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Abstract: The blow-up of the solution to Black-Sholes equations with weighted nonlinear source was studied. We
obtained the lower bounds for blow-up time of the solution under different assumptions. Moreover, the
corresponding blow-up rate estimates was also established.
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1. Introduction

Blow-up solutions for nonlinear parabolic equations are discussed by many authors. The
Phenomena of the blow-up for nonlinear parabolic equations have been investigated extensively
by many authors. Wu [7] et al, Wang and He [8] studied the blow-up of the solutions for a
semilinear parabolic equation involving variable source and positive initial energy. Ding (cf.[9]
and [11] ) and Zhang [10] studied the global existence and blow-up solutions for the parabolic
problems. C. Enache [14], L.E. Payne, P.W. Schaefer [15] and L.E. Payne, J.C. Song [18]
discussed the lower bounds for the blow-up time to parabolic problems under Neumann
boundary conditions. L.E. Payne, P.W. Schaefer (cf.[16] and [17]) dealt with the bounds for the
blow-up time of the solution. Many approaches have been developed in discussing the upper or
lower bounds for the blow-up time of various nonlinear parabolic problems. However, the blow-

up rate of the solution to the problem with general nonlinearity is unknown. K. Baghaei, M.B.
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Ghaemi and M. Hesaaraki [6] studied the following semilinear parabolic problem with a variable

Source:

u; = Au +uP® x e Q,t >0,
u(x,t) =0 x€0Q,t>0,
u(x,0) = uy(x), x €Q,

Where Q ¢ RNY(N > 3) is bounded domain with smooth boundary. They obtained the lower
bound for the blow-up time in some appropriate measure.

In this paper we intend to study the Blow-up Phenomenon of forward parabolic PDE. Through
putting forward different assumptions, we obtain the lower bounds for the blow-up time of the
solution. Furthermore, we got the corresponding blow-up rate estimates. This paper is organized
as follows. In section 2 we established a model and in section three we will use two methods to

obtain the lower bounds for the blow-up time and blow-up rate estimates of the solution to (2.5).

2. The Model
The risk adjusted Black-Scholes equation can be viewed as an equation with a variable volatility
coefficient
1
0,V + 22052 (1 — u(S05V)3) 92V + rsogV =1V = 0, 2.2)

where o (S, t) represents volatility part of the process depends on a solution V = V(s,t) and u =
1

oL
3 (&2 o represent a trend or drift of the process, c is the transaction cost and R the portfolio
21

risk measure. If u = 0 we recover the equation discussed in [18].
Taking 62(s,t) = o2(1 — u(So2v (s, t))i, equation (2.2) becomes

0.V + L S202V + 135V — 1V = 0. 2.3)
By setting S = e*,u(x,t) = V(e*, t)and h(e*) = g(x), we obtain the following parabolic
PDE .

ou(x,t) 0%u ou(x,t) _
o %o~ (A— ) o + Au(x,t) =0,
ou(x,t) 0°u ou(x,t)
= A— —A ,t 2.4
1
2(14_ 2 3
where g(x) is the pay-off function. , @ = ZCE=#EIVEDE g g = .,

2

In this paper we are concerned with the blow —up phenomenon of the following problem:
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ou(x,t 0% ou(x,t
|( ulx )=a u+(A—a) uix )—Au(x,t) x€Qt>0.
ot 0x?
0 2.5
u(x,t)zOor%zO x€ENt>0 (2:5)
k u(x,0) =g(x) =0, x € N,

Where Q c RM(N > 3) is a smooth bounded domain, aa_n represents the outward normal

derivative on a2, g(x),is the initial value, 1 < p < 2. Set R* = (0, »).We assume throughout

the work, that (F1): f(x,s) is a nonnegative C*(Q x [0, %)) function, and (F 2)=fs+oo% Is

bounded for s> 0,bisaC?(R*) function satisfying 1<b,, <b'(s) <b,,,b"(s) <
0 foralls > 0.

The following condition will be required in our results:

(F3) There exist positive constants C;, C,, M, k,a nonnegative constant  and a positive function
m(x) € C(; RY) satisfy 0 <r <1< m_infieagm(x) <m(x) < my = supyegm(x) <

k + 1 such that
M

f(x,s) < Cy + Cys™ (j sm(x)dx> ,foralls = 0;
Q

(F4) There exist positive constants Cs, C4, k and a positive function m(x) € C(Q; R*) satisfy% <
m<m(x) <m,; < o,k >max{(n—1)(4m, — 3),1} such that
flx,s) <C3+ C4sm(");
(F5) There exist positive constant a such that
sf(x,s) =22(1+ a)F(x,s),

where F(x,s) = [, f(x,{)d{;
(Gl) for1<p <2,

j VglPdx < pJ f(x,g)dx
Q Q

3. Lower bounds for the blow-up time of the solution to equation (2.5)

In this section we will use two different methods to establish the lower bound for the blow-up
time and blow-up rate of the solution to equation (2.5) under different assumptions.

Defined
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G(s) = (k+ 1) [y n*b'(ydn, A®) = [, G(u(x,D))dx (3.1)
Where k is a positive constant?
Theorem (3.1) Let u be a nonnegative solution of (1.5) subject to Dirichlet (or Nenmann)
boundary condition,A(t) be defined as (3.1).Assume that f satisfies (F1),(F2) and (F3),then the
blow-up time t* is bounded from below by

f‘l‘(X) dn
t* > 7
A(0) Kin™ + Kon™2 (1 +n'")

Moreover, we have the following blow —up rate estimate

i 1
lu(., t)||Lk+1 = Sf"'l(t* —t) THmyM-T

Where K, K,, 11,15, r3and S; are positive constants which will be determined later.

Proof. Applying the divergence theorem and taking into account assumption (F3), we obtain

A =f G’(u(x,t))utdx
Q

=(k+1) fﬂ u*b’ (Wu.dx

=(k+1) [, uk[div(|Vu|P~2Vu) + f(x, u)]dx
(3.2)

=—k(k+1) J uk=17u|Pdx +J uf f(x,u)dx
Q Q

M
S Ck+1) [, uFdx + Gk +1) [, w*Tdx (fﬂ um@) dx) .

For each t > 0,we divide Q into two sets,
.Q.{<1} ={x € N:ulxt) < 1},[2{21} ={x € Q:u(x,t) > 1}

Now applying Holder inequality, we have

17 kit
f uk T dx < |QRFT (U idx) R+ (3.3)

and
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Sf um-dx+J u+dx (3.4)
Q 0
m_ my
k+1 k+1
m_ my
< f uk*ldx [z f uk*ldx Tolzs
Q Q
Substituting (3.3),(3.4) into (3.2),we obtain
_k_ k+r
k+1 k+1
1 1-r
A'(t) < C (k + 1)|Qlr+T f uk*tdx + C,(k + V|2 [k+1 f uk*tldx
Q 0
m_ m, M
Z=1 K+1 1
m_ m
I f wHidx | |0 R + f uk+dx |n|1‘k—++1| (3.5)
|\ ? |
k k+r+m_M m,—m_-M
k+1 k+1 k+1
25} | |
<K, f uktldx + K, f uktldx |1 + f uktldx i ,
o) 0 l ) J
1 K
where Ky = Cy(k + DIQfe ([, u**dx) " K, = C(k +
1-r M(k+1-m_) M(k+1-m4)
1)|_{2|k+1max{|ﬂ| k+1 |0 ke }
On the other hand.
A(t) =J G(u(x,t))dx quk“dx, (3.6)
Q N
Combing with (3.5),we have
k k+r+m_M my-m_M
A(6) < K (AT + Ky (A(r))  *HT [1+ (A(t)) 1 ] . (3.7)

Integrating (3.7) from 0 to t(t < t*),if lting*tA(t) = 400, we get

t* > J-+oo dn 3.8
= A(o) K177r1 +K2nr2(1+_r]3)1\/1' ( . )

k k+r+m_M my—me_
Wherer, = —,r, = T3 = ——.
k+1 k+1 k+1

Integrating (3.7) from t to t*,we obtain
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[o'e] + 00 dTI
t*—th f T T 3\M
A Ja) Kan™ + Kpn 2(1+1n3)

Obviously, @(A4)(t) is a decreasing function of A which means its inverse function @1 exists

= 0(4) (D), (3.9)

and it is also a decreasing one .Therefore, we have
Alt) = ¢71(t" - o), (3.10)

which gives the lower estimate of blow-up rate. In fact, if t is close to t* enough, such that

k+r+m M

Kom et > Kyn™t

using (3.9),we have

m+—m+M

* _ k41 :
=t 2 (A(®)) * (3.11)
which means that
k+1
2 k+1 r+myM—1 - k+;/1 . 312
t) = t* —t) rtmeM-1 :
()_(ZKZ(r+m+M—1)) (" -5 mem (312)
Since A(t) < by, [, u***dx, combing with (3.12),we have
1 _ k+1
lu(., )l s = SEF(E* — ) THmeM-T, (3.13)
k+1
_ 1 k+1 r+m4M-1
where $; = bis [2K2(r+m+M—1)]

Remark. This method is valid for 1 < p < oo and not to restrict the space dimension.
Theorem (3.2) .Let u be a non negative solution of (1.5) subject to dirichlet boundary
condition,A(t) be defined as (3.1) .Assume that f satisfies the condition (F1),(F2) and (F4), then

the blow —up time t* is bounded from below .We have

[
3(n—p)’
a

0 K
O Ky + leynk+1 + kegn3n—2p

And blow-up rate estimate

1 _3n—-4p
lu(, O)ll g = S (er — ) Pl+D)

where K3, K,, K and S, are positive constant which will defined later.
Proof. From (3.2) and (F4).we know that

A) = —k(k + 1)[ uk 1 |VulPdx + (k + 1)f ukf(x,u)dx
Q Q
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k—1+p

p
Vu 7 | dx+C3(k+ 1)f ukdx (3.14)
Q

< —k(k+1) (k_"ﬁ)p fn

+Cy(k + l)f ukFm& gy,
Q

Like (3.4).
J. uk+rm® gy < f uk+tm-dx +f uk+me gy, (3.15)
Q Q Q
By applying Holder inequality, we have
k(4n-3p)+p(n—3)+2n ma
f uktm-dx < |Q|M (f u 4(n-p) dx) (3.16)
o) Q
and
k(4n-3p)+p(n—3)+2n Ma
f uktmedx < |Q|Ms (f u 4(n-p) dx) , (3.17)
o) Q
where
—1— 4(n—-p)(k+m_) _ 4(n-p)(k+m_)
my = k(an-3p)+p(n-3)+2n ' 2 k(4n—-3p)+p(n-3)+2n’
4(n—p)(k +my) 4(n—p)(k +my)
m3 = 1

~ k(4n—3p) +p(n—3) + 2n /e = k(4n —3p) + p(n — 3) + 2n’
Substituting (3.16),(3.17) into (3.15) and using Young inequality, we get

k(4n—3p)+p(n—3)+2n
f uktm®ddyx < 1, + lzf u 4(n-p) dx, (3.18)
0 0]

where [; = (m; + m,)|Q|,l, = m, + m,. Substituting (3.18) into (3.14),we have

L
k+1

P 1
dx + C3(k + 1)|Q|x+1 (f yktt dx)
Q

’ p p _p
Q

k(4n—3p)+p(n—3)+2n

+ Cyly(k+ 1) + Cyly(k + 1)f u 4(n-p) dx. (3.19)
Q

We now make use of Holder inequality to last term on right side of (3.19) to get

N

k(4n-3p)+p(n—-3)+2n 4 k-1+p\n-p
f u 4(n—p) dx < <f uktt dx) f (u p > dx . (3.20)
N Q Q

Note that
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f () =

here C is the best Sobolev constant. By inserting (3.21) in (3.20) and using the Young inequality,

n

k—1+p|P n-p
dx> , (3.21)

Vu »

we have

np 3(n-p)

dx < (3"—4P)(Cszl"‘p fQ uk+1dx)3n—4p n

k(4n-3p)+p(n—-3)+2n
u 4(n-p)

4(n—p)e3n-p

14
dx. (3.22)

B k—1+p
ne(c)4n-p) L TE
( S) f V P

4(n-p)

Where € is a positive constant to be determined later. Combing with (3.22) and (3.19). we obtain

k 3(n-p)
k+1 3n—4p k—1+p|P
A()<K;+K, <] u"“dx) + Ks <J uk“dx) + K(,j Vu » | dx
0 0 N
3(n—-p)
k 3n—4p
<K;+K, (A(t)m + K5A(t)>
k-1+p|P
+ K6f Vu »p dx , (3.23)
n
where
np_
L (3n — 4p)(Cs)nP
K3 == C4_ll(k + 1), K4_ == C3(k + 1)|Q|k+1, Ks = C4,l2(k + 1) T )
4 —p)Y
np
ne(C;)*n-r) P\
K¢ = 1))————k(k+1 (—) .
6 = Caly(k +1) 2(n—p) k(k +1) K—1+p
If we choose € > 0 such that
o (—P Y
=) (r=h+7)
€ = D ,
C4lon(Cs)*n—p)
then,we obtain the differential inequality
k 3(n-p)
A() < Kz + K, (A(@®))*** + K5 (A(2)) 3. (3.24)
An integrating of the differential inequality (3.24) from 0 tot (t < t*) leads to
r d
t" = L (3.25)

k 3(n—p)’
A(0) K3 + K4T]k+1 + K5n3n_4p
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If tlirP* A(t) = +oo.Similar to (3.13),we get the lower estimate of the blow-up rate

1 3n-3p
lluC, Oll e = S (" — )P+, (3.26)
3n—4p
2b},KsP’

where S, =

Conclusion

The Blow-up Phenomenon of Black-Scholes PDE was studied. We did these by putting forward
different assumptions. We also obtain the lower bounds for the blow-up time of the solution and
the corresponding blow-up rate estimates.
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