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Abstract. This paper discusses a weighted fourth order Runge-Kutta method based on contra-harmonic mean to
solve ordinary differential equations. The local truncation error and stability analysis for this method are presented.

The numerical experiment reveals that the proposed method is suitable for solving the stiff initial value problems.
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1. Introduction

Consider a differential equation with the initial value problem

(1) y/:f(xuy)7 )’(XO):)’Oa

which can be expressed in the autonomous form [6, p.43]

Y =), yxo)=yo.
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The solution of differential equations (1) can be obtained by a numerical method, such as the

classical third order Runge-Kutta method as follows

h
) Ynt1 Zyn+1(k1+2k2+k3),
where

kl :f(xnayn)a
h h
k2 :f(xn+§7yn+§k1)7
k3 = f(xn+h,yn — hki +2k7).

Evans [4] rewrites the equation (2) as

h <k1—|—k2 +k2—|—k3),

3 Yt

so that the equation (2) is also known as the third order Runge-Kutta method based on arithmetic
mean. Many reseachers follow this idea see [1, 4, 7] for examples. Wazwaz [7] replaces the
arithmetic mean in equation (3) with contra-harmonic mean. Then Abadneh and Rosita [1]
proposed a weighted third order Runge-Kutta method based on contra-harmonic mean.

Evans and Yaakub [5] introduces a Fourth order Runge-Kutta method based on contra-
harmonic mean (RK4CoM) of the form

@ oy Lh k3 +k3 k§+k§+k§+k§
LTI 3\ ke ko | ko tky | k3 tkg

where

kl = f(xnvyn>7

h h
k2 :f(xn+§7yn+§k1)7

h 1 3
ky = f(xn 4+ = yn+h=k + h—kz),

2 8 8
ks = (ot oy + Bk — oy + k)
= f(x - - —k3).
4 n »Yn 4_1 4 2 ) 3

In this paper, we follows the idea Abadneh and Rosita [1] for deriving A Weighted Fourth
Order Runge-Kutta Method Based on Contra-harmonic (RK4MCHW) and its local truncation
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error as describe in section 2. In section 3, the stability analysis for the proposed method is

presented. We end the presentation by numerical comparisons using two examples.

2. Proposed Method

RK4MCHW is derived by inserting weights wy,w; and w3 into the formula (4) as follows:

2 2 2 2
k%+k§+ k5 + k3 k3+k4>

5 =y, t+th(w w w
(5) Yntl1 =Y ( itk "k ke Vs

where

(6) ki = f(Xn,yn)

(7) k2:f<xn+alh7yn+alhkl>

(8) k3 = f(xn+ (a2 +az)h,y, + axhky + azhky)

9) ks = f(xn+ (a1 +az +az)h,y, + ashky + ashky + aghks).

Now we have to find the appropriate values of wy, wy, ws, ay, as, as, as, as and ag to obtain the
fourth order accuracy of the method.
By expanding ki, kp, k3 dan k4 in (6)—(9) into Taylor series [2], where f is considered as a

function of y only to simplify algebraic computations, we have

(10) ki =fy) =1
1 1
(11) k> :f+alffyh+Ea%fzfyyh2+ga?f3fyyyh3>
1
ks =f+(asffy+arffy)h+ (Ea%fzfyy tarasff} +aasf fry

1 1 1
+§a%f2fyy) s (Eazaﬁfsfyyy +a1aaas 2 frfyy+ 5830 finy

1 1 1
(12) +§a%a3f2fyfyy + gagﬁfyyy + ga%f3fyyy> ),
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(13)
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1 1
ks =f+(aaf fy+asffy+affy) h+ (asaﬁfzfyy + 5@ fy+ 505 fy

tasast fy+asasf’ fyy + arasf £} +asarf f; +asas ff;
1 1
+§a%f2fyy) n+ (aga%fzfyfyy +axazasf* frfyy+ 5aiasf iy

Ffy B anasaf ) + 3as s+ ard S fy
+arag f* fyfoy + asasacf> fyyy + arasasf> fy fry + azasas f* fy fyy
Vasasacf> fyfry + arasacf fyfyy + azasacf> fyfyy + arasasf> fyfyy
—i—%a%%f > fryy %am%f S foy + %QSQ%JC > fryy %aﬁaj-f > Foyy
+%azzta6f3fyyy + %“4a%f3fyyy + éagﬁfyyy

1 1
+gagf3fyyy + gagf3fyyy> .

To make it simple, the equation (5) is written in the form

(14)

where

(15)

and

(16)

numerator

Yl =Ynt+t——""7FT—,
denominator

numerator = h (wy (ki +&3) (ka +k3) (k3 + ka)
+wa (k3 +K3) (ki +ka) (ks + ka)

+ws (K3 +K) (ki + ko) (ka +K3)) ,

denominator = (ky +kp) (k1 + k) (k3 +ka) .
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Substituting k1, k>, k3 and k4 in (10)—(13) into equation (15) dan (16), we get respectively

numerator =h* <2w1fy3a?f4 4+ 4 ZW3f6fyyyag)
i <8w1 Pt bwsfS fyyag>
+ 1% (4wa f* fyas + -+ 12w f* fya3)

(17) +h (8w f* 4+ 8ws f+ 8waft),

and

. 3 1
denominator =h* (5 yzya%fsa% +--+ gfyyya%fsfya())

+13 (1f3a} fPas + - + frydd f* fyas)
+ 12 (6/2arfPar + -+ 2f2a3 %)

(18) —|—h<8fya1f3+...+4f3fya5)_|_8f3_
A Taylor expansion of y,,  ; about x = x,, is given by
(19) V1 =Yn+M,

where

1 1
M:hf+§h2ffy+gh3 (ffy2+f2fyy)

1
(20) o h" (Pl +4fnf* + 1)

Comparing (14) and (19), we obtain

1 4
numerator =h’ (§f4fy3 ot 5f4f5a%a1> s (gfsfyy ot 6f‘f§aza6)

(1) + 1 (8f* fyar + - +4f* fyae) +h8 .
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Then, by comparing coefficients #* in equation (17) with equation (21), we obtain

. 1 1
o hy —§a%——a3+---+4w1a4a5a6

Phby + ai+ai+ai+-+2a}+2d5+2a5 = %

4.3
341 =

U-)I»—t

AR d+ja+ia++3d0+di+di =1,

(22) £y © 2a+2ak+2ak+- - —8wsasaeal +4aj +4a3 = %,
A2y 2a%+4a1+4a2+---+2a6+a%+2a§:%,
4y ¢ 8ai+8ax+8az+ -+ +4das+4as +4dag =4,

f* 0 8w+ 8wy + 8wz =8.

Solutions of the system of nonlinear equations (22) are w; = %, Wy = %, w3y = %, a) = %,
2551 _ 337 2 2162 _ 25

a2 = Fgy00 43 = ~i34p 94 = 337> 45 = go3 andde = — 7.
Then subtituting these values into (5) — (9) we obtain RK4AMCHW as follows:

@3 o 1+ 3KB+k 1K+k
Yut1 = In 5k1—|—k2 Sky+ks Sks+ky
with
\
ki = f(xna)’n)
o1 ky = f(xn+2h,yn+2hk)
ky = Th.yn + F55hky — {25 hk
3 = [+ 300+ 550k — 75550k2)
ke = [+ 3h,yn— s57hks + HFhky — B hks)

To obtain the local truncation error of RK4AMCHW, we expand ki, k>, k3 and k4 in the equa-

tion (24) into fifth order Taylor series and then substitute into (23), we have

1 1 1
yuit = nthf St P (F17+ P ) + 50 (F fy

1 5[ 649 410425
+4fyfyyf +fyf) 120h ( 31104f fyyyy 1596672f fyy

424409 60131833 263156359 4>

25 3 V101890 _ 202156557
(25) 1197504f FuFvy = 2()490624f Iy vy 61471872
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A fifth order Taylor expansion of y,,  ; around x = x, is given by

1 1 1
Va1 =t + I f L+ LI (L1 4 £ F) + 50 (F Fay

1

H4h LI+ K1)+ 5gh” (F B £

(26) T Fo by 1L £ iy + 1)) -

Comparing y, in equation(25) and y,, | in equation (26) we obtain The local truncation

error of RKMCHW as follows:
4541 2471317 4 306635597
LTE = [ — v - _—
( 155520f4 T = Sog75007 I~ (02453120

28T 5 BAG9ISTE 4 s
79833607 ¥ 3073593607 )

21 by

3. Stability Analysis

To do the stability analysis of proposed method, we solve a differential equation y’ = Ay as
suggested in Dahlquist [3, p.374]. Substituting y’ to equation (24) yields
(27

ki = Ayn

ky = Ayn(1+2h1)

ks = Ayn (1+ 23804 — E5hA (14 201))

ko = Ayn (1= FrhA+EZhA (14 2hA) — Bha (14 325504 — 25hA (14 2h1)))

Substituting (27) to equation (23) and letting z = hA to simplify the equation, we end up with

5,252 7., 611 2 337 .3, 113569 _4
Yntl _ 4 <12+ 32+ 562 §2+ 321 13865 — 37728 T 3a15104%
= 5 6401 337 5
> 2452 5 2+ Geme— 1sa02 (1+59)

12‘1‘%2"— §885Z2+ 8347Z3+ 10835569 4+ %44325025"‘ 70980625 6)

n

772 4158 3415104 < 440747 276623424%

(28) T 837 40207 5 25 2551 337 5
5 2+ 15502+ 138602 (1 +32) — 52 (1 + 32562 — 13202 (1 + 32))

Ploting the Polynomial (28) and the polynomial obtained from RK4CoM, we see that the
stability region of RK4MCHW is wider than RK4CoM as shown in Figure 1.
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(2) RK4MCHW (b) RK4CoM

FIGURE 1. Stability region of RK4AMCHW and RK4CoM

4. Numerical Comparison

To performs numerical comparisons, RK4AMCHW and RK4CoM are applied into two exam-
ples using two grid sizes N = 64 and 128 as follows:
(1) Example 1: Stiff differential equation: y’ = —100y +e~2*, with initial condition y(0) =
0 and exact solution is y = g5 (e 7> — 8¢ ~'%%) on [0, 1].
(2) Example 2: Ordinary differential equation: y' = %, with initial condition y(0) = 1 and
exact solution is y = v/2x+ 1 on [0, 1].
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TABLE 1. The approximated solution and LTE of RK4MCHW and RK4CoM

for Example 1 using 64 nodes

. Yi LTE

l i exact RK4MCHW RK4CoM RK4MCHW RK4CoM

0 | 0.000000 | 0.000000000 | 0.000000000 | 0.000000000 | 0.000000e+000 | 0.000000e+000

1 | 0.015625 | 0.007751243 | 0.010206620 | -0.055899072 | 2.455376e—003 | 6.365032e—002

2 1 0.031250 | 0.009137512 | 0.009624114 | -0.687585896 | 4.866024e—004 | 6.967234e—001

3 | 0.046875 | 0.009196946 | 0.009309313 | -8.247005698 | 1.123671e—004 | 8.256203e+000

4 | 0.062500 | 0.008985372 | 0.009015448 | -98.84334631 | 3.007576e—005 | 9.885233e+4-001

5 | 0.078125 | 0.008723885 | 0.008734630 | -1184.615946 | 1.074499e—005 | 1.184625e4-003
60 | 0.937500 | 0.001564847 | 0.001565359 | -250112e4-058 | 5.128626e—007 | 2.501125e+062
61 | 0.953125 | 0.001516701 | 0.001517198 | -299753e+4-057 | 4.970835e—007 | 2.997531e+-063
62 | 0.968750 | 0.001470037 | 0.001470519 | -359246e+-058 | 4.817899e—007 | 3.592460e+064
63 | 0.984375 | 0.001424809 | 0.001425276 | -430546e+4-059 | 4.669667e—007 | 4.305468e+065
64 | 1.000000 | 0.001380972 | 0.001381425 | -515998e+4-060 | 4.525997e—007 | 5.159987e+066

10

RK4MCHW
RK4CoM

0.2 0.4

0.6

0.8 1

FIGURE 2. LTE of RK4MCHW and RK4CoM for Example 1
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TABLE 2. The approximated solution and LTE of RK4AMCHW and RK4CoM

for Example 1 using 128 nodes

; Yi LTE

l " exact RK4MCHW | RK4CoM RK4MCHW RK4CoM

0 | 0.000000 | 0.000000000 | 0.000000000 | 0.000000000 | 0.000000e+000 | 0.000000e+000

1 ]0.007813 | 0.005374113 | 0.005723556 | 0.005496198 | 3.494431e—004 | 1.220850e—004

2 10.015625 | 0.007751243 | 0.008071658 | 0.007868463 | 3.204151e—004 | 1.172195e—004

3 | 0.023438 | 0.008757547 | 0.008986076 | 0.008846359 | 2.285289¢—004 | 8.881190e—005

4 10.031250 | 0.009137512 | 0.009298957 | 0.009205335 | 1.614458e—004 | 6.782391e—005

5 10.039063 | 0.009231970 | 0.009684607 | 0.009457327 | 4.526377e—004 | 2.253576e+004
124 | 0.968750 | 0.001470037 | 0.001470078 | 0.001470070 | 4.082185e—008 | 1.545776e—007
125 | 0.976563 | 0.001447247 | 0.001447287 | 0.001447279 | 4.018897e—008 | 1.507611e—007
126 | 0.984375 | 0.001424809 | 0.001424849 | 0.001424841 | 3.956590e—008 | 1.470388e—007
127 1 0.992188 | 0.001402719 | 0.001402758 | 0.001402751 | 3.895249e—008 | 1.434084e—007
128 | 1.000000 | 0.001380972 | 0.001381011 | 0.001381003 | 3.834858e—008 | 1.398676e—007

— - — - RK4CoM

T
RK4MCHW

0.2 0.4

0.6

0.8 1

FIGURE 3. LTE of RK4MCHW and RK4CoM for Example 1
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TABLE 3. The approximated solution and LTE of RK4AMCHW and RK4CoM

for Example 2 using 64 nodes

Xi

Yi

LTE

exact

RK4MCHW

RK4CoM

RK4MCHW

RK4CoM

[ B N B \S]

60
61
62
63
64

0.000000
0.015625
0.031250
0.046875
0.062500
0.078125

0.937500
0.953125
0.968750
0.984375
1.000000

1.000000000
1.015504801
1.030776406
1.045825033
1.060660172
1.075290658

1.695582496
1.704772712
1.713913650
1.723006094
1.732050808

1.000000000
1.015504801
1.030776407
1.045825034
1.060660173
1.075290659

1.695582498
1.704772714
1.713913652
1.723006096
1.732050809

1.000000000
1.015504801
1.030776407
1.045825033
1.060660172
1.075290659

1.695582496
1.704772712
1.713913650
1.723006094
1.732050808

0.000000e+000
2.819056e—010
5.236007e—-010
7.313772e—010
9.104146e—-010
1.064999e—009

1.826477e—009
1.819156e—009
1.811860e—009
1.804592e—009
1.797356e—009

0.000000e+000
5.504930e—011
1.022449e—010
1.428158e—010
1.777740e—010
2.079565e—010

3.565708e—010
3.551415e—010
3.537168e—010
3.522977e—010
3.508849e—010

— - — - RK4CoM

RK4MCHW

0.2 0.4

0.6

0.8 1

FIGURE 4. Comparing LTE of RK4MCHW and RK4CoM for Example 2
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TABLE 4. The approximated solution and LTE of RK4AMCHW and RK4CoM

for Example 2 using 128 nodes

; Yi LTE

l " exact RK4MCHW | RK4CoM RK4MCHW RK4CoM

0 | 0.000000 | 1.000000000 | 1.000000000 | 1.000000000 | 0.000000e+000 | 0.000000e+000

1 ]0.007813 | 1.007782219 | 1.007782219 | 1.007782219 | 9.063417e—012 | 1.768807e—012

2 10.015625 | 1.015504801 | 1.015504801 | 1.015504801 | 1.745071e—011 | 3.405498e—012

3 10.023438 | 1.023169096 | 1.023169097 | 1.023169096 | 2.521805e—011 | 4.921397e—012

4 1 0.031250 | 1.030776406 | 1.030776406 | 1.030776406 | 3.241629e—011 | 6.326051e—012

5 10.039063 | 1.038327983 | 1.038327983 | 1.038327983 | 3.909140e—011 | 7.628564e+012
124 | 0.968750 | 1.713913650 | 1.713913650 | 1.713913650 | 1.123881e—010 | 2.192846e—011
125 | 0.976563 | 1.718465886 | 1.718465886 | 1.718465886 | 1.121627e—010 | 2.188449e—011
126 | 0.984375 | 1.723006094 | 1.723006094 | 1.723006094 | 1.119380e—010 | 2.184075e—011
127 | 0.992188 | 1.727534370 | 1.727534370 | 1.727534370 | 1.117135e—010 | 2.179701e—011
128 | 1.000000 | 1.732050808 | 1.732050808 | 1.732050808 | 1.114897e—010 | 2.175349e—011

RK4MCHW
RK4CoM

0.2 0.4

0.6

0.8

FIGURE 5. Comparing LTE of RK4AMCHW and RK4CoM for Example 2
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From Table 1-4 we show that RK4MCHW is better for solving a stiff differential equation
compare to RK4CoM. For the non-stiff differential equation RK4AMCHW is not as good as
RK4CoM.

4. Conclusion

We have shown how to get the formula of the fourth order Runge-Kutta method based on
contra-harmonic by adding wi,w, dan w3 as weight into the formula of RK4CoM. The lo-
cal truncation error of both methods are almost the same, however the stability region of
RK4MCHW is wider than that of RK4CoM. RK4MCHW is better for solving a stiff differ-
ential equation compare to RK4CoM. Generally, approximation and stability region show that
RK4MCHW gives the similar results with RK4CoM.
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