”2

niny byLemma(2.1)

B [Z?Z012DD+(G1)—|—4W(G1)dGz(vj)]nln2

nin;
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by the definition of Wiener index and the degree distance of a graph

A< [anDD O H8(CIWG ™ 2)
niny

Next we compute

nlfl nzfl

Ay = JT T1  dewij,wig)lde(wij) +dc(wig)]
i=0 j,g=0,j#q
n]fl nzfl

= H H ng (Vj7 Vq) [d(;] (ul) + dGz (vj) + dGl (ul) + dGz (VJ)] byLemma(2.2)
i=0 j,q=0,j#q
ni -1 n2—1

= 1 1I1 devive)l2de, (u)+dc,(v;)+dc,(vy)]
i=0 j,g=0,j#q

n—1vwnr—1
[ 5;0 Zj?qZO,i?équz(vjuVq)[ZdGl (”i)+dG2(Vj)+dG2(vq)] ninz
nino byLemma(2.1)
[T 20D (G + 4V (G )

nina

by the definition of Wiener index and the degree distance of a graph

2m DD (G,) + 8€(GI)W(G2)}’“"2
niny

Azé[

Next we compute

1’12—1 I’ll—l

A3 = H H dG(Wij,qu) [dG(Wij) —I—dG(qu)}
7,q=0,j7#qi,p=0,i#p

nzfl n,-—l

- H H [dGl (i, up) +da, (vj’vq)] X [dGl (ui) +da,(vj) +dg,(up) "’dGz(vq)}
7=0,q=0,j#qi,p=0,i#p

[Z;?q_—l(xj?gq ZZ;,_:I()J;&p [da, (uisup) +da, (vj,vg)] + [dG1 (ui) +dg, (vj) +dg, (up) +dg, (Vq)] ] niny

ninz

= [l
B niny ’

s = ) [2DD+(Gl)+2W(G1)[dG2(Vj)+dGz(Vq)]+dGz(Vjqu)4(n1—1)€(G1)
7,4=0,j#q

a1 = 1)da, (v, vq)[da (v) + da (v)]
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where
ni—1 ny n—1
Y 1= 2<2> and Y [dg,(ui)+dg, (up)] =4(ni — 1)e(Gy)
i,p=0,i#p 1,p=0,i#p
and by the definition of Wiener index and the additive version of degree distance of a graph.

Az <

[an(nz — 1)DD+(G1) + 8(1’12 — 1)€(G2)W(G1) + 8(?11 — 1)6(G1 )W(Gz) +2n (I’l] — 1)DD+(G2) niny
niny 4)
Using (2),(3) and (4) in (1), we get

n + e mm n + e niny
DD*(G) < %[(2 »DD (G12H+n82 (Gz)W(G1)> y (2 1DD (02’)1;82 (GI)W(G2)>

2n5(ny—1)DDY (G1)+8(ma—1)e(Go)W (G1)+8(n1 —1)e(G1)W (G2)+2n (n —1)DD T (Gp) \ "™
X
niny

DD*(G) < 23niny—1 [nzDD+(G1)$i:’(Gz)W(G1)}n1”2 » [nlDD+(G2)rIiE(G1)W(G2)}nlnz

X

ny(na—1)DDT (Gy)+4(ny—1)e(Go)W (Gy)+4(n1 —1)e(G1)W (Ga)+ny ("1*1)DD+(GZ)] e
niny :

Lemma 2.4. [10] Let B, and C,, denote the path and the cycle n on vertices respectively.

2
—1
(1).For,n > 2,W(P,) = %
2 if nis even
(2).For,n >3,W(Cy,) = 5’ ,
n(n?—1) . .
, ifnisodd.

Lemma 2.5. Let P, and C, denote the path and the cycle on n vertices, respectively.

nn—1)2n—1)

(1)For,n > 2,DD(P,) = 3

%, if nis even,
(2)For,n > 3,DD(C,) = )
n(n“—1)

, ifnisodd.
Using Theorem 2.3 , Lemmas 2.4 and 2.5 , we obtain the exact multiplication version of degree

distance of the following graphs.
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Corollary 2.6. The graphs R = P,,L1C,,,S =C,,LUC,,,n >3 and m > 2 and T = P,,LJP,,m,n > 2

are known as Cy4 nanotube,C4 nanotorus and grid respectively. (1) DD*(P,,(0P,)

< 33mn

3mn—1 ((m— 1)(4mn+n—2m— 1))’"" " ((n— 1)(4mn+m—2n— 1))’""

m

((2(71 —1)(m—1)((2mm—1)(m~+n) — (m_n)Z))>mn

m

2)DD*(P,C,)

m

(e (%(m_ ) (dm+ 1) x (é,_z@m_ 1))mn(%(nfl)(mfl)(4m+l)+%(mfl)(mel))mn,
if n is even.

< 23 (S m— 1) (dm 4 1)) (o (0 = 1) (2m — 1))™
« ({g(n—l)(m—l)(4m+1)+;(m—l)( 2—1)(zm—1)>mn

m

Y

\ if n is odd.

23mn—1m2mn % n2mn % (mZ(n_ 1) _|_n2(m_ 1))’"”’

if m is even and nis even.

23m"_1(m2’"”) X (n2 —1)™ x ((n— 1)(m2—|—mn+m—n— 1))mn,
if m is even and nis odd.

3).DD(C,C,) <
23mn=1 (2 — 1)y x g2 x ((m—1)(n? +mn+n—m—1))"",

if m is odd and nis even.

23mn=1 (2 — 1Y x (0> — 1) x (n—1)(m—1)(m+n+2))"™

if m is odd and » is odd.
\

3. Multiplicative version of Gutman index of Cartesian product of graphs.

In this section, we compute the Multiplicative version of Gutman index of the Cartesian

product, GG, of the graphs G and G».
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Theorem 3.1. If G| and G, are two connected graphs with | V(Gy) |=ny and | V(G,) |= na,

where ny,ny > 2, then

Gur*(G10G;) < 23"1n21[nZGut+(Gl)+2€(G2)DD+(W')M1(GZ)YMZ

niny
[nl Gut+(G2) + 26(G1 )DD+(G2) + W(Gl )M] (Gz)]nlnz
niny
S 1mn2
< )
niny

Here

Sy =na(ny — 1)Gut T (Gy) +2(ny — 1)e(G2) DDV (Gy) + W (G ) (4e(G2)? — M1 (Gy))

+W (G2)(4e(G1)? =M1 (G1)) +2(n1 — 1)e(G1)DDY (Ga) Yy (n — 1) Gut ™ (Gs),

where Gut(G)",W(G),M,(G) and DD"(G) denote the Gutman index, the Wiener index, the

Sfirst Zagreb index and the degree distance of G.

Proof. Let G = G;JG5,. Then

Gut*(G) = = H dG(Wij, wpg)lda(wij)dG(Wpg)]

W,'j,quEV(G)

N =

1 nmp—1 ni—1

= Q{H [T de(wij,wp))lde(wij)de(wp))]
Jj=0 i,p=0,i#p
}’llfl nzfl

X [T  do(wij,wig)lde(wij)de(wig)]
i=0 j,q=0,j#p

}12—1 }’ll—l

x I1 T dewijwpg)lda(wij)d(wpq)]}

7,4=0,j#qi,p=0,i#p
1
= E(Al XA2 XA3), ............................................................ (5)

where Aj,A; and A3 are the products of the above terms, in order. We calculate A1,A; and A3

separately.
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First we compute

m—1 ni—1

Aav = [T T1 de(wijwpplda(wis)d(wp;)]
=0 i,p=0,i#p
nzfl nlfl

= H H dGl (ui» up)(dGl (uz) + dGz (Vj))(dGl (up) + dGz (vj)>by Lemma(2.2)
J=0 i,p=0,i#p

[272:61 22}7_:10,1'75[7 dg, (i, up) (dGl (ui) + dg, (Vj)> (dGl (up) +dg, (vj))
niny
B [Z?iBI 2Gur™ (Gy) + 2dg, (vj) DD (Gy) +2dg, (v/)W(G)) } i

niny

IN

niny
] by Lemma(2.1)

by the definitions of the Gutman index, the degree distance and the Wiener index of a graph.

oy <[220 (G) T4eGIDD G4V GM G ©

ninz

—1 —1
Next we compute Ay = Hgo ;?q:0,j#q dG(Wij, Wiq)dG(Wij)d(;(Wiq)

=110 T12 2y s (v vg) da, (i) + do, (v [da, () + dg, (vg)lsyremma(z.2)

_ [2?10 VY2 o (v9) 2d, )+, () [da, ()] +dgry (v) } mim

i byLemma(2.1)

|:Z?101 2Gul‘+(G2)+2dGl (u,‘)DDJr(Gz)—O—Zdél (Vj)W(Gz)i| niny

nina

by the definition of the Gutman index,degree distance and the Wiener index of a graph

Ar < 2”16””“2”46(01)DD“G”“W(GWI<G1>] e 7

ninz

Finally we compute

-1 -1
Az = H’},zq:Q j4q. H?,;,zo,i;ep dg(Wij, Wpq)[dc(wij)dG(wpqg)]

= H?zz?),lqij‘?éq, H?,ip_:]Qi;ép [dGl (uiv ”P) + dGz (vj7 Vq)] [dGl (ul) + dGz (Vj)] [dGI (up) + dGz(vq)]
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-1 -1
< [Zj?q:(),_#q Y0 isplda, (wiup)+day (v.vq) lda, (ui)+da, (v))]lda, (up)+dg, (vq)) e
- niny
_ |: S, :|n1n2
ni,ny ’

l’lzfl

where Sy = Z Z |:dGl (ui’ uP)dGl (ui)dGl (up) + dGl (Vi7 up)dG1 (Vi)dGz (VQ)
J,4=0,j#q.1,g=0,i#p

+dg, (Ui, up)de, (vj)de, (up) +dg, (ui,up)dc, (v;)de, (v4)
+dG2 (Vj7 VQ>dG1 (”i)dGl (”P) + dGz (Vj7 VQ)dGl (”i)dGz (VLI>

+dg,(vj;vg)da, (vj)da, (up) +da,(vj,ve)da, (vj)da, (Vq)] :

ol
ni,ny

IN

ny—1
Here  $s= Y [2GuGy+[da,(vy) +dau(v)IDD(G1) +2W (G1)d, (v,)da, (vg)
7:q=0,j#q

+dg, (vj,vg)(4e(G1)* —M1(G1)) +2(n — 1)da, (vj,vg) (dg, (v}))

+dG,(vg))e(Gr) +ni(n = 1)dG, (vj,v4)d, (v))da, (vg) | -

by the definitions of the Gutman index, degree distance, the Wiener index and first Zagreb index

of a graph.
Sq4 1mm2
Ay < [m} ................................................................... (8)
where, Sq4 = 2112(112 — 1)Gut(G1) —I—4(n2 — l)e(Gz)DDD(G]) +2W(G1)(4€(G2)2 — M, (Gz))
—|—2W(G2)(4€(G1)2 — M, (Gl)) —|—4(l’l1 — l)e(Gl)DD(Gz) +2n1(n1 — 1)Gul‘(G2).
np—1
Since Z d(;2 (Vj)d(;z (Vq) = 4€(G2)2 —M1 (Gz)

7:4=0,j#q
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Using (6),(7) and (8) in (5), we get

Gur*(Gi0G,) < 23! [”2Gul+(G1) +2e(G2)DD™ (W1)M1(Ga) } i

niny
y [anut+(G2)+2€(G1)DD+(GQ)+W(Gl)M1(G2)]"1n2
niny
Sl niny
< ol
niny

S1 = na(ny—1)Gut™(Gy)+2(ny — 1)e(G2)DD (Gy) +W(G1)(46(G2)2 —M(G,))

+ W(Gy)(4e(G1)* =M (Gy))+2(n; —1)e(G1)DDT(Gy) Tny(n) — 1)Gut ™ (G»).

This completes the proof.

Lemma 3.2. Let P, and C,, denote the path and the cycle on nvertices, respectively.

(1)For,n > 2,Gut (P,) = 1=@r—tni3)

R if nis even
(2)For,n > 3,Gut(C,) =

>, ifnisodd

(3)For,n > 2,M(P,) = 4n— 6andM;(P;) =0

(4)For,n > 3,M,(C,) = 4n Using Theorem 3.1, Lemmas 2.4 2.5 and 3.2, we obtain the exact
multiplication version of Gutman index of the following graphs.

Corollary 3.3. The graphs R = P,,L1C,,,S = C,,.L0C,,n >3 and m > 2 and T = P, JP,,m,n > 2

are known as C4 nanotube,Cy nanotorus and grid respectively. 1) Gut(P,P,)

IN

p3mn=1 5 (%((2mn —m)(m—1) +n>)'"" X ((”n;nl) ((2mn—n)(n—1) +m))m"
X (w@mlﬂd)(m%—n) — &(m? +n® + 3mn)
+ L(4—2mn)(m2 +n?)+2m*(m—2) +2n*(n—2) + 3(m> +n®) — 5(m+n) +4mn)"

3mn
n
6mn
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2) Gut*(P,C,)

n2

E(8m—7))’"”

< dmn—ly (%((Zm)Qm%— 1)(m —2) + 6mn(m— 1) —3))'"" x (

X [(n;n—ml) <3n(n —D)+2m’2m—1)—2m(m—1)+4m’n(n—1)
+ 2mn(m—n)—4mn(mn—1)) + (%(61%2 — 8m+2n” +7))}mn, ifniseven
Gut*(P,0C,) < 2% ><((r;lm;nl)((Zm)@m—k1)(m—2)+6mn(m—1)—3))mn(n2;1(8m—7))mn

X [<nf:n_m1) (3n(n—1)+2m>(2m—1) = 2m(m—1) +4m’n(n — 1)
n?—1

+ 2mn(m—n) —4mn(mn—1)) + ( am

(6m* — 8m +2n* + 7)™ ifnisodd

3) Gut* (CmDCn) < 24mn—1m2mnn2mn |:3 <mn(m + I’l) . (m2 + n2)> + m3(m2,n)+n3(n2,m):| mn’ifm

mn

is even and n is even

Gur*(CTICy) < 247 (2 1) 3 1) (- (-4 1) 1) ) (= e

mn

if m is even and n is odd

3

Gut* (C,,00C,) < p4mn—1 (mz _ l)mnn2mn [3(,%_ 1) (n2+ (n—1)(m—+ 1)) + ((m fmn)(m271)+n3(n27m))]mn’

mn

if mis odd and n is even

Gut™ (C0ICy) < 24~ (2 — 1) (2 — 1) [3((m2 “D(n—1)+ (n2—1)(m— 1))
+ ((’"3""”)<mz‘1)+("3_'""(”2_1) )>]m,, if m is odd and n is odd.

mn
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