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Abstract. In this paper, we introduce the sequence space Vs (M, p,r, ), where M is an Orlicz function, p = (p,;)
is any sequence of strictly positive real numbers and » > 0 and study some of the properties and inclusion relations

that arise on the said space.
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1. Introduction

Let N, R and C be the sets of all natural, real and complex numbers respectively.

We write
w={x=(x):xx ERorC},

the space of all real or complex sequences.

Let /., ¢ and co denote the Banach spaces of bounded, convergent and null sequences respec-
tively.

The following subspaces of @ were first introduced and discussed by Maddox [11-12].
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lp)={xco: %|Xk|p" < oo},

los(p) = {x € @ : sup x;|P* < oo},

cp)={xcw: li]1;|xk—l|pk =0, forsome € C },
co(p) = {x € @ : lim x| = O},

where p = (py) is a sequence of striclty positive real numbers.

The concept of paranorm is closely related to linear metric spaces.It is a generalization of that
of absolute value.(see[12])

Let X be a linear space. A function g : X — R is called paranorm, if for all x,y,z € X,

(PD) g(x) = 0if x =6,

(P2) g(—x) = g(x),

(P3) g(x+y) < g(x)+8(y),

(P4) If (A,) is a sequence of scalars with 4, — A (n — o) and x,,,a € X with x, = a (n — o0),

in the sense that g(x, —a) — 0 (n — o) , in the sense that g(A,x, — Aa) — 0 (n — ).

An Orlicz function is a function M : [0,00) — [0,o0), which is continuous, non-decreasing and

convex with M(0) =0, M(x) > 0 for x > 0 and M (x) — oo as x — oo.

Lindenstrauss and Tzafriri[9] used the idea of Orlicz functions to construct the sequence space
y={xcw: ZM(%) < oo for some p > 0}
k=1
The space ¢, is a Banach space with the norm
el = inf{p > 0: Y M) <13
k=1 P
The space /) is closely related to the space £, which is an Orlicz sequence space with M (x) = x”

for 1 < p < oo,

An Orlicz function M is said to satisfy A, condition for all values of x if there exists a constant
K > 0 such that M (Lx) < KLM(x) for all values of L > 1.

A sequence space E is said to be solid or normal if (x;) € E implies (ogx;) € E for all sequence
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of scalars (o) with |og| < 1 for all k € N.

For Orlicz function and related results see([2],[7],[15]).

Let o be an injection on the set of positive integers N into itself having no finite orbits and T be
the operator defined on £e by T (xt) = (Xg(x))-

A positive linear functional @, with ||®|| = 1, is called a c-mean or an invariant mean if

®(x) = P(Tx) for all x € lo.

A sequence x is said to be o-convergent, denoted by x € Vg, if ®(x) takes the same value, called
o — limux, for all 6-means ®. We have

Vo ={x=(x): Z tmn(x) = L uniformly in n, L = ¢ — limx},

m=1

where for m > 0,n > 0.

tm’n(x> - ,al’ld t_]7n — O.

where 6" (k) denotes the m’” iterate of ¢ at n. In particular, if o is the translation, a 6-mean is

often called a Banach limit and V;; reduces to f, the set of almost convergent sequences.

Subsequently the spaces of invariant mean has been studied by various authors,

see( [1], [10], [13], [14], [16], [17]).

The idea of Difference sequence sets
Xpn={x=(x) € 0: Ax=(x —xp1) € X},

where X = (., ¢ or ¢y was introduced by Kizmaz [8].

Kizmaz [8] defined the sequence spaces,
la(D) = fx=(x) € 0 (Axg) € L),
c(D) ={x=(x) € 0: (Axi) € c},

co(N) ={x= () € @: (Axy) € o},
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where Ax = (x; — x¢41). These are Banach spaces with the norm
[Ixlla = berl + 18] oo

For difference sequences and related results see([3-5],[7]).

2. Main results

Recently Ebadullah[6] introduced and studied the sequence space

|tm,n (x)]

’ )]P" < oo uniformly in n, p > 0}.

> 1
VG(M7P7 ) {X— Xk Z m_
m=1

Where M is an Orlicz function, p = (p,,) is any sequence of strictly positive real numbers and

r>0.

In this article we introduce the sequence space

Volb.pr )= (x= (s 5 Lt

m:

)]P™ < oo uniformly in n, p > 0}.

Where M is an Orlicz function, p = (p,,) is any sequence of strictly positive real numbers and

r>0.

Now we define the sequence spaces as follows;

For M(x) = x we get

=1
Vo(p,r, ) ={x=(x) : Y, — |tmn(Lx)[P" < oo uniformly in n}
m=1"M
For p,, = 1, for all m, we get
| L (A
Vo (M,r,\) = {x=(x) Z — M)] < oo uniformly inn, p > 0}
— m"
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Forr =0 we get

> tmn (Ax
VolM,p, ) = fx = () Y (a2

m=1

———")]P" < oo uniformly inn, p > 0}
For M(x) = x and r=0 we get
Vo(p,AN) = {x = (x) Z tmn(Dx)|Pm < oo uniformly in n, p > 0}

For p; = 1, for all m and r=0, we get

VoM, A) ={x=(x): il[M(M

For M (x) = x, pp, = 1, for all m and r=0, we get

)] < oo uniformly in n, p > 0}
Vo (Ax) = {x = (x) Z tmn(Ax)| < oo uniformly in n}.

Theorem 2.1. The sequence space Vs (M, p,r,A\) is a linear space over the field C of complex

numbers.

Proof. Let x,y € Vs(M, p,r,A\) and a, B € C then there exists positive numbers p; and p, such

that
=1 tmn (D
Y LBy
m=1 P1
and
1 tmn (DY
L pa(ma N .
m=1 P2

uniformly in n.
Define p3 = max(2|a|pi, 2|B|p2)-

Since M is non decreasing and convex we have

o L yatmn(Ax)+Btmn(Ay)!
gm p3

)P
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© |Gt (AX)] [ Btinn(DY)] 1),
= mZ] m’ i P3 " P3 2

o |1 tmﬂ(Ax) Im n(Ay) -
sz::l m’E[M( p1 )+M( P2 1<

uniformly in n.

This proves that Vs (M, p,r, A\) is a linear space over the field C of complex numbers.

Theorem 2.2. For any Orlicz function M and a bounded sequence p = (pj,) of strictly positive
real numbers, Vs (M, p,r, \) is a paranormed space with

a(x) = inf{p'# : (Y L (et 20

1
PmyH <1, uniformly in n
e (L o)) <1, uniformly in n)

where H = max(1, supp;,).

Proof. It is clear that g(Ax) = g(—Ax).
Since M(0) = 0, we get
inf{p#}=0,forx=0

Now for a=p=1, we get

g(Ax+Ay) < g(Lx) +g(Ay).

For the continuity of scalar multiplication let / £ 0 be any complex number. Then by the defi-

nition we have

, A
o(1Ax) = inf{p% : (Y L m2UE ik 1 uniformly in n)
n>1 el m’ P
& Ly lmal12)

)P )% < 1, uniformly in n}

g(lAx) = 1nf{ |l|s)# Z_: Qi)
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where s = m

Since |1|Pm < max(1,||7), we have

PR | tmn (A
g(1Ax) < max(1, 1)) ir;fl{s% : (Z —[M(| mn( x)’)]p’”)% < 1, uniformly in n}
n>

1 (I2]s)

g(Alx) < max(1,]l|")g(Ax)

Therefore g(/\x) converges to zero when g(/Ax) converges to zero in Vs (M, p,r, ).

Now let x be fixed element in Vs(M, p,r,N\). There exists p > 0 such that

8(Ax) = ir;fl{p%" : ( - L[M(M

> P )]p’")% < 1, uniformly in n}
m=1

Now

1 tmn (LA 1 , .
_[M(M)]p'")lg <1, uniformly inn} — 0 as [ — 0.

;
m=1" p

g(lAx) = 1nf{pH (i

n>1
This completes the proof.

Theorem 2.3. The sequence space

- L (DX
Vo(M,p,r,A) {X— xk Z u

)]P™ < oo uniformly in n, p > 0}.

is a Banach space with the norm

g(Lx) = 1nf{pH (i L[M(M

Pm & <
inf Lo p =1k

Theorem 2.4. Suppose that 0 < p,,, < t,, < oo for each m € N and r > 0. Then
(a) VG(M7P7A) g VG(MaLA)'
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(b) Vo (M, ) C Vo (M, 1, M)

Proof.(a) Suppose that x € Vo(M, p, ).
This implies that [M (%2~ yjpm) < 1
for sufficiently large value of i, say i > mg for some fixed mg € N.

Since M is non decreasing, we have

;i [M( ’ti,n(prM )]tm < ;i [M( ‘ti,n(pr)‘ )]Pm < oo

Hence x € V5(M, 1, ).
(b) The proof is trivial.

Corollary 2.5. 0 < p,, <1 for each m, then Vs(M,p, ) CVs(M, )
If p;, > 1 for all m, then Vo(M,A) C Vs(M, p,N\).

Theorem 2.6. The sequence space Vs(M, p,r,A\) is solid.

Proof. Let x € V5 (M, p,r,\). This implies that

|tm7n(Ax)|

) <o

— 1
L M
m=1"
Let o, be a sequence of scalars such that |o,,| < 1 for all m € N. Then the result follows from

the following inequality.

Y i[M(%M)]pm <y %[M(@
m=1 -

Hence ax € Vs(M, p,r, ) for all sequence of scalars (¢y,) with |a,| < 1 for all m € N when-

)P < oo

everx € Vo (M, p,r,\).
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Corollary 2.7. The sequence space Vs(M, p,r,\) is monotone.

Theorem 2.8. Let M|, M, be Orlicz function satisfying /A, condition and
r,r1,rp > 0. Then we have

(a) If r > 1 then Vo(My, p,r, ) C Vs (MOMy, p,1, 1\),

(0) Vo (M1, p,1, ) \Vo(Ma, p,r, ) C Vo(Mi +Ma, p,r, 1),

(©) If ry <rythen Vo(M,p,r,AN) CVs(M,p,r2,N).

Proof. (a) Since M is continuous at 0 from right, for € > 0 there exists 0 < 6 < 1 such that

0<c<dimplies M(c) < e

If we define
m,n A
:{meN:MI(V’E)—x”) < 0 for some p > 0},
m,n A
Izz{mEN:Ml(‘t’E)—x)’)>5f0rsomep>0},
when
M1(|tm,n(Ax)‘) > 6
P
we get
|tmn (Ax)] 2M(1) |tmn (Ax)]
M(M : < J
(M ( ) ) < {5 IM( ) )
Hence for x € V(My, p,r,/\) and r > 1
m=1 p mel m612
¥ oo (e e < (el o) T L mas((Z5 . ()

m=1 m=1
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where 0 < h=infp,, < p,, <H =supp, <o
m

(b)The proof follows from the following inequality

Ax)|

ol b (S gon < ¢y el lina (23]

)]”’“rC 7 [Ma( )P

(c)The proof is straightforward.
Corollary 2.9. Let M be an Orlicz function satisfying /A, condition. Then we have

(a) If r > 1 then V5 (p,r,A\) C Vs(M, p,r,\),
(b) Vo (M, p, ) CVs(M, p,r, ),

© Vo(p, L) SVs(p,r D),

(d) Vo(M,A) CVo(M,1, D).

Proof. The proof is straightforward.
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