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1. Introduction

Because of various uncertainties arising in our real world, methods of classical mathematics
may not be successfully applied to solve them. Thus, new mathematical theories such as prob-
ability theory, interval mathematics and fuzzy set theory have been introduced by researchers.
But each of these theories has its certain inherent difficulties as mentioned by Molodtsov [1].
In 1999, Molodtsov [1] initiated the theory of soft sets as a new mathematical tool for dealing
with uncertainties and studied some properties of this theory. From then on, many researchers
started to study the theory of soft sets and a lot of activities have been shown in soft sets theory.
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In 2010, in order to introduce soft set relations, Babitha and Sunil gave a definition of the Carte-
sian product of two soft sets. In 2013, Das and Samanta introduced the notion of soft metric
space by using a different concept of soft point and investigated some basic properties of soft
metric space. In this paper, our purpose is to study the completeness and compactness of the
Cartesian product space of two soft metric spaces corresponding to a common finite parameter

set.
2. Preliminaries

In this section, we will recall some basic notions and examples about soft set theory.

Definition 2.1[1] Let U be an initial universe set, E be a set of parameters and P(U) denotes
the power set of U. A pair (F,E) is called a soft set (over U), where F is a mapping given by
F:E—PU).

Example 1[1] Soft set (F, E) describes the attractiveness of the houses which Mr. X is going to
buy. U is the set of houses under consideration where U = {hy,hy,h3,hy,hs,he}, E is the set of
parameters. Each parameter is a word or a sentence. E ={beautiful,wooden,in the green surround-
ings,in good repair} = {ej,es,e3,e4}. The mapping F : E — P(U) be defined by F(e;) =
{h17h47h5}’ F(eZ) = {h17h27h3}’ F(€3) = {h47h57h6}» F(€4) = {h2ah3ah4ah57h6}' Then the
soft set (F, E) = {beautiful houses = {hy,ha,hs},wooden houses = {hy,hy,h3},inthe green sur-
roundings houses = {hy,hs,hg},in good repair houses = {hy,h3,hy,hs,he}}.

Definition 2.2[1] A soft set (F,E) over U is said to be a null soft set denoted by & if for all
ecE,F(e)=9.

Definition 2.3[1] A soft set (F,E) over U is said to be an absolute soft set denoted by U if for
allec E,F(e)=U.

Definition 2.4[10] For two soft sets (F,A) and (G, B) over a common universe U, we say that
(F,A) is a soft subset of (G,B) if A C Band Ve € A, F(e) C G(e).

Definition 2.5[6] A union of two soft sets (F,A) and (G, B) over a common universe U, is the

soft set (H,C) where C = AUB, and Ve € C,
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F(e) ifecA—B

H(e) =4 G(e) ifec B—A

F(e)UG(e) ifecANB

\
We write (F,A)U(G,B) = (H,C).

Definition 2.6[8] An intersection of two soft sets (F,A) and (G, B) over acommon universe U, is
the soft set (H,C) where C =ANB, and Ve € C, H(e) = F(e) N G(e), we write (F,A)N(G,B) =
(H,C).

Definition 2.7[2] Let R be the set of real numbers, B(R) the collection of all non-empty bounded
subsets of R and A taken as a set of parameters. Then a mapping f: A — B(R) is called a soft
real set. If specifically f is a single valued mapping on A taking values in the set R, then
the pair (f,A) or simply fis called a soft real number. If fis a single valued mapping on A
taking values in the set RT of nonnegative real numbers, then the pair (f,A) or simply f is
called a nonnegative soft real number. We shall denote the set of nonnegative soft real numbers
(corresponding to A) by R(A)*. We will denote a particular type of soft real numbers by 7, 3, 7,

Such as 0 is a soft real number where 0(A) = 0, for all 1 € A.

Example 2[2](Example of soft real number) Consider the example 1. If a mapping ]7: E—
B(R) is defined by f(e) = the number of houses which satisfy the contition e. Then we get
fler) = {3}, f(e2) = {3}, f(es) = {3}, f(es) = {5}. Then (f,E) can be taken as a soft
real number such that (f, E) = {beautiful houses = 3,wooden houses = 3,in the green sur-
roundings houses = 3,in good repair houses = 5}.
Definition 2.8[3] For two soft real numbers f, g, we define

()f<g1ff( ) < g(A), forall A € A;

(b)f>g1ff(/'L g(A), forall A € A;

) > 8
(¢) f< g if f(A)<g(A), forall A € A;
(d) f>g if f(A)>g(A), forall A € A.

Definition 2.9[3] Let X be an initial universal set and A be the non-empty set of parameters, A
soft set (P,A) over X is said to be a soft point if there is exactly one A € A, such that P(1) = {x}
for some x € X and P(u) = ¢, Vi € A\ {1}. It will be denoted by P;.
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Definition 2.10[3] A soft point P is said to belongs to a soft set (F,A) if A € A and P(A) =
{x} C F(A). We write P} €(F,A).

Definition 2.11[3] Two soft points Py, Pj, are said to be equal if A = 1 and P(A) = P(u1), that
is x =y. Thus P} #P‘yl SxFEyord#U.

Let X be an initial universal set and A be the non-empty set of parameters. Let X be the
absolute soft seti.e. F(1) =X, VA € A, where (F,A) = X. Let SP(X) denotes the collection of
all soft points of X and R(A)* denotes the set of all non-negative soft real numbers. We get the
following definition:

Definition 2.12[3] A mapping d : SP(X) x SP(X) — R(A)*, is said to be a soft metric on the

soft set X if d satisfies the following conditions:
(M1) d (P{,P}) > 0,for all P}, P\€ X;

(M2)d (P{,P})) = 0 < P} = P);

(M3)d (P{,Py) = d (Py,P;), forall P}, Pj€ X;
d

(M4) Forall P, P}, P;€X, d (P}, P5) <d (P}, P) + d (P,,FP).

The soft set X with a soft metric d is called a so ft metric space and denoted by ()? ,d,A) or
(X,d).

Definition 2.13[3] Let {PZ’} be a sequence of soft points in a soft metric space (X,d). The
sequence {P)’f”} is said to be convergent in ()? ,d) if there is a soft point P} € X such that
d (P)’[” , Pi‘ ) — 0 as n — . This means for every € E 0, chosen arbitrarily, there exists a

natural number N = N(€) such that 0 < d (P, PY) < €, whenever n > N.
Definition 2.14[3] A sequence {P," } of soft points in (X,d) is considered as a Cauchy sequence
in X if corresponding to every € > 0, 3 m € N such that d (P, P;f’) <& Vi, j > m,ie.
1 J
i J 0 I o
d (P, le) — 0asi, j — oo.
Definition 2.15[3] A soft metric space (Xv ,d) is called complete if every Cauchy sequence in X

converges to some soft point of X.

Definition 2.16 A soft metric space (f ,d,A) is called soft sequential compact metric space if

every soft sequence has a soft subsequence that converges in X.
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3. Main results

In this section, we discuss the completeness and compactness of the cartesian product of two

soft metric spaces.

Definition 3.1[4] Let (F,A) and (G, B) be two soft sets over U, then the cartesian product of
(F,A) and (G, B) is defined as (F,A) x (G,B) = (H,AxB) where H: AxB — P(U xU) and
H(a,b) =F(a) xG(b), (a,b) € AxB,i.e. H(a,b) ={(hi,h;): h; € F(a), hj € F(b)}.

Example 3[4] Consider the soft set (F,A) which describes the cost of the houses” and the soft
set (G, B) which describes the “attractiveness of the houses”.

Suppose that U = {hy,hy, h3, hy,hs, he}, A = {very costly; costly; cheap},

B = {beautiful , wooden,in the green surroundings,in good repair}

Let F (very costly) = {hy,ha}, F(costly) = {h, }, F (cheap) = {h3,hs,h¢},

G(beautiful) = {hy,ha,hs}, G(wooden) = {hy,hy,h3},

G(in the green surroundings) = {hy,hs,he}, G(in good repair) = {hy,h3,hy,hs,he}.

Now (F,A) x (G,B) = (H,A x B) where a typical element will look like

H (very costly, beautiful) = {hy,hs} x {hy,h4,hs} = {(h2,h1),(h2,h4),(h2,hs), (ha,hy),
(h4;ha), (ha,hs)}

Definition 3.2 Let (X, d;, A) and (Y, d», A) be two soft metric spaces, A is a finite parameter
set. The cartesian product of ()? , di, A) and (7 , dy, A) is the product space ()Af xY, d, A)
where X x Y is the cartesian product of X and Y, d is a mapping from SP(X x Y) x SP(X xY)
into R(A)" given by: d ((P;!, Py), (P, Pi)) = max{d\(P;!, P;?),d>(Ppy, Pi3)}, where
(P}, Piy), (P, Pl) € SP(X xY).

Lemma 3.1 Let (X, d;, A) and (Y, d», A) be two soft metric spaces, then the cartesian product
space (f xY,d, A) defined as above is a soft metric space.

Proof.(M1) is obviously established by its definition;
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(M2)d (P}, B, (PR, P2)) =0 max{dy(P}!, P2),do(PL, P2)} =0
S di(Py, Py}) = da(Puy, Ppy) =0
© Py =Py and Py = Py

& (P, Bl = (P2, B))

(M3) is obviously established by the symmetry of d; and dy;

(M4) For all (P!, Pjj) € SP(X xY) (i=1,2,3)
d (P}, B, (PR, P2)
=max{d\(Py}, P;’), dy(Py}, Pi3)}
< max{di(Py), P)+di(Py, P, dao(Pay, Pia) + (P, P}
Z max{ di(P), P2), da(PLl, PI2)}+max(di (P2, PL), da(P2, P}
=d (P, Puy), (P, Pi)) +d (P, Pus)s (P, Pi))
Then (X x Y, d, A) is a soft metric space.

Lemma 3.2 {(P)", Pj;)} is a Cauchy sequence in (X xY, d, A), if and only if {Ptisa
Cauchy sequence in (X, d;, A) and {Py:} is a Cauchy sequence in (Y, db, A).

Proof. “=" {(P)", Pj;)} is a Cauchy sequence in (X xY,d,A),

then for any € > 0, 3 m € N such that d (P, P), (P;{j, P)<E Vi, j > m,
That is max{d; (P}, P;;), da(PY, P‘ylj) <&Vi j>m.

So we have dl(Pi:f', sz’) < € and da (P, Pyul’) <gasi,j > m,

then {P/{:‘} is a Cauchy sequence in X and {P):} is a Cauchy sequence in Y.

“«<” Let {P/{Z} is a Cauchy sequence in X and {Py:} is a Cauchy sequence in Y.
Then for any € > 0, there exists m; € N, such that d; (P)t’, Pz]’ )< € whereas i, j > my,
in the similar way, we can find a m; € N, such that d; (Pﬁf, Pyul’ ) < Easi, j > m.

Let m = max{m,,m;}, then when i, j > m, we have

d (P, B, (B, i) = max{di(Py, Py)),da(Pyy, Pil)}< €,

Then we complete the proof.
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Theorem 3.1 (Xv xY, d, A) defined as above is a complete soft metric space if and only if

(X, dy, A) and (Y, dy, A) are two complete soft metric spaces.

Proof. “=" Let {P{Z} is a Cauchy sequence in (X, d, A), {Py} is a Cauchy sequence in
(Y, da, A).

Then by Lemma 3.2, we have {(PIZ,PﬁZ)} is a Cauchy sequence in (X x Y, d, A).
Since (f xY,d, A) is complete, so there exists a soft point (PiﬂPlyi) in X x Y, such that
forany € >0, 3N >0, d((Py",Pyy), (Py,Pi)) < € whereas n > N.

That is max{d, (PIZ,Pi‘),dz(PﬁZ,Pﬁ)}g gasn>N,

then we have d; (PIZ,P%)% €and do (P}, P})< € whenn >N, and P} € X, P, €7,

so (X, dy, A) and (Y, d», A) are complete.

“<=" Let {(P;:,Pﬁji)} is a Cauchy sequence in (X XY, d, A),

Then by Lemma 3.2, we have {P/’{Z} is a Cauchy sequence in (X, d}, A),

{P’} is a Cauchy sequence in (Y, dy, A).

Since (X, dy, A) and (Y, da, A) are complete, so there exist Pl e X and Py € Y,

such that for any € > 0, 3 N; > 0, such that d| (PXZ,P/’{)E gasn >Ny,

3 N, > 0, such that dz(Pﬁfl,Pﬁ)g gasn > Ns.

Let N = max{N;,N,}, then when n > N, we have

d((Py, Pin), (P, PY)) = max{d\ (P;",P}),da(Pjy:, Py)}< € and (P}, P}) € X x Y.

So (X xY, d, A) is complete.

Theorem 3.2 (Xv xY, d, A) defined as above is a soft sequential compact metric space if and
only if (X, dy, A) and (Y, d», A) are two soft sequential compact metric spaces.

Proof. “=" Let {P/’{:} is a soft points sequence in (X, dy, A), and Py is a soft points sequence
in (Y, dy, A).

Then by the definition of the Cartesian product, we have {(P;:,Pﬁﬁ)} is a soft points sequence
in(XxY,d,A).

Since ()? xY, d, A) is a soft sequential compact metric space, so there is a subsequence
{(P;::,Pyuzl’i)} converges to (P}, P;,) € X x Y, that is for any € > 0, 3N > 0, such that

Xn n n n e
d((P/In:’PyNni)’ (pif,pﬁ)) = max{dl(Pln:,Pi‘),dz(Pyuni,Pﬁ)}g € whereas n > N.
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Sodi(Py"*,PX)< € and do (P, P})}< Easn > N

1 M) A= PACHTHERNTIS n .
Then we can get a subsequence {PZ:} of {Pz:} which converged in X and a subsequence {Pyuzl’i}
of {Py"} which converged in Y.
“«=" For any soft points sequence {(P;’f:?PﬁZ)} in(XxY,d,A),
{Pj{:} is a soft points sequence in (X, d;, A) and {P}!} is a soft points sequence in (Y, da, A).
Because of (XV , d1, A) is a soft sequential compact metric space,
we can get a subsequence {P;""} of {P;"} which converged to P} € X,

nk n
for the index ny, {Pyu:’;} is a subsequence of {P}} and also is a soft points sequence in Y,
. o . . . Yn
since (Y, dp, A) is a soft sequential compact metric space, so we can find a subsequence {Puni’" }
n . S Yn
of {Pﬁni} and a soft point P}, in Y, such that {P#ni: } converges to Py.
n . . Xn

Since {P;;]’:} is a convergent sequence and it converges to P, so {Pln,]:: } converges to P}.

g,

Then we have a subsequence {P;""’" ,PZ""’" of {(P",Py)} which converged to (P§,P,)
nkm m n

eX xY.

Definition 3.3 d ', d are two soft metrics on X x Y, if for any (P}',P}!), (P2,P)2) € X x Y
1 2

d ((P;;,Pﬁ}), (P)’{;,P‘yé))g d((P)’fll,P‘yL}), (Pi“;,Pﬁg)),thatis forany n € A, we have d ((P/’{;,Pﬁ}),

(Pj{j,Pﬁ;))(n) < d((P;f]l,Pﬁ}), (P/{j,Pﬁ;))(n), then we say d s stronger than d.

Example 4 (X, di, A) and (Y, d», A) are two soft metric spaces, (X x Y, d, A) defines as

definition 3.2, (P§ ,Pl,), (Py,P,) €XxY,0<7< 1.

Letd (P, B), (P2,P2) =7 dy(PY, P2) + (T—1) do(BY P2,

we can deduce d ' is a soft metric on X x Y, and for any N € A, we have
d' (PP, (PRPE)(M) = [ di (P, P2) +T=1 da(B, P2) ()

< max{d, (P;fll ,Pﬁ),dz(PﬁLPﬁ%)}(n)

— (BB, (PR.P2)()

thend is stronger than d.

Properties Let (i , d, A) is a soft metric space, d' is another soft metric on X, if for any
sequence of soft points {P/{”} and a soft point Py, d "is stronger than d, then we have:

() if {P/{Z} is a Cauchy sequence in (X, d, A), then it is a Cauchy sequence in (X, d ', A);
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(ii) if d(Py", P§) — 0, then d '(Py", P§) — 0.
Then proof is straightforward.
Theorem 3.3 (X x Y, d, A) is a soft sequential compact space, then (X x Y, d ', A) is also a
soft sequential compact metric space, whereas d "is stronger than d.
Proof. For any sequence of soft points {(P/’{:, Pph)} in X xY, since (X xY, d, A) is a soft
sequential compact space, there exists a subsequence {(PZI’:, Pﬁ:’;)} converges to (P}, Py) €
X x Y, because of d ' is stronger than d, by Properties(ii), we have d /((P;::, PZLZZ ), (P}, PL)) —

0, then we complete the proof.
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