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1. Geometry of inversion hypersurfaces in Euclidean space

In this section we review the classical theory of differential geometry on hypersurfaces in

Euclidean space R"*! [1, 13].

Let X : U — R""! be an embedding open subset of the Euclidian space R". Identify M and U
through the embedding X, i.e., M = X (U), in this case M is called hypersurface in R"*!. The
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tangent space of M at p = X (u), u € U is

2).¢
(1.1 ToM = (X1 (u),Xo(u), ..., Xn(1)). ,Xizw,
1
and the unit normal vector field along X : U — R"*! is given by:
X x X X ... XX,
[1X1 () X Xa () .. X X (u)
where
er e €n+l1
1yl 1
X Xy o Xy
X1 xXo X...xX, = )
2 y2 2
Xi Xy oo X
Xi Xy o Xy
where {eq,...,e,;1} is the canonical basis of the Euclidian space R"*! and

X, = (X', x?,....x" Y er,Mc R

A map G:U — S"*! defined by G(u) = N(u) is called the Gauss map of M = X (U), and the

derivative of the Gauss map dG(u) : T,M — T,M can be interpreted as a liner transformation on

the tangent space 7,M .The linear transformation S, = —dG(u) is called the shape operator (or

Weingarten map) of the hypersurface M = X (U ) . The eigenvalues of S, are called the principal

curvatures, and the eigenvectors of S, are called the principal directions on M. By definition,

kp is a principal curvature if and only if det(S, — k,I) = 0. The Gauss-Kronecker curvature

of M=X(U) at p=X(u) is defined to be K(u) = detS,. Since the set {X;|(i =1,...,n)} is

linearly independent, the Riemannian metric (first fundamental form) on M = X (U) is given by

ds?> =Y" | gijduidu;, where g;; = (X;(u),X;(u)) are first fundamental coefficients for any u € U.

The second fundamental coefficients /;; are given by /;; = (—N;(u),X;(u)) = (N(u),X;;(u)), for

any u € U. Recall the following Weingarten formula [13]:
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(1.3) Ni(u) = =1 (u)X;(w),
where llj(u) = Li(u) g (u), g4 (u) = (gkj(”))fl and g (u)g"/ (u) = 5ij-

By the Weingarten formula, the Gauss-Kronecker curvature is given by

. det(l,'j)

The point p = X (u) € M is a parabolic point if K(u) = 0.

The inversion hypersurface of M = X (U) with respect to a point ¢ € R" with inversion radius

p is the map [2]:

p*(X(u) —q)

X:U—-R", Xu) =g+
1X () — qI?

where M = X (U). The tangent space of M at p = X (u) is

S 2. X ()~ ) (X ) —g)

M) = T —qp (K1) O

20 (0). X () — g (X () —g)

0s) %) Xw—qF

1% () —q|1?

The unit normal vector field along X : U — R"*! is given by :

Since the set {X;|(i = 1,...,n)} is linearly independent, the Riemannian metric (first funda-

mental form) on M = X (U) is defined as:
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) n p 4 n

ds“ =) giiduidu; = (—) giiduidu ;,

L fucutts = ) —g] ) &S
_ _ 4

where g;; = (X, (1), Xy, (u)) = (m) gij are the first fundamental coefficients for in-

version hypersurface, and g on inversion Hypersurface is given by the relation:

p 4n
(1.7) 8= (m) g, &= det(g;j).

The second fundamental invariants are given by

ro_ ( p°lij 2p%(X (1) —q,N(u))gij
7\ IX () —ql? 1X (1) —q||*
for any u € U. We have the following Weingarten formula:

>, V uel,

(A8) B = @)% 0) = o5 (1) = g1 +20X ()= 0N () 8) % ).

where l_lj(u) = Iy (u)g" (u) and g"/(u) = (gr;(u))~!. By the Weingarten formula, the Gauss-

Kronecker curvature is given by:

. det(l;;)
u) = ——>—.
det(gaﬁ)

From equation (1.8) it is easy to see that the Gauss-Kronecker curvature can be written as:

(1.9

1 n
p? it

and the mean curveture is given by

(1.10) &) = = TT (1% () =gl +20¢ () = q.N(w)) 8 ).

(L11) A(u) = ;% (IX(U) — g|PH () + 20X (1) — ¢.N(w)) .
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For an inversion hypersurface X : U — R"*! the point ¢ = X(u) € M is a parabolic point if

R(u)=01[13].

Proposition 1. Let X : U — R is the inversion hypersurface to M, g = 0, and the support
function S(u) = (X (u),N(u)) to original hypersurfaces is zero then we have:
I)N(u) = —N(u).

2) the support function of M is zero.

Proof. 1) From equation (1.6) by putting ¢ = 0 we fined

G 2(X (u),N(u))(X(u
) = N + 2 (ﬂx ((u)>||>2( () _

and let S(u) = (X (u),N(u)) = 0. so we fined

2) From above we fined :

and from the definition of the inversion hypersurface by putting ¢ = 0 we fined:

o PPX(u)
X = X
X (u) _p?s(u)

Proposition 2. [13]: Suppose that M = X (U) is totally umbilic, then l_cp is constant k. Under
this condition, we have the following classification:

1) Ifk # 0, then M is a part of a hypersphere.

2) Ifk =0, then M is a part of a hyperplane.

Proposition 3. [13]: Let M = X(U) be a hypersurface in R**!.Then following are equivalent:
(1) M is totally umbilic with K = 0.
(2) The Gauss map is a constant map.

(3)M is a part of a hyperplane.
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2. Height functions on inversion Hypersurface

In this section we discuss the properties of important family of function on the inversion
hypersurface.

The Height function £ is define as the following [12, 14]:
h(u,v) :U xS" — R

by h(u,v) = (X(u),v) =h,on M =X (u),Yu € U C R",v € S".
These families of functions are introduced by Thom [3, 4, 7] for the study of parabolic points

and umbilical points.

Proposition 4. : Let X : U — R"! be an inversion hypersurface. Then

(1) h(u,v) =0 if and only if v =+ (N(u) — g&;—%&%) where §(u) = (X (u),N(u)) is the sup-

port function of inversion hypersurface.

(2) gif =0, (i=1,2,...,n) ifand only if v=+N(u)

Proof. (1) since {N(u),X;(u)}, i = 1,2,...,n is a basis of the vector space T,R""! where p =
X (u) then, there exist a real numbers ,q;, i = 1,2,...,n such that v can be written as linear

combination of the base as the following:
V= OCN(M) + OCiXi,

and since A(u,v) = 0 then:

Thus we have:

(2) since g—i‘ =0and v = aN(u) + o,;X; then:

()_(Mi(u),v> = <X,~(u), oN(u) + (Xij> =0

OC( z(u)’N<”>> + aj<Xi(u)7Xj> =0
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ocjg;j:O iOCjZO So

Proposition 5. : Let X : U x R"! be an inversion hypersurface, and h(u,v) : U x " — R be
the hight function on inversion hypersurface, suppose h(u,v) = 0, Then we have :

(1)v==+ (N(u) <Xi§<()—_->f0r5( )#0 on M.

(2)v==+N(u)for S(u) =0 on M.

Proof. From proposition (4), as section 1.

We assume that the support function is not zero, From Proposition 4, the catastrophe set C(h)

of his given as follows: [18, 19]

C(h) ={(u,v) €U x §"|v==+N(u)}.

For v = +N(u)} we have:

2 —

Fuga he,v) = Fj(w).
Therefore, for any v = N(u), det((h,)(u)) = det(aua h(u,v))(u,v)) = 0 if and only if

K(p) =0 (i.e;p = X (u) is a parabolic point).

Proposition 6. For any p = X (u) we have the following assertions, let v = N(u) then:
(1) p is a parabolic point if and only if det 7 ((hy)(u)) = 0.
(2) p is flat point if rank 7 (h,(u)) = 0.

Corollary 7. Let h(u,v) : U x S" — R be the hight function on an inversion hypersurface M =
X(u) and G(u) is the Gauss map, p = X(u) and let v = +N(u) = +G(u) then the following
statements are equivalent:

(1) p € M is a degenerate singular point of h,(u).

(2) p € M is a singular point of =G (u).

(3) K(u) =0.

Also the family of functions [12, 14]

h:Ux(S"<R) =R, h(uv,r)=(Xu),v)—r
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is called the extended hight function of M = X (u).

The catastrophe map of i (u,v) is define by:

So we can identify the Gauss map of M = X (u) with the plus component of the catastrophe map

EC(H)
3. Gauss Map of inversion hypersurface as Lagrangian and Legendrian
maps

In this section the singularities of Gauss map of inversion hypersurface using hight function
(extended hight function) using the theory of Lagrangian (Legendrian) singularities as a caus-

tics (a wave front) in the framework of symplectic (contact) geometry are obtained [11].

For the height function / of the inversion hypersurface X : U — R**!, We have the following:
Proposition 8. The hight function h: U x S" — R of M = X (u) is Morse families of function.

Proof. for any v = (v{,va,...,vpt1) € S" we have v% —l—v%+ +vﬁ+1 =1 let v,,1 > 0 then we

have v, 1 = \/ 1 — (vi4+v3+...+v2) so the hight function becomes

h(u,v) = x1(u)vi +x2(u)vo + ... + x5 (1) vy —I—xnﬂ(u)\/l — (V34 ..+

now should be prove the mapping

>

Q|

7_ (0h 0 d
Ah—(a—ul,a—uz,..., un)

is non singular at any point.
The jacobian matrix of A# is given as follows:
o(2h oh . oh
- - duy’ dup """ duy,

Ah) = D(/\h) = =
J(Lh) (&h) O (U1, U, ey Uy, V1, V2, ey Vi)
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Xisv) o Kinv) X = X150 Xl = X115
b
\ _ Vi Vn
<anav> <Xnnav> Xln — anrlnv+1 o Xpn T n+1nanrl
where x; ¢ = g;’
o

will shown the rank of below matrix is n at (u,v) € C(h)

v v
XL =X LIy el XI5
A=

v v
xl,n_xn—i—Lnﬁ xn,n_xn—l—Lnﬁ

Xi1

i2

let C; = ,i=1,2,...,n+1
Xin

i.e., it should be prove that the rank of matrix

= V1 V2 Vn
A= (Cl_Cn—H_aCZ_Cn—H_7---,Cn_Cn+1 )
Vn+1 Vn+1 Vn+1

is n at (u,v) € C(h) so

xll_xn+1,1‘,+1 Xn,1 — , V+1
det(A) =
Va
Xl,n — n+1nvi1 o Xpan T n+lan
X110 0 Xpl Xn411 X1,1 0 Xpl Xpdll
(=1)"
= | Xtpn 0 Xnn Xpt11 | T Vi1 Xin *° Xun Xp41,1
n
Vi Vn Vnt1
Vnt1 Vit 1 Vit1 Vi Vno Vil
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= U ) M ve = T8 20

Vn+1 Vn+1

For (u,v) = (u,N(u)) € C(h). This completes the proof of the proposition.

We can define a Lagrangian immersion germ whose generating family is the height function
of M = X(U) as follows [13, 18]:
For the n — sphere  S", we consider the local coordinate U; = v = (v, Vv, ...,Vu11) € §"|v; # 0.

Since T*S"|U; is a trivial bundle, we define a map
Li(h) :C(h) = T*S"|U;i(i=1,2,...,n)

by

Vi Vi Vi

Li(h) (u,v) = (v,x1 () — xi(u) —, oo xi () — x;(u) =, o, X (1) — x; (1) =),

Vi v,-’ Vi
where (vi,v2,...,v,41) € S" we denote (x1,...,X;,...,X,+1) as a point in the n- dimensional space
such that the i-th component x; is removed.
By definition, and by analogous to the results in [12, 13, 14, 18] we have the following

corollary of the above proposition:

Corollary 9. Under the above notations, L(h)is a Lagrangian immersion such that the height

function h: U x S* — R of M = X(U) is a generating family L(h).

Therefore, the plus component of the Lagrangian map o L(h) can be identified with the
Gauss map of M = X (U) . We also call L(h) the Lagrangian lift of the Gauss map G : U — S"
of M =X(U).

On the other hand, we consider the extended height function h:U X (S"<xR) - Rof M =

X (U), We have the following proposition.

Proposition 10. : The extended hight function h: U x (S* x R) — R of M = X (u) is Morse

families of function.

Proof. The proof is the similar calculation as the case for the height function.

forany v = (vi,v2,...,vpt1) € " we have v% +v% + ... +v,%+1 = 1let v,41 > 0O then the extended

hight function takes the form:
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v, r) = 61 (V1 2202 + 0 (1)1 (1)1 = (F 13+ +92) —

From Legendrian singularities then, one can prove that mapping

xT oh  oh oh
Arh = (h’ Juy’ duy? "’8u,,>

is non-singular at any point in ¥, (h) = A*h(0). The Jacobian matrix of A*/ is given as follows:

<X1,V> <Xnav> X1 _xn+1‘,+1 Xn n+lm -1
Xi,v) o Kiev) X =Xk Xnl = Xn1155 0
<anyv> <Xnnyv> xln_xn+1nvnJrl Xn _XnJrannJrl 0

Using the some terminology used in proposition (8) it is easy to show that the rank of the matrix:

Xn,1 —

V+1

X1,1 —)Cn+1,1vn+1

V1
Xn = Xnt+lny, "7 0 Xnn T nJrlnanrl

equal n at (u,v,r) € ¥.,.(h). thus, we have the proof.

We can also define a Legendrian immersion germ whose generating family is the extended
height function of M = X (U) as follows (see [13, 18]). For the n — sphere  S", we we consider
the local coordinate U; = v = (vi,v2,...,vpt1) € S*|vi #0. Since PT*(S" x R)|(U; X R) is a

trivial bundle, we define a map

6i(h) - X.(W)|U x (Ui x R) = PT*(S* X R)|(U; x R)(i = 1,2,....,n)

() Gy v, 7 0y e () — i) 22 i) — i) 2 () — xi() ) 1)),

Vi Vi Vi

where (vi,vp,...,v,11) € S we denote (xy,...,X;,...,X,+1) as a point in the n- dimensional
space such that the i-th component x; is removed.

Therefore we can define a global Legendrian immersion, ¢;(h) : ¥ (h) — PT*(S" x R).

By definition, and by analogous to the results in [12, 13, 14, 18] we have the following

corollary of the above proposition:
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Corollary 11. Under the above notations, L(h)is a Legendrian immersion such that the ex-
tended height function h: U x (S" x R) — R of M = X (U) is a generating family {(h).

Therefore, we have the Legendrian immersion ¢(/) whose wave front is the cylindrical pedal

of M = X(U) We call £(h) the Legendrian lift of the cylindrical pedal CPey; of M = X (U).

4. Contact with hypersurfaces

We start to review the theory of contact due to Montaldi [5, 6].

Let X;, Y; ,(i = 1,2) be submanifolds of R" with dimX; = dimX, and dimY| = dimY,. We say
that the contact of X and Y] at y; is of the same type as the contact of X, and Y, at y, if there
is a diffeomorphism germ ¢ : (R",y;) — (R",y?) such that ¢ (X;) = X, and ¢(Y}) = Y>. In this
case we write K(X1,Y1;y1) = K(X2,Y2;y2). Itis clear that in the definition R” could be replaced
by any manifold.

Two function germs g1;82 : (R";a;) — (R;0)(i = 1;2) are K-equivalent if there are a diffeo-
morphism germ ¢ : (R";a;) — (R";az), and a function germ ?f : (R";a;) — R with B(a;) #0
such that g = B.(g209).

In [5] Montaldi has shown the following theorem.

Theorem 12. Let X;, Y;, (i = 1,2) be submanifolds of R" with dimX, = dimX, and dimY, =
dimY,. Let g; - (X;,x;) — (R",y;) be immersion germs and f; : (R,,y;) — (RP,0) be submersion
germs with (Yi,y:) = (f;1(0),y:). Then K(X1,Y1;y1) = K(Xa,Ya;Y2) if and only if f 0 g, and

J20g2 are K-equivalent.

On the other hand, we define the following functions:

AR ST 5 R; FC(x,v) = (x,v),
%/Z:R"HX(S”XR)%R; %(x,v,r)z(x,w—r.
Now consider the contact of hypersurfaces with hyperplane. For any v € §* we denote that

by (x) = #(x,v) and we have a hyperplane b, ! (r). We denote it as (v, 7). For any u € U, we
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consider the unit normal vector v = N(u) and r = (X (u),N(u)), then we have
hyoX(u) = A o(X xids)(u,v) = h(u,N(u)) =r.

‘We have the relation

obh,oX(u) oh, . B
Tow 8u,( u,N(u)) =0,

for i = 1,2,...,n. This means that the hyperplane b, ! (x) = 2 (x,v) is tangent to M = X (U)
at p =X (u). so, h(v,r) is the tangent hyperplane of M = X(U) at p = X (u) (or, u), which we
write h(X (U),u). Let vy, v, be unit vectors. If v{,v, are linearly dependent, then corresponding

hyperplanes /(vy,r1),h(v2,r2) are parallel. Then we have the following lemma:

Lemma 13. Let X : U — R""! be an inversion hypersurface. Consider two points uy,u, € U.

Then
(1) CPeM (u1) = CPeM (uz) if and only if (X (U),u;) = h(X(U),uz).
(2) G(uy) = G(up) if and only if (X (U),uy),h(X(U),uz) are parallel.

we call (X1 ((X(U),u)),u) the tangent indicatrix germ of M = X (U) at u (or p).we can
borrow some basic invariants from the singularity theory on function germs [8]. We can denote

that:

G U)
(X (), N (uo)) —ro,<X( ):N(wo)))cz,

where ro = (X (uo),N(up)). T —ord(X(U),up) is called the K-codimension of %(vo, ro). How-

T —ord(X(U),up) = dim

ever, we call it the order of contact with the tangent hyperplane at X (up). We also have the

notion of corank of function germs.
T — corank(X (U),up) = n— rankHess(hy,(u)),

where vo = N(up).

By Proposition 7, X (up) is a parabolic point if and only if T — corank(X (U),uo) > 1. More-
over X (ug) is a flat point if and only if T — corank(X (U),ug) = n.

On the other hand, a function germ f : (R",a) — R has the Ay — type singularity if and
only if f is K-equivalent to the germ xlf“ +x3 4 £x2 If T —corank(X(U),up) =n—1,

the height function A, has the Ay — type singularity at up in generic. In this case we have
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T —ord(X(U),up) = k. This number is equal to the order of contact in the classical sense (cf.,
[9]). This is the reason why we call T — ord(X (U),ug) the order of contact with the tangent

hyperplane at X (u).

5. Inversion hypersurfaces in four space E*

The classification of the singularities depends on the following theorem:

Theorem 14. If the support function of the main hypersurface is not defined then the Gauss

map of the main and the Inversion hypersurface has the same singular pint.

Proof. From proposition 1 we have N(u) = —N(u) .

We assume that the support function of the main hypersurface is defined,Using the classi-
fication singularities on stable Legendrian mappings which introduced by Thoms Elementary
Catastrophes theorem:

LetG: (U,up) — (R*,vg) be the Gauss map of an inversion hypersurface X and h,, : (U, ug) —

R be the height function germ at vo = G(up) = N(up). Then we have the following theorems:

Theorem 15. u is a parabolic point of X if and only if T — corank(X (U),up) > 1 (i.e.,uq is not
a flat point of X ).

If ug is a parabolic point of X, then %( has the Aj-type singularity for k =2, 3,4 or D4

V0,70)

singularity where %(V()Jo) (1) = hy,(u) —ro.

Theorem 16. Assume ug is a parabolic point of X. Then the following statements are equiva-
lent:

(a) The cylindrical pedal CPey; has a cuspidaledge at uy.

(b) %(VOJO) (u) has Ap-type singularity.

(c) T —ord(X(U),up) = 2.

(d) Tangent indicatrix (X' (h(X(U),uq),uo) is a surface C R?, and it is diffeomorphic to the
surface given by {(u,v,w) : u> £v> +w? =0},

(e) For each € > 0, there exist two distinct points uy,uy C U such that |ug — u;| < € for i =
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1, 2, both of ui,uy are not parabolic points and the tangent planes to M = X(U) at uy,u, are
parallel.
(f) The Gauss map G is the fold at u.

Theorem 17. Assume ug is a parabolic point of X. Then the following statements are equiva-
lent:

(a) The cylindrical pedal CPey; has a swallowtail. at uy.

(b) iz/(v()’m) (u) has As-type singularity.

(c)T —ord(X(U),up) = 3.

(d) Tangent indicatrix (X~ (h(X(U),uq),uo) is a surface C R3, and it is diffeomorphic to the
surface given by {(u,v,w) : u* £v2 £ w? = 0}.

(e) For each € > 0, there exist two distinct points uy,up,us C U such that |ug — u;| < € fori =1,
2, 3 both of uy,us,us are not parabolic points and the tangent planes to M = X (U) at uy,us,u3
are parallel.

(f) The Gauss map G is the cuspidaledgeat uy.

Theorem 18. Assume u is a parabolic point of X. Then the following statements are equiva-
lent:

(a) The cylindrical pedal CPey; is a butterfly at uy.

(b) Z(Vomo) (u) has Ag-type singularity.

(c) T —ord(X(U),up) = 4.

(d) Tangent indicatrix (X~ (h(X (U),uq),uo) is a surface C R®, and it is diffeomorphic to the
surface given by {(u,v,w) : u> £v> +w? = 0}.

(e) For each € > 0, there exist two distinct points uy,u,u3,us C U such that |ug — u;| < € for i
=1, 2, 3, 4 both of uy,us,u3,uy are not parabolic points and the tangent planes to M = X (U)

at uy,uy,us,us are parallel.

(f) The Gauss map G is the swallowtail at uy.

Theorem 19. Assume u is a parabolic point of X. Then the following statements are equiva-
lent:

(a) The cylindrical pedal CPey; is a ell/hyp umbilic at uy.
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(b) Z(Vomo) (u) has D14-type singularity.

(c)T —ord(X(U),up) = 4.

(d) Tangent indicatrix (X~ (h(X (U),uq),uo) is a surface C R®, and it is diffeomorphic to the
surface given by {(u,v,w) : £u® +v?>v+w? =0}.

(e) For each € > 0, there exist two distinct points uy,up,u3,us C U such that |ug — u;| < € for i
=1, 2, 3, 4 both of uy,us,u3,uy are not parabolic points and the tangent planes to M = X (U)
at uy,uy,us,us are parallel.

(f) The Gauss map G at uy is diffeomorphic to the functions:

{_V”+V\/§\/ 4"2"‘3”2,% (—4V2—M (314—}—\/5\/ 4v2—|—3u2)> ,u}
{—vu+V\/§\/ 4v2+3u2,%u <3u+\/§\/m> ,u}

corresponding to D 4,D_4 respectively.

Proof. We have shown in section that ug is a parabolic point if and only if T — corank(X (U),ug) >
1. Since n = 4, we have T — corank(X(U),up) < 3. Since the extended height function germ
h:U x (8" x R) — R can be considered as a generating family of the Legendrian immersion

germ /¢ (%) ,Z( ) has the Ay-type singularity for k = 1, 2, 3, 4 or D4 singularity.I.e the corank

V0,70
of the Hessian matrix of the extend height function at (ug, vo)(parabolic point)equal to one.
For theorem 16 using the above same way we find; If the rank of the Hessian matrix of the

extend height function is equal to two then E( have A,-singularity and using the theory of

v0,70)
Legendrian singularities we find CPej; has a cuspidaledge and so the T — ord (X (U),up) = 2
conditions (a),(b),(c) hold (respectively, theorem 17; (a),(b),(c), theorem 18; (a),(b),(c), theorem
19; (a),(b),(c)).

If Z(VOJO) has A,-singularity,then it is K-equivalent to the germ > +v? 4 w?, Since the K-
equivalence preserves the zero level sets, the tangent indicatrix is diffeomorphic to the surface
given by u® £1? £w? = 0.

Form for the As-singularity is given by u* 4= v> & w? , so the tangent indicatrix is diffeomor-
phic to the surface given by u* +v> £w? =0.

Form for the A4-singularity is given by u° 4= v> & w? , so the tangent indicatrix is diffeomor-

phic to the surface given by u® +v> £w? =0.
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Form for the D..4-singularity is given by £u> 4+ v?u=4w? , so the tangent indicatrix is diffeo-
morphic to the surface given by +u’ +1v>u+w? = 0.

This means that the condition (d)in theorem 16 (respectively,theorems 17, 18, 19; (d)) is also
equivalent to the other conditions.

The parabolic sets for this case are given as A, A3, A4, D14 and D_4 which are equivalent to

u =0 (plane), 6u®+v =0 (fold), 10u> +3uv+w =0 (cusp), 3u? +w? 4 uv =0and 3u? —w? +
uv = 0 respectively as shown in the last four figure in [12,13].

According to the classification results on stable Legendrian mappings, we have also can give
the classification of the singularities sets for the map germ f : (R?,0) — (R*,0) are given by:
As, Az, Ay, D14 and D_4 which are given analytically through the sets:

{u,v,w,0}, {2u3, 3u?, v,w}, {3u4 +u?v, 4u + uv, v,w},
{4u5 + 23+ wu?, Su® + 3u?v + 2uw, v, w}, {2u3 + 2uv? + v w, 2uv + 2vw, 3u? + 12, w}

and {2u® — 2uv? —v?w, 2uv + 2vw, 3u* —v?, w} respectively.

Remark 20. The geometrical interpretation of theorems 16, 17, 18 and 20 are given though

figures [1,2,3,4,5,6,7,8,9, 10,11]
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FIGURE 1. Tangent indicatrix for theorem 16

FIGURE 2. cuspidaledge and fold (theorem 16)
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FIGURE 3. Tangent indicatrix for theorem 17

V\.

FIGURE 4. swallowtail and cuspidaledge (theorem 17)

FIGURE 5. Tangent indicatrix for theorem 18

FIGURE 6. projection of butterfly on some hyperplane (theorem 18)
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p

FIGURE 7. Tangent indicatrix for theorem 19

>

FIGURE 8. projection of D4 on some hyperplane (theorem 19)

FIGURE 9. the shape of Gauss map (D_4) (theorem 19)

FIGURE 10. projection of D_4 on some hyperplane (theorem 19)
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FIGURE 11. the shape of Gauss map (D 4) (theorem 19)

FIGURE 12. the shape of parabolic set in case A3z, A4

\/

FIGURE 13. the shape of parabolic set in case D4, D_4




