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1. Introduction

Most of the real life problems have various uncertainties. The Theory of Probability,
Evidence Theory, Fuzzy Set Theory, Intuitionistic Fuzzy Set Theory, Rough Set
Theory etc. are mathematical tools to deal with such problems. In 1999, Molodtsov [4]
introduced the Theory of Soft Set and established the fundamental results related to
this theory. In comparison, this theory can be seen free from the inadequacy of
parameterization tool. It is a general mathematical tool for dealing with problems in

the fields of social science, economics, medical sciences etc. In 2003, Maji, Biswas
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and Roy [2] studied the theory of soft sets initiated by Molodtsov. They defined
equality of two soft sets, subset and super set of a soft set, complement of a soft set,
null soft set, and absolute soft set with examples. Soft binary operations like AND,
OR and also the operations of union, intersection were also defined. In recent times,
researchers have contributed a lot towards fuzzification of Soft Set Theory.
Combining fuzzy sets with soft sets, Maji et al. [3] introduced the notion of fuzzy soft
sets. They studied some properties regarding fuzzy soft union, intersection,
complement of a fuzzy soft set, De Morgan Law etc. These results were further
revised and improved by Ahmad and Kharal [1]. They defined arbitrary fuzzy soft
union and intersection and proved De Morgan Inclusions and De Morgan Laws in
Fuzzy Soft Set Theory. In 2011, Neog and Sut [6] put forward some propositions
regarding fuzzy soft set theory. They studied the notions of fuzzy soft union, fuzzy
soft intersection, complement of a fuzzy soft set and several other properties of fuzzy
soft sets along with examples and proofs of certain results. In this paper, we have
defined disjunctive sum and difference of two fuzzy soft sets. The notions of « - cut
soft set and « - cut strong soft set of a fuzzy soft set have been put forward in our
work. Some related properties have been established in our work with supporting
proof, examples and counter examples.

2. Preliminaries

In this section, we first recall the basic definitions related to fuzzy soft sets which
would be used in the sequel.

Definition 2.1 [4]

A pair (F, E) is called a soft set (over U) if and only if F is a mapping of E into the set
of all subsets of the set U.

In other words, the soft set is a parameterized family of subsets of the set U. Every
set F(¢),& € E, from this family may be considered as the set of & - elements of the

soft set (F, E), or as the set of &- approximate elements of the soft set.

Definition 2.2 [3]

A pair (F, A) is called a fuzzy soft set over U where F:A— IS(U) is a mapping from
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Ainto 5(U) :

Definition 2.3 [1]

Let U be a universe and E a set of attributes. Then the pair (U, E) denotes the
collection of all fuzzy soft sets on U with attributes from E and is called a fuzzy soft

class.

Definition 2.4 [3]

A soft set (F, A) over U is said to be null fuzzy soft set denoted by ¢ if

Vee AF(g) isthenull fuzzy set 0 of U where 0(X) =0vxeU .

We would use the notation ( ,A) to represent the fuzzy soft null set with respect to

the set of parameters A.

Definition 2.5 [3]
A soft set (F, A) over U is said to be absolute fuzzy soft set denoted by A if
Ve e AF(g) isthe absolute fuzzy set 1 of U where 1(x) =1vx eU.

We would use the notation (U,A) to represent the fuzzy soft absolute set with

respect to the set of parameters A.

Definition 2.6 [3]

For two fuzzy soft sets (F, A) and (G, B) in a fuzzy soft class (U, E), we say that (F, A)
is a fuzzy soft subset of (G, B), if

(i) AcB

(ii) Forall ¢€A, F(g)gG(g) and is written as (F , A) < (G, B).

Definition 2.7 [3]
Union of two fuzzy soft sets (F, A) and (G, B) in a soft class (U, E) is a fuzzy soft set
(H, C) where C=AuUB andVeeC,

F(e), if cec A-B
H(g) =1G(¢), if eeB-A
F(e)uG(e), if e ANB

and is written as (F, A)O(G,B)=(H,C).
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Definition 2.8 [3]

Intersection of two fuzzy soft sets (F, A) and (G, B) in a soft class (U, E) is a fuzzy

soft set (H, C) where C=AnBand VeeC,H(e)=F(s) or G(e) (as both are
same fuzzy set) and is written as (F, A)™(G,B)=(H,C).

Ahmad and Kharal [1] pointed out that generally F(&) or G(¢) may not be identical.

Moreover in order to avoid the degenerate case, he proposed that ANBmust be
non-empty and thus revised the above definition as follows -

Definition 2.9 [1]

Let (F, A) and (G, B) be two fuzzy soft sets in a soft class (U, E) with

ANB #¢@.Then Intersection of two fuzzy soft sets (F, A) and (G, B) in a soft class (U,
E) is a fuzzy soft set (H,C) where C=AnBand VeeC, H(e)=F(e)nG(e). We
write (F, A)A(G,B)=(H,C).

Definition 2.10 [5]

The complement of a fuzzy soft set (F, A) is denoted by (F, A)° and is defined by
(F, AC = (F, A) where F®:A—> IS(U) is a mapping given by Fc(a):[F(a)]C,
VaeA.

Definition 2.11[3]
If (F, A) and (G, B) be two fuzzy soft sets, then “(F, A) AND (G, B)” is a fuzzy soft

set denoted by (F, A)A(G,B) and is defined by(F,A)A(G,B)=(H,AxB) , where
H(e, f)=F(a)nG(B), YacA and VBeB , where N is the operation

intersection of two fuzzy sets.
Definition 2.12[3]
If (F, A) and (G, B) be two fuzzy soft sets, then “(F, A) OR (G, B)” is a fuzzy soft set

denoted by (F,A)v(G,B) and is defined by (F,A)v(G,B)=(K,AxB) , where

K(a, f)=F(a)UG(#), VaeAandVBeB ,where U is the operation union of

two fuzzy sets.
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3. Some New Operations on Fuzzy Soft Sets

Definition 3.1 (Disjunctive Sum of Fuzzy Soft Sets)

Let (F,A)and(G,B)be two fuzzy soft sets over (U,E). We define the disjunctive
sum of (F,A) and (G,B) as the fuzzy soft set (H,C) over (U,E) , written
as(F, A)®(G,B)=(H,C), where C=AnB=¢ and VeeC, xeU,

Hri () (%) = max{min{ e ) (.1 gz () ) Minll— g ) (X), 16 (2) (X))
Example 3.1

Let U={a,b,c} andE ={e1,€0,63,64 ), A={e1,e0,64JcE,B=1{e,6,,65}cE

(F,.A)  ={F(e)={(a0.1).(b:0.2)(c.04)}, F(es)={207)(b0)(c03)},
F(e4) ={(,0.6),(0,0.1)(c,0.9)}}
(G,B) = {G(e;) = {(2,0.6),(0,0.7),(c,0.8)}, G(e2) ={(2,0.1),(b,0.5),(c,0.4)},

{@0).(b0),(c01)}

Then (F,A)®(G,B)=(H,C) where C=AmB={el,e2} and

G(e3)

(H,C)
={H(e1) = {a max(minlr e, (@) 1 - ey (@) hmin{l— e e, (@), 16ey) (@) )
(b max{minl e e, (0) 1 6 ey ) (0) pminL— 11 (e, (0). a1 ey ) (0) )
(6 max{min{ze (e, (€)1~ Hey) (O pminll— e, (©), i ey) @)
H(e2) = {a max{minlr e, ) (8) 1~ 116 e, ) () hMinlL— 11re,) (@), £iG(e,) (@)
(b, max{minlur e, (01— G (e,) D) hminlL— 2 e,) (b). t1Ge,) (0)))
(e maxminluee e,) (€)1~ H(e,) OV hMinlL— p15 e,) (€), ;) )
={H(ey) = {(a, max(min(0.1,1-0.6), min(1—-0.1,0.6))),
(b,mafmi(0.21-0.7)mi1-0.2,0.7)))
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(c, max(min(0.4,1—0.8), min(1—0.4,0.8)))},
H(e,) = {(@ max(min(0.7,1-0.1), min(1-0.7,0.1))),
b,magmif01-0.5)mi(i-005))
(c,mafmi(0.31-0.4)mifA-0.304))}}
{(a, max(min(0.1,0.4), min(0.9,0.6))),
(b,mafmi(0.2,0.3)mi(0.80.7)))
(c,mafmi(0.4,0.2)mi(0.6,0.8))),
H(ep) ={amabmi(0.7,0.9)mi(0.30.1))),
b,mafmi(0,0.5)mif,0.5)) (c,mafmif0.306)mi(0.7,04))}}
={H(e1) = {2.06), (5.07) (c0.6)} H(ez) ={2.0.7). (b.05), (c.0.4)}}

Proposition 3.1

={H(e)

Let (F,A)and(G,B)be two fuzzy soft sets over (U, E). Then the following results
hold.

(i) (F,A®(G,B)=(G,B)®(F,A)

(i) (F,A®(G,B)&(H,C))=((F, A& (G,B))®(H,C)

Proof. The proof is obvious and follows from definition.

Proposition 3.2

@) F,AS@A =(F.A

(i) (F,A®U,A =(F,A°

Proof.

(i) Let(F,A)®(p,A) =(H,C), where C=AnA=A andVeeC=AxeU, we
have

#r() (%) =max{min( e () ().1-0) min{L— ¢z (%).0)

= max{min(zg () (X)) min{l— 2 () ().0))
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= max| gz (%).0)
= Hr(e) (¥)
It follows that (F, A)® (¢, A) =(F, A)
(i) Let(F,A)®(U,A) =(H,C), where C=ANA=A andVeeC=AxeU, we
have
Hri () (%) = max{min{ e ) ().1-1) min{l— g () (9).1))
— max{minlyse o (9 OpminfL— e ) (9.1)
=max{0.1— s () (X))
=1-pr ) (X)

It follows that (F, A)® U, A) =(F, A)°
Definition 3.2 (Difference of Fuzzy Soft Sets)

Let (F,A)and(G,B)be two fuzzy soft sets over (U,E). We define the difference of
(F,A) and (G,B) as the fuzzy soft set (H,C) over (U,E) , written
as (F,A)@(G,B):(H,C) , where C=AnB=z¢ and VeeC , xeU,

HH(e) ()= min(ﬂF(e) (X)il_/uG(g) (X))
Example 3.2

We take the fuzzy soft sets (F,A) and (G,B) given in Example 3.1.

Let(F, AO(G,B) = (H,C), where C=AnB={gj,e,} . Then

(H,C)

={H(er) = {a. minlur (e)) (@)1~ 5 (e;) @), lo.minluer e, ()1~ pi6(ey) ),
(e.minlue e, (€)1 ti6(e;) ©) ), Hiez) = {aminlur e, (@) 1- g (e,) (@)
b, min{zg e, () 1~ i e,) (0))). (& minler e, (€)1 tiG(e,) (©)))

={H(e;) = {(a, min(0.11-0.6)), (b,min(0.21-0.7)), (c,min(0.41-0.8))},
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H(e) =1

={H(ey) ={(a min(0.1,0.4)), (b,min(0.2,0.3)), (c,min(0.4,0.2))},
H(ey) ={ami(0.7,0.9)), (b,mi0,0.5)), (c,m i (0.30.6))}

={H(e)) ={(a,0.2), (0,0.2), (c,0.2)}, H(ez) = {(2,0.7), (b,0), (c,0.3)}}

Also, let (G, B)@(F,A):(I,C) where C=AmB={e1,e2} and

(a,min(0.71-0.1)), (b,min(01-0.5)), (c,min(0.31-0.4))}

(1,c) ={l(e) ={(a,min(0.6,0.9)), (b,min(0.7,0.8)), (c,min(0.8,0.6))},

1(e)={(amif0.103)), (b,mi(051)), (c,mi(0.40.7))}
={1(ey) ={2.056) (0.0.7), (c.06)}, 1(e2) ={(2.0.1), (005, (c.04)f}
It follows that (F, A)O(G, B) = (G, B)O(F, A) .
Proposition 3.3

(i) (F,AB(p,A) =(F,A)

(i) (F, AU, A =(¢,A)

Proof.

(i) Let (F,A)O(p,A) =(H,C), where C=ANA=A and VeeC=AxeU, we
have

Hra(e) (%) =minlpg () (01-0)  =minup) (01) =)

It follows that (F, A)O(p, A) =(F, A)

(i) Let (F,A®U,A) =(H,C), where C=AnA=A andVeeC=AxeU, we
have

Hri(z) () =minlug ) ()1-1)  =min(ug(z)(0)0) =0

It follows that  (F, AOU, A) =(¢, A)

Definition 3.3 (a—Cut Soft Set of a Fuzzy Soft Set)

Let (F,A) be a fuzzy soft set over(U,E). We define the a—cut soft set of the
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fuzzy soft set (F, A), denoted by (F, A), as the soft set(F,, A), where
Vee AF,(g) ={X:,u,:(g)(x)Za;XeU,ae[O,l]}
Example 3.3

Let U={ab,c} andE={e1,e5,63,64}, A=1{e;,e5,64}E. Let us consider a fuzzy

soft set (F,A)as

(F,A)={F(e;) = {@,05)(b,04),(c.0.9)} F(er) = {a0.7).(0,0.2),(c,0.6)}
F(e4) ={(2,0.6),(b,0.1)(c,0.8)}}

Leta =0.4<[01]. Then

(FAls =(FoaA) ={Foaler)=fabich Foaler) ={ach Fosles) ={ac))

Definition 3.4 (a—Cut Strong Soft Set of a Fuzzy Soft Set)

Let (F,A) be a fuzzy soft set over (U,E). We define the «a—cut strong soft set of
the fuzzy soft set (F, A), denoted by (F, A, as the soft set(F,,, A), where
Vee AF, (&)= {X up(g)(X) > xeU,a e[O,l]}

Example 3.4

We take the fuzzy soft set (F, A)given in Example 3.3 Then

(F.ANoar =(Foar A ={Foas(e)={ac} Foas(€2) ={ach Foa(es) =tac))
Proposition 3.4

Let (F,A),(G,B) be two fuzzy soft sets over (U, E). Then the following results hold
for allx [0/]].
() (F,AE(GB) =(F,AyE(G.B)y . (F A gy E(G,B)gy
i) (F.ASGB), =(F.A;I@GB) ,
(F.ATG.B)yy  =(F,A)gr O(G,B)gs

(i) (F,AA(G,B), =(F,Ay,"GB), ,
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(F.AAGB))y, =(F.A)gr N (G,B) gy

iv) (F. A% =(F.A° @-a)+
Proof.

(i) Let(F,A) S (G,B) .Then AcB and VeeAXeU,up)(X) < ugs) (X)

We assume that there is , €[01] suchthat (F,A), Z(G,B), .

Now (F,A), =(F, A ={F, (¢):ecAf

Then there exists x, € F, (¢),X, €U suchthat x, G, (&) foratleastoneseA.
i.e. HF (5) (X)) >a.and HG(¢) (X,) <a, . This is a contradiction, since Vee A XxeU,
HE(g) (X) < () (X)

Thus for all« e[0,1]and Ve € A F,, () =G, (€) .

It follows that (F,A), <(G,B), -

The reverse inclusion here is not valid as is obvious from the following example —

Example 3.4

Let U={ab,c} andE={e1,e,,63,64}, A={e;, e} cE,B={e, 05,4} E

(F,A) = {F(e) = {(2.0.1),(b,0.2).(c,0.4)}, F(e2) ={(a,0.6),(0,0.1),(c.0.9)}}

(G,B) = {G(e)) ={(a,0.6),(0,0.7),(c,0.8)}, G(e2) = {(2,0.3),(0,0.1),(.0.4)},
G(es) ={(2,0),(0,0),(c06)}

Here

={Fo2(e1) =1{b.c}, Fo2(e2) ={acf}

= {Go(e1) =fab,c} Goa(e2) = fach Goales) = fc))

—

F,A)2 E(G,B)y but (F,A)Z(G,B)as

I

It is clear that
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0.6 =t (e,) (@) > 4G (e,) (@) =03

and 0.9 :,UF(ez)(C) > :UG(eZ)(C) =04
The second result follows similar lines.
(ii) Let (F,A)O(G,B) =(H,C).Then C=AUB and VeeC,

F(e)if e A—B
H(s) =1G(g)if eeB-A
F(e)uG(e)if ee ANB

HF (¢) (X) if cc A-B
HH(e) (X) = e (e) (X) iF e€B-A
max{ir () (%), () () )if 6 € AN B

Now ((F, A) (G, B)), =(H,C), =(Hy.C), where C=AUB and VeeC,

{x:XGU,y,:(g)(x)Za} if e A-B
H,(e) = {X:XeU,yG(g)(X)Za} if ce A-B
{x:x.eU,max<yF(g)(x),yG(5) (x))z a} if e ANB

Letx e H,(¢)forsomeseC. Then u()(X) >«
Ui (X)) 2a if e A-B

= tg(e)(X) 2 if e A-B
max{ue () (), o) (0))2 @ if 6 € ANB

Hre) ()2 if e A-B
= lee)(X)2a if eeA-B

/JF(g)(X)ZOt or ,uG(g)(X)Za if e ANB

F,(¢) if ec A-B
=xeqG,(¢) if ee A-B
F,(e)uG,(e)if ee ANB

=xe(F,A), O(G,B), .Thus (H,C), &(F,A),(G,B),

For the converse part, let(F,A), O(G,B), =(F,,A)O(G,,B)=(I,C), where
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C=AuUB and VeeC,
F,(¢) if ec A-B

I(e) =:G,(e) if ecA-B
F,(e)uG,(e)if e ANB

Letxel(g)forsomeesecC.

F,(e) if e A-B
Then Xe<G,(¢) if ee A-B
F,(e)uG,(e)if ee ANB

Hre) () z2a if ee A-B

= le)(X)2a if e A-B
/JF(g)(X)ZOt or ,uG(g)(X)Za if e ANB

Ui (X)) z2a if ee A-B
= lee)(X)2a if e A-B
max{ue () (4), tae) ()2 @ if &€ ANB

=xeHg,(e) .

Thus I(e)cH,(e)veeC :>(F,A)a Q(G,B)a < (H,C), and the result follows

immediately.

The proof of second result is similar.

(iii) Let (F,A)"(G,B) =(H,C).Then C=ANB and VeeC,

H(2) (%) = minlae ) (9. 46 (%)

Now ((F, A A(G,B)), =(H,C), =(H4,C) ,where C=ANB and VeeC,
Hy (e) = XX €U, up () (¥) >

Letxe H, (&) for someseC.

Then (¢ (X) = a = minlug () (X), t6(e) ()= @ = pE () 2a and
He(e)(X) = = x e Fy () and xe G, (6) = x<(F, A), A(G,B),, .

Thus (H,C), (F,A), A(G,B),
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For the converse part, let (F, A)a (G, B)a =(F,, A)A(G,.B)=(1,C)

Where C=AnB and VeeC, I(s)=F, (&) NG, (e).
Letxel(g)forsomeesecC.

=xeF,(e) and xeG, ()

= Urp) () za and g ()2 a

= min{ug () (X, te(e) (92 @

=xeHg,(e) .

Thus I(e)cH,(e)VeeC :>(F, A)a H(G, B)a < (H,C),, and the result follows.
The proof of second result similarly follows.

(iv) We have (F,A)® =(F¢,A) ,where VeeA FC(g)=(F(e))f

ie. VeeAxeU = He (X) =1- pF(5) (%)

Now (F,A)°e =(F% A), =(F%a, A where VeeA

FCq(e) =ix:x6u,ch(g)(x)2a}

Letx e FC (&) for someseC.

Then He (g XN za=1-pr () z2a = ppE) () <l-a

This means X ¢ F1_o).(€) ie. Xe(F(l_a)+(8))C.

It follows that (F,A)°y c(F,A° (1-a}+ - It can also be verified that

(F,A° 1-a)+ S(F, A% and the result follows immediately.

Proposition 3.5
Let (F,A)be a fuzzy soft set over (U, E) and «, B €[0,1]. Then the following results
hold.

(I) (F’ A)a+ é (F’ A)a
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(i) @< f=(F. Ay EF A g (F. AL EF,A) 5,

Proof. The proof is straight forward and follows from definition.

4. Conclusion

In our work, we have put forward some new concepts such as disjunctive sum,
difference, « - cut soft setand « - cut strong soft set of a fuzzy soft set. Some related
properties have been established with examples and counter examples. It is hoped that

our work would enhance this study in fuzzy soft sets in near future.
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