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Abstract. In this paper, we introduce the approximate fixed point property for a cyclic map 7 on a G-metric
space. Also, we prove two general lemmas which regarding approximate fixed Point of cyclic maps on a G-metric
space. Using these results, we prove several approximate fixed point theorems for various types of the well-known

generalized contractions on a G-metric space.
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1. Introduction and preliminaries

In 2011, Mohsenalhosseini et al [11], introduced the approximate best proximity pairs and
proved the approximate best proximity pairs property for it. Also, In 2012 , Mohsenalhosseini
et al [12], introduced the approximate fixed point for completely norm space and map 7 and

proved the approximate fixed point property for it. In 2014 , Mohsenalhosseini [13] introduced
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the Approximate best proximity pairs in metric space for contraction maps. Now we give pre-
liminaries and basic definitions which are used throughout the paper. Also, we study some types
of the well-known operators on G—metric spaces, and we give some qualitative and quantitative
results regarding approximate fixed point by considering a cyclicmap 7 : AUBUC - AUBUC
ie. T(A)CB,T(B) CCand T(C) C A.

We begin by recalling some needed definitions and results.

Definition 1.1. [14] Let X be a nonempty set and let G : X x X x X — R be a function
satisfying the following properties:

(G1) G(x,y,z) =0if andonlyif x=y =71

(G2) 0 < G(x,x,y) forall x,y € X withx #y;

(G3) G(x,x,y) < G(x,y,2) for all x,y,z € Xwith z #y;

(G4) G(x,y,z) = G(x,z,y) = G(y,2,x) = - -+ (symmetry in all three variables);

(G5) G(x,y,2) < G(x,a,a)+G(a,y,z) for all x,y,z,a € X( rectangle inequality).

Then, the function G is called generalized metric or, more specifically G — metric on X, and the

pair (X,G) is called a G — metric space.

Proposition 1.2. [14] Every G-metric (X, G) defines a metric space (X,dg) by
1) dg(x,y) = G(x,y,y) + G(y,x,x).

if (X,G) is a symmetric G- metric space. Then

2) dg(x,y) =2G(x,y,y).

Definition 1.3. [12] Let T : X — X, € > 0, xo € X. Then xo € X is an €—fixed point for T if

| Tx0 —xo| < €.

Remark 1.4. [12] In this paper we will denote the set of all €— fixed points of T, for a given €,
by :
AF(T)={x€ X | xisan € — fixed point of T}.
Definition 1.5. [12] Let 7 : X — X. Then T has the approximate fixed point property (a.f.p.p)
if
Ve >0, AF(T) # @.
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Theorem 1.6. [12] Let (X, ||.||) be a completely norm space, T : X — X, xo € X and € > 0. If

1T (x0) — T"*(x0)|| — 0 as n — oo for some k > 0, then T* has an €— fixed point.

2. Approximate fixed point in G—metric

We begin with two lemmas which will be used in order to prove all the results given in section

3. Let (X,G) be a G — metric space.

Definition 2.1. Let A,B,C are closed subsets of a G — metric space X and T : AUBUC —

AUBUC be a cyclic map. Let € > 0 and xo € AUBUC. Then xj is an &- fixed point of 7 if
[G(x0, Tx0,Txo) + G(Txp,x0,%0)] < €.

Remark 2.2. In this paper we will denote the set of all e-fixed points of 7, for a given &, by:
F&(T) ={x€ AUBUC | xis an € — fixed point of T}.

Definition 2.3. Let A,B,C are closed subsets of a G — metric space X and T : AUBUC —

AUBUC be a cyclic map. Then T has the approximate fixed point property (a.f.p.p) if Ve > 0,
F&(T) £0.

In 2015 Abbas et al (see[3]), introduced the example of G-metric spaces which it has g-best
proximity point. We in the following show that it has approximate fixed point on G-metric

spaces.

Example 2.4. Let X = {0,1,2,...,18} and G: X x X x X — R™ be defind as follows:

(xty+z ifx#y#2#0,

x+y ifx=y#zxyz#0,
yt+z+1 ifx=0,y#z yz#0,
y+2 ifx=0,y=2z#0,
z+1  ifx=0,y=0,z#0,

G(x,y,2) =

\ 0 ifx=y=z
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LetA={2,18},B={1,7,17} and C = {0}. Obviously A, B,C are closed subsets of G — metric
space X . Define the mapping 7 : AUBUC — AUBUC by

x—1 ifxe{1,18}
Tx=<{ 0 ifxe{l,7,17}
2 ifx=0.

Then G(0,70,70) +G(T0,0,0) < & for evrey € > 0. Hence F§(T) # 0.

Definition 2.5. Let A, B, C are closed subsets of a G —metric space X. A cyclicmap T : AUBU

C — AUBUC is said to be asymptotically regular at a point x e AUBUC, if

lim {G(T"x, Ty, T”+1x) + G(T”Hx, T"x,T"x)} =0,

n—yoo

where T" denotes the nth iterate of 7 at x.

Lemma 2.6. Let A, B,C are closed subsets of a G — metric space X. If T :AUBUC - AUBUC

is asymptotically regular at a point x e AUBUC, Then T has an approximate fixed point.

Proof. Using Proposition 1.2 and Theorem 1.6, we find that 7" has an approximate fixed point.
UJ

Lemma 2.7. Let A,B,C are closed subsets of a G — metric space X, T :AUBUC - AUBUC

a cyclic map and € > 0. We assume that:
a) FG(T) # 0;
b)V&E > 0 3y(E) > 0 such that

[G(x,y,y) +G(y,x,x)] — [G(Tx, Ty, Ty) + G(Ty, Tx,Tx)] < £ =

G(x,y,y)+G,xx) <w(&), Vx,yeF(T).
Then:

S(FE(T)) < w(2e).
Proof. Let € >0 and x,y € F5(T). Then

(G(x,Tx,Tx)+G(Tx,x,x)] <€, [G(y, Ty, Ty) + G(Ty,y,y)] < €.
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By G5 of Definition 1.1 we can write:
G(x,y,y) + G(y,x,x) < G(x,Tx,Tx) + G(Tx,x,x)
+G(Tx,Ty,Ty)+G(Ty, Tx,Tx)

+G(Ty,y,y) +G(y,Ty,Ty)

<2e+4+G(Tx,Ty,Ty)+G(Ty,Tx,Tx). =

G(x,y,y)+ G(y,x,x) — [G(Tx,Ty,Ty) + G(Ty, Tx,Tx)] < 2¢.
Now by (b) it follow that
G(x,y,y) +G(y,x,x) < y(2e),
So

S(FE(T)) < y(2e).

771

O

Remark 2.8. Condition (a) in Lemma 2.7 can be replaced by the condition, as, by Lemma 2.6,

the latter ensures (a). So Lemma 2.7 can be given in the form:

Lemma 2.9. Let (X, G) be a G-metricand T : AUBUC — AUBUC a cyclic map such that for

€ > 0 the following hold:
a) asymptotically regular at a point x e AUBUC.
b)VE > 03y(&) > 0 such that

[G(x,y,y) + G(y,x,x)] — [G(Tx,Ty,Ty) + G(Ty, Tx,Tx)] < & =
G(x,3,y) +G(y.x,x) < w(&), Vx,y € F5(T).

Then:

S(F5(T)) < y(2e).

Proof. Now by Lemma 2.6 and Lemma 2.7 it find that 6 (F5(T')) < y(2¢).
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3. Approximate fixed point in G—metric spaces for various types of opera-

tors

In this section be will formulate and prove, using Lemma 2.6, qualitative results for various
types of operators on a G—metric space, results that establish the considered under which the
mappings considered have the approximate fixed point property.

In 2001, Rus (see [10]) defined ox—contraction and in 2006 Berinde (see [5]) some result on
o.— contraction for approximate fixed point in metric space. We it apply on G-metric spaces for

approximate fixed point.

Definition 3.1. [10] A mapping 7 : X — X is a ao—contraction if there exists @ € (0, 1) such

that

d(Tx,Ty) < ad(x,y),Vx,y € X.

Definition 3.2. Let A,B and C be non-empty subsets of a G—metric space X. A mapping

T:AUBUC — AUBUC is a Gy —contraction if there exists o € (0,1)

G(Tx,Ty,Ty) + G(Ty,Tx,Tx) < a[G(x,y,y) + G(x,y,y)],Vx,y € AUBUC.

Theorem 3.3. Let A,B and C be non-empty subsets of a G—metric space X. Suppose that
the mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) CC and T(C) C A is a
Gq—contraction. Then for every € >0, F5(T) # 0.

Proof. Lete >0,x€ AUBUC.
G(T"x, T" ™ x, T" ) + G(T™*x, T"x, T"x) = G(T (T" 'x), T (T"*1x), T (7" 1x))
+G(T (1" ), (1" 1), T(T" 1))
S OC[G(Tn_ 1x7 TYH—k—lx’ Ti’H-k—]x)

+G(T 1, 1 T )]

< o"[G(x, T*x, T*x) + G(T*x, x,x)).
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But a € (0, 1), therefore

lim [G(T"x, T" ™ x, T" *x) + G(T"*x, T"x,T"x)] = 0, Yx € AUBUC.

n—soo

By Lemma 2.6, we find that F5(T') # 0 for all € > 0. O

In 1968, Kannan (see [4] [8] ) proved a fixed point theorem for operators which need not be

continuous. We it apply on G-metric space for approximate fixed point.

Definition 3.4. Let A,B and C be non-empty subsets of a G—metric space X. A mapping
T:AUBUC — AUBUC satisfying T(A) C B,T(B) C C,and T(C) C A is a G-Kannan operator

1
if there exists a € (0, 5) such that

G(Tx,Ty,Ty)+G(Ty,Tx,Tx) <at[G(x,Tx,Tx)+ G(Tx,x,x)]

+G(y, Ty, Ty) +G(Ty,y,y) Vx,y € AUBUC.

Theorem 3.5. Let A,B and C be non-empty subsets of a G-metric space X. Suppose that the
mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) CCand T(C) C A is a G- Kannan
operator. Then for every € >0, FE(T) # 0.

Proof. Lete >0andx € AUBUC.

G(T"x, T" " x, T" 1 x) + G(T"x, T"x, T"x) =
G(T(T" 'x),T(T"x),T(T"x))
+G(T(T™x),T(T" 'x), T(T" 'x))
< a[G(T" 1x, T"x, T"x) + G(T"x, T" Lx, 7" 1x)
+ G(T"x, T, T x) + G(T" x, T, T"x)).

Therefore,

(1—a)G(T"x, T" 1 x, T" " x) + G(T" 1 x, T"x, T"x)] <

a[G(T" 1x, T"x, T"x) + G(T"x, T" 'x, 7" 1x)].
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So,

G(T"x, T x, T" 1 x) + G(T"x, T"x, T"x)] <

T o (G(T" 'x, T"x, T"x) + G(T"x, T" 'x, 7" 'x)]

< (&)”[G(x, Tx,Tx) + G(Tx,x,x)).

But o € (0, 1), therefore

lim [G(T"x, T" ' x, T""x) + G(T" ' x, T"x,T"x)] = 0,Vx € AUBUC.

n—-soo

Using Lemma 2.6 We find that F5(T) # 0 for all € > 0. O

Definition 3.6. Let (X,d) be a metric space. A mapping T : X — X is a Mohseni operator if

1
there exists a € (0, §> such that
d(Tx,Ty) < ald(x,y) +d(Tx,Ty)].

Definition 3.7. Let A,B and C be non-empty subsets of a G—metric space X. A mapping
T:AUBUC — AUBUC satisfying T(A) C B,T(B) C C, and T(C) C A is a G— Mohseni

1
operatore if there exists a € (0, 5) such that

G(Tx,Ty,Ty) +G(Ty,Tx,Tx)] < a[G(x,y,y) + G(y,x,x)

+G(Tx,Ty,Ty) +G(Ty, Tx,Tx)].

Theorem 3.8. Let A,B and C be non-empty subsets of a G-metric space X. Suppose that the
mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) CCand T(C) CAisa G—

Mohseni operatore. Then for every € > 0,

F&(T) #0.
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Proof. Lete >0andx € AUBUC.

G(T"x, T" ™ x, T" Fx) + G(T"x, T"x, T"x) = G(T(T"'x), T (T"x), T (1" %))
+G(T(T"H1x), T(1" %), T(T" %))
< a[G(T" ', Trk=ly Trtk-ly)
+ G(Tn—i-k—lx? Tn—lx, Tn—lx)
+ G(T"x, T ™ x, T" Fx) + G(T"*x, T"x, T"x)).

Therefore,

(1—a)G(T"x, T"*x, T x) + G(T"*x, T"x, T"x)] <
OC[G(TnilX, TnJrkflx, Tn+k71x)
+ G(T”+k_1.x, T}’l—lx, T}’l—lx)] .

So,

G(T"x, T" ™ x, T x) + G(T"x, T"x, T"x)] <

1 aa [G(Tnilx, Tn+k71x, Tn+k71x)

+ G(T"+k_1x, T”_lx, T”_lx)]

)'[G(x, T*x, T*x) + G(T*x, x,x)].

) € (0,1). Hence

1 o
But a € (0, 5), therefore (1

lim [G(T"x, T" ™ x, T" *x) + G(T"*x, T"x, T"x)] = 0,¥x € AUBUC.
n—soo

Using proposition 1.2 and Theorem 1.6 , we find that F5(T) # 0 for all € > 0. O

In 1972, Chatterjea (see [6]) considered another which again dose not impose the continuity

of the operator. We it apply on G-metric space for approximate fixed point.
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Definition 3.9. Let A,B and C be non-empty subsets of a G—metric space X. A mapping
T:AUBUC — AUBUC satistying T(A) C B,T(B) C C and T(C) C A is a G- Chatterjea

1
operator if there exists o € (0, 5) such that

G(Tx, Ty, Ty) + G(Ty,Tx,Tx)] < a[G(x, Ty, Ty) + G(Ty,x,x)
+G(y,Tx,Tx) 4+ G(Tx,y,y)],Vx,y e AUBUC.
Theorem 3.10. Let A,B and C be non-empty subsets of a G-metric space X. Suppose that

the mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) CCand T(C) CAis a
G-Chatterjea operator. Then for every € >0, F5(T) # 0.

Proof. Lete >0andx € AUBUC.

G(T"x, T" 1x, T" M x) + G(T"x, T"x, T"x) =
G(T(T" 'x),T(T"x),T(T"x))
+G(T(T™),T(T" 'x), T(T" 'x))
< a[G(T”_lx, T, T ) + G(T o, T L, T )
+G(T"x,T"x,T"x) + G(T"x,T"x,T"x)]

= a[G(T" Lx, T o, T ) + G(T™ Lo, T 1, T ).
On the other hand, we have

G(T" 'x, 7", T ) + G(T™ o, T 1, T 1x) <
G(T"x, T" 'x, T 1x) + G(T"'x, T"x, T"x)
+G(T"x, T x, T %) + G(T" ', T"x, T"x).
Therefore,
(1—a)G(T"x, T" 1 x, T" " x) + G(T" 1 x, T"x, T"x)] <

a[G(T"x, T L, " 'x) + G(T" Lx, T"x, T"x)).
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So,

G(T"x, T" x, T" M x) + G(T" x, T"x, T"x)] <

(04
W[G(T”x, T" 1, 7" 1x) + G(T" 'x, T"x, T"x)]

< (%)”[G(x, Tx,Tx)+G(Tx,x,x)]|.

1
Since a € (0, 5), we find (1L) € (0,1), therefore

lim [G(T"x, T, T" " x) + G(T"'x, T"x, T"x)] = 0,¥x € AUBUC.

n—-yoo

Using Lemma 2.6, we find that F5(T') # 0 for all € > 0. O

We, by combining the three independent contraction conditions above obtain another approx-

imate fixed point result for operators which satisfy the following.

Definition 3.11. Let A,B and C be non-empty subsets of a G—metric space X. A mapping
T:AUBUC — AUBUC satisfying T(A) C B,T(B) C C and T(C) C A is a G—Zamfiresuc
1 1
operator if there exists o € [0,1), B € [0, 5], y€ [0, 5) such that for all x,y € AUBUC at least

one of the following is true.

G(Tx, Ty, Ty)+G(Ty,Tx,Tx)] <  o[G(x,y,y) + G(y,x,x)].
i)G(Tx,Ty, Ty)+G(Ty,Tx,Tx) < B[G(x,Tx,Tx)+ G(Tx,x,x)]
+6(, Ty, Ty) + G(Ty, y,y)-
iii)G(Tx,Ty,Ty) + G(Ty, Tx,Tx)] <7v[G(x,Ty,Ty)+ G(Ty,x,x)
+G(y,Tx,Tx)+ G(Tx,y,y)].
Theorem 3.12. Let A,B and C be non-empty subsets of a G-metric space X. Suppose that

the mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) CCand T(C) CAis a
G-Zamfiresuc operator. Then for every € >0, F5(T) # 0.
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Proof. Let € >0 and x € AUBUC. Supposing (i1) hold, we have that:

[G(Tx,Ty, Ty)+G(Ty,Tx,Tx)] < B[G(x,Tx,Tx)+G(Tx,x,x)|+G(y,Ty,Ty)+ G(Ty,y,y)
< B[G(x,Tx,Tx)+ G(Tx,x,x)] + B[G(x, Tx, Tx) + G(Tx, x,x)
+ G(x,%,y)+G(,x,x) + G(Tx, Ty, Ty) + G(Ty, Tx, Tx)]
= 2B[G(x, Tx, Tx) + G(Tx,x,x)] + B[G(x,y,y) + G(y,x,%)]

+ B[G(Tx, Ty, Ty) + G(Ty,Tx,Tx)).
Thus,

[G(Tx,Ty,Ty)+G(Ty, Tx,Tx)] < B[G(x,Tx,Tx)~+ G(Tx,x,x)]

+ (1EB)[G<x7yay)+G(y,X,X)] (31)
Supposing (iii) holds, we have that:

|G(Tx,Ty,Ty) + G(Ty,Tx,Tx)| < Y[G(x,Ty,Ty) + G(Ty,x,x) + G(y,Tx,Tx) + G(Tx,y,y)).

<7G(x,y,y) +G(y,x,x) +G(y, Ty, Ty) + G(Ty,y,y)]

+Y[G(Tx, Ty, Ty)+ G(Ty,Tx,Tx)]

=Y[G(x,y,y) + G(y,x,x)] +2Y[G(y, Ty, Ty) + G(Ty,y,)]

+YG(Tx, Ty, Ty) + G(Ty,Tx,Tx)].
Thus,

2
(G T, 1) + Ty T To) < 7 (G0 Ty Ty) + G(Tyy,y)

t )G +Gox Il (32)
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Similarly,

[G(Tx,Ty,Ty) +G(Ty, Tx,Tx)] < Y[G(x,Ty,Ty) + G(Ty,x,x) + G(y, Tx,Tx) + G(Tx,y,y)].
<YG(x,Tx,Tx)+ G(Tx,x,x)+ G(Tx,Ty,Ty) + G(Ty,Tx,Tx)]
+YG(x,y,y) + G(y,x,x) + G(x,Tx,Tx) + G(Tx,x,x)]
=2Y[G(x,Tx,Tx) + G(Tx,x,x)| + Y[G(Tx, Ty, Ty)

+G(Ty, Tx,Tx)] + 7[G(x,y,y) + G(y, x,x)].

Then

[G(Tx,Ty,Ty)+G(Ty, Tx,Tx)] < (2—}/}/) |G(x,Tx,Tx)+G(Tx,x,x)]

+ ()G +Cox)]. (33)

In view of (i), (3.1),(3.1), (3.2) and (3.3), we have, & = max{ o, %, %}, and it is easy

to see that & € [0, 1) for T satisfying at least one of the condition (i), (ii) and (iii) we have that.
[G(Tx, Ty, Ty) + G(Ty, Tx,Tx)] < 28[G(x,Tx,Tx) + G(Tx,x,x)| + §[G(x,y,y) + G(y,x,x)]  (3.4)

and

(G(Tx,Ty,Ty) + G(Ty,Tx,Tx)| <2§[G(y,Ty,Ty) + G(Ty,y,y)] + E[G(x,y,y) + G(y,x,x)]
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hold. Using these conditions implied by 1) -iii) and taking x € AUBUC, we have
G(T"x, T" " x, 7" x) + G(T"x, T"x, T"x)
= G(T(T" ), T(T"x),T(T"x))
+  G(T(T"x),T(T" 'x),T(T" 'x))
<B4 2E(G(T" Lw, T(T" %), T(T" x))
+  GT(T" ), T X, T )
+  EG(T" X, T"x, T"x) + G(T"x, T" 'x, 7" 1x)]

= 3G % T, T") + G(T"x, T" 5, T" )]

IN

(38)"[G(x,Tx,Tx) + G(Tx,x,x)].
Therefore,
G(T"x, T" " x, T" 1 x) + G(T"x, T"x, T"x) < (3E)"[G(x, Tx,Tx) 4+ G(Tx,x,x)).
Then, we have

lim [G(T"x, T" ' x, T" %) + G(T"'x, T"x, T"x)] = 0, Vx € AUBUC.

n—oo

Using Lemma 2.6, we find that F5(T') # 0 for all € > 0. O

Now, we consider the contraction condition given in 2004 by V. Berinde, who also formulated

a corresponding fixed point theorem, (see [4]), for example.

Definition 3.13. Let A,B and C be non-empty subsets of a G-metric space X. A mapping
T:AUBUC — AUBUC satisfying T(A) C B,T(B) C C and T(C) C A is a weak contraction
if there exists @ € (0,1) and L > 0 such that for all x,y € AUBUC,

G(Tx,Ty,Ty) +G(Ty,Tx,Tx) < a[G(x,y,y) + G(y,x,x)] + L[G(y, Tx,Tx) + G(Tx,y,y)].

Theorem 3.14. Let A, B and C be non-empty subsets of a G-metric space X. Suppose that the
mapping T : AUBUC — AUBUC satisfying T(A) C B,T(B) C C and T(C) C A is a weak

contraction . Then for every € > 0, F5(T) # 0.
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Proof. Lete >0andx € AUBUC.

G(T"x, T" " x, T" " x) + G(T" ' x, T"x, T"x)
= a[G(T" "%, T(T"x),T(T"x)) + G(T (T"x),T" 'x, 7" 'x)

+LG(T"x, T"x, T"x) + G(T"x, T"x,T"x)]

< (a)"[G(x,Tx,Tx)+ G(Tx,x,x)|.
But a € (0, 1), therefore

lim [G(T"x, 7" x, T"x) + G(T" ' x, T"x, T"x)] = 0, Vx € AUBUC.

n—yoo

Now by Lemma 2.6 it follow that F5(T') # 0 for all € > 0. O
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