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Abstract. This work raises and addresses a question about the behaviour of the variations of the spectral zeta
function, {,(s), of the Laplacian, A,, on a closed connected smooth Riemannian manifold, (M,g), at any point
s = 50. We introduce a certain distributional integral kernel and compute a second variation formula of {,(s) on
closed homogeneous Riemannian manifolds under volume-preserving conformal metric perturbations in terms of

the kernel. Some criticality conditions for the spectral variations are found.
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1. Introduction

The spectral zeta function introduced by Minakshisundaram and Pleijjel in [13] and denoted
by C4(s) has been shown to encode various important spectral information. For instance, the
notions of the determinant of the Laplacian and Casimir energy are defined via the spectral
zeta function, see e.g [24, 9, 21, 8, 10, 23, 7, 15, 25] and [3] among other literature. Various
generalisations of the spectral zeta function have also appeared in Ray and Singer [19]; Osgood,
Philips and Sarnak [17], etc. In particular, variations of the spectral zeta function and the
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CONFORMAL VARIATIONS OF THE SPECTRAL ZETA FUNCTION OF THE LAPLACIAN 1025
spectral determinant came to limelight in various works. Specifically, the work in this paper
is motivated by analogous works done for the determinant of the Laplacian in [19] and [18].

More recently, Osgood, Philips and Sarnak in [17] found that among all fixed volume con-
formal class of metrics {g, = €% ¢} on a Riemannian surface M, the constant curvature metric
has maximal determinant. A similar result was obtained by Richardson [20] on 3-dimensional
Riemannian manifolds. He found that the 3-sphere with the standard round metric is a local
maximum for a fixed-volume conformal deformation of the metric. Okikiolu [16] generalised
the result of Richardson to all closed odd n-dimensional Riemannian manifolds.

The work in this paper raises and addresses a related question as those of [17], [20] and
[15] about the behaviour of the second variation of the spectral zeta function, but now, at any
given point s = so of the spectral zeta function. For example, “how does the Casimir energy
behave under such volume-preserving conformal variation of the metric of a smooth, compact
and connected n-dimensional Riemannian manifold (M, g)?” Our results are illustrated with the

n-sphere.

2. The Spectral zeta function

Let (M, g) be a closed connected smooth Riemannian manifold. The Laplacian on C*(M) is the

operator
2.1) Ag : C*(M) — C*(M)
defined in local coordinates, (see e.g. [2, 4, 6]) by

(2.2) Ag = — div(grad) =

1 d . d
- _ j__—__
Vel & VI )

The operator A, extends to a self-adjoint operator on L?(M) D H*(M) — L?(M) with compact
resolvent. This implies that 3 orthonormal basis {y;} C L>(M) consisting of eigenfunctions,

[16], such that

(2.3) AgWi = AW

where the eigenvalues are listed with multiplicities:
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24 0= <M< HIB<S /<o Joo,

Example of such manifold is the unit n-sphere.

Now recall the Riemann zeta function
> 1
(2.5) Cr(s) = kz’] =

which converges absolutely for R(s) > 1 and admits a meromorphic continuation to the whole
s-complex plane with only simple pole at s = 1 and has residue 1; [22, 24].

Following [21], one defines the spectral zeta function {4 (s), using the operator A,” uniquely
defined by the following properties: it is linear on L?(M) with 1-dimensional null space consist-
ing of constant functions. This ensures that the smallest eigenvalue of A,* is 0 of multiplicity
1 with corresponding eigenfunction ﬁ where V' is the volume of M; the image of A,* is con-

tained in the orthogonal complement of constant functions in L?(M) i.e.
/MA;S wdV, =0Y y € L*(M) constant; and

A Wi (x) = Ay (x) for all yy; k > 0 an orthonormal basis of eigenfunction of A,.

The integral kernel (,(s,x,y), also known as the zeta kernel [14], of A,* is given by

(2.6) Llsry) = Y VWD) g 5 2

2.7 Cels) =

which converges absolutely for R(s) > 5; [22]. {¢(s) is known as the spectral zeta function.

Another kernel of interest here is the heat kernel.
Definition 2.1. [6]. The heat kernel,

K(t,x,y): (0,00) x M x M — R,
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is a continuous function on (0,00) X M x M. It is the so-called fundamental solution to the heat

equation, i.e, it is the unique solution to the following system of equations:

(%+AX)K(t,x,y) =0
lim 0 [y K(t,x,9)W(y)dVy = w(x)

(2.8)

fort > 0; x,y € M and A, is the Laplacian acting on any y € L? (M), where the limit in the

second equation of (2.8) is uniform for every y € C*(M).

Minakshisundaram-Pleijel gave the expansion of the trace of the heat kernel as

1
(2.9) Tr(e %) = W{ao+a1t+aztz+ s +aNtN+O(tN+1)};

ast — 07; where a; are some smooth functions on M which depend only on the geometric data
at the point x € M; [11].

The zeta kernel and the heat kernel are related by

1

Clsx) = 7 ) Klex) =

R(s) > 5; [20].

3. Variations of the spectral zeta function

Consider how a conformal change of metric affects the Laplacian. Let (M,g) be a smooth
homogeneous Riemannian manifold and 0 < p € C*(M). Then the Laplacian with respect to

the conformally equivalent metric 7 = pg is given by

_ n, _»..
Ay =p~ Agy+ (1= 5)p div(pV)y
with
div(pVy) := g"(dip)9;

where the so-called Einstein summation convention of summing over repeated indices is used;

c.f: [3, 26]. Then one can see that the Casimir energy, defined by Cg(—%), is not invariant
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under change of metric. Consider for instance a scaling of the metric with a constant ¢ > 0, one

quickly sees that Ag — %Ag and

ch Z 1s CSCé’

So, the Casimir energy changes as
1 1 1
ch(_i) =c 2Cg(_§)-

Consequently, it becomes of much interest to study how the Casimir energy and other points of
the spectral zeta function vary under more general deformation of the metric such as conformal
perturbation of the Riemannian manifold, and in fact, it is sensible to fix the volume so as to

factor out this trivial scaling.

Definition 3.1. (Conformal perturbation)[2, 5]: Let (M, g) and (N, g) be two Riemannian man-
ifolds with

g= dSZZW = Zgijdxidxj; g= dSJZV = Zgijdxidxj
i, i,
respectively. A local smooth diffeomorphism ® : M — N is called conformal (angle - preserving)

if there exists a positive function ¢ : M — R such that ®*§ = y - g.

When M = N: the two metrics g and ¢ on M are called conformal if there exists a positive
function @ : M — M such that § = ®g. In this case, we say (M, g) and (M, &) are conformal.
Now, choose

¢:Mx(—c,c)—R

a family of functions smooth in the first variable x and real analytic in the second €. Write

e (x) = ¢ (x,€) with ¢ =0

Define the corresponding family of conformal metrics g such that g = e% g, with the condition

that

g = 3¢ (8e)le=0 = Gog, 9o € C™(M); where g = == (9¢ ).

It is well known among other properties of such perturbation that there exists a sequence

of eigenvalues {Ai(€)} C R (counted with multiplicities) and yi(€) on C*(M), such that
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Ag(e) Vi (€) = Ax(€)wi(€) and Ay (0) = A where A4 is the eigenvalue associated with the un-
perturbed metric g; see e.g Zelditch [26], Bando and Urakawa ([3]). One can now write the

associated spectral zeta kernel of Ag on M as

& V(&)W (e, y) s
ng(sﬂxvy) _k;l (Ak<8))s H 9{( ) >

3.1. Change in the Laplacian. Let {# = pg} be set of Riemannian metrics on M in the con-

formal class. We immediately have that the volume form dV), scales as

(3.1) dV, = \/det(h)dx = p2+/det(g)dx.

Theorem 3.2. Given 0 < p € C*(M; pg), the Laplacian with respect to this conformally changed
metric h = pg is given by

(3.2) 8y =p Ay +(1=3)p 2div(pV)y

where div(pV,) is the operator defined by

(3.3) div(p¥y) = §7(9,p)9);

where the so-called Einstein summation convention of summing over repeated indices is used.

That is,
div(pVe)y := (Vp, V).
Proof. Using (2.2) gives the formula 0
Consequently, the corresponding family of Laplacians Ag on y € C*(M) are defined as
(3.4) Aey = e %Ay + (1 — g)e—z‘i’Ediv(e%vg)w.
It is not difficult to verify that the first order variation of the perturbed Laplacian A(()l) =

%Ag ‘0 is given by

1 . n ;

(3.5) A(() = —PoAg + (1 — §)<Vg¢0vvg'>g'

and that the second order variation of the perturbed Laplacian A(()z) = %Ag |0 is given by
Aé ) = —@oAg + (¢0)2Ag+ (n—2)¢0<vg¢07vg'>g

(3.6) + (1—- g)<vgd507vg'>g-
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3.2. Changes in the volume and volume form. From (3.1), it follows that dVe = +/|ge|dx =
e2% . /|gldx = e%q’EdVg; where |g| is the determinant of the metric g. Suppose now that the

volume of (M, g,) is fixed to be a constant V for the conformal family {ge = e¢%g}. Then

/dVF,:/ e2%dv, =V,
M M

JyydVe =V, we have

SO we can observe that

2 [ 2 getay,
= / ¢e dVe.

Observation 3.3.
(1.) Since [, 9dVe = 0, it follows that [,; dodV, = 0.
(2.) Also note that

2 . n e on
€2 / dVe = /M e [2 e (‘PS) :|dVg - /M [%(%)265% + g(pgez%]dvg
N /qudvg: 2 ] (Ge2ave and/ favy=—3 | (o)d

The following lemmas are salient in this work.

Lemma 3.4. The following properties hold. (i). The expectation values of the commutator
[Ag, @] with respect to eigenfunctions is zero; and (ii). Tr(Ago doe"2¢) = Tr(PoAge ™2¢) where

A o B denotes composition of the two operators A and B.

Proof. (1). Let y; be an orthonormal basis of eigenfunction of Ag, then the expectation value of

A, do] on yy is
([A,, ¢o]>l,,k = ((Agho— PoAg) Wi, Wic)g

= (AePoVk, Vi) — (PoAg Wi, Vi)

= (oW, AgWi)g — (AgWi, 0 Wi) o

pu— ()7
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and (i1).
Tr(Agodoe ™) = Y (Agodoe sy, wi)e = Y (doe sy, Ag i)
k=0 k=0
= Y (doe My, wiedg = Y (Bodee My, wi)
k=0 k=0
= Z <¢0Ageimg Y, l/fk>g = Tr(‘f)OAgeitAg)
k=0
the lemma follows O

Lemma 3.5. [6]. Age "% = e "2 A, for all smooth functions on M.

3.3. Changes in the spectral zeta function. We need the following lemma for our proof of

the variational formula for the spectral zeta function.

Lemma 3.6.
Tr(doe ™) = [ do(x)K(1.20)aV, ()
and

Te(div(goV,)e "2%) / div(9oV K (1, x,x)dV, (x).

Proof. Let y; be orthonormal basis of eigenfunctions of A,, we have

Tr(doe ) = Y (doe "y, vir) 2

k=0

PR SR CRACTAY

o)

= [ o)+ ¥ e P )2V, )

k=0

— /¢0 VK (1,2,2)dV (x).
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Similarly,

o5}

Tr(div(¢Vg)e 28) = Z (div(doV,) - e Sy, wi) 12

k=0
= Z< Z gijaj‘ﬁoai'e*mgllfk,ll’khz
=0 ij—1
= Z Z (870;900; - e "y, W) 2
i,j=lk=
) Z/ 90 (x / O (6,5, WMV ()], - W)V (x);
i,j=1k=0

where d; = % and d; = % act on functions of x and y respectively.
i J

Now, using the symmetry of K(z,x,y) i.e K(¢,x,y) = K(t,y,x) which implies that
aiK(tvxvx) = [aJ((t,X,y) + aiK(t7yax)} ‘x:y = 2aiK(t7x7y) |x:y
we have

Z (div(§oVg) - e Sy, i) 2

_ / 19,0 (x / O (1,6,9)],_, W)V (y) - P (x)dVi(x)
i,j= lk 0

> TV ) =3 ¥ Y [ @99du0de (i) 2ave(o

1] 1k=0

= / ng8(]>0 )0; - Ze Mt (yp(x ))2dVy(x /le PoVo)K(t,x,x)dV,(x).

1}1
0]

Theorem 3.7. Let (M, g) be smooth, compact and connected Riemannian manifold and A4 the

Laplacian on it with eigenvalues { A} listed according to their multiplicities. Let

{ge = e%g}

be a family of volume-preserving conformal metrics. Then the spectral zeta function of Ag,

given by

(3.7) Co. (5) Z
k:l )



CONFORMAL VARIATIONS OF THE SPECTRAL ZETA FUNCTION OF THE LAPLACIAN 1033

varies as

38 ¢V —s/ 9o (), (5., x)dV, +;(§—1)s/M<Ag¢0(x))c(s+1,x,x)dvg

(c.f: [19] and [20]). We denote this variation evaluated at € = 0 by C;l)(s).

Proof. Recall
1 * _ _
Gel9) = a7 [, (Tre™) = Do~

(s)
R
oy _ 9 _9d R “tAey {51
69 G0 = Jrballeso= Jeleo(gr [, (™) =10 ar).
In line with Ray and Singer [19], one gets
Mgy — 1 [T (A0 1 s
560 = 1 /O Tr (AN e8¢ ) dr
I . n, .. .. _ s
:_W/o Tr([ = oA+ (1= 5)div(goV] (72 s

where we have used the variation of A, in (3.5).

So,

1 ° ; t s 1 ” iv(¢ -t s
gél)(s) _ W/O TI‘((])OAgeiAg)t dt_(l—g)m/o Tr(d1v(q)0Vge Ag)t dt

1 i .
_ b / v (])oe_mg)tsdt—i—(g—l)m /O Tr(div(goVge ) dr.

Integrating by parts in the first term, gives

V6 = g Tl ) ar
+ (g — l)ﬁ/owTr(div(qSng(e’Ag — %))tsdt

where ‘l, denotes f +— %fodV and V is the volume of (M, g).
Hence to complete the proof of Theorem (3.7), using lemma (3.6), we have the variation of

the zeta function as
1 1 s—1
&0 = w5 / Goe) K t,x.2) = )V,

1 n L 1 s
+ 56D /0 || @iv6oV) (K130 = )V,
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/M (qso(x)K(t,x,x) - %) AV, (x) = 0

decays exponentially fast as  — oo. Also, recognizing that F(l y =

Since

F(s+1) we have

s/M(]')O(x){ﬁ/ow(K(t,x,x)—é))ts_ldt}dVg
1 n

s /M div((ﬁovg){ﬁ /0 w(K(t,x,x)—é)tsdt}dVg.

Therefore,
@6 = s [ G (x0ay
+ 5 5—1 / div(oVe) S (s + 1,x,x)dV,.
Thus,
)= 5 [ 5,00V 35— 1)s [ () G5+ 1, 0)aV

which completes the proof. U

Therefore by equation (3.8), the Casimir energy has the first order variation at € =0, FP[{, ' (s)] !sf_ 1
given by

IOl = 5 [ BRG]V

(3.10) - 411(% ~1) /M(quﬁo(x))FP[cg(H L)l dVe.

where FP is the usual Finite Part function defined by

f(s) if s is not a pole
(3.11) FP[f](s) := |
lime o ( f(s+€) ~ RS ) if g is a pole

see for example ([8]).

Definition 3.8. The metric g is called a critical point of the Casimir energy Co(— %) with respect

to all variations {ge = e% g}, if the variation Cg(l) (—%) vanishes for all ge.

Another result of this work is the following:
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Theorem 3.9. Let A be the Laplacian on (M,g¢) with zeta kernel (q(s,x,y). Then, g is a
critical point of the Casimir energy Co(— %) for all constant-volume conformal variations of the

metric ifFP[Cég]) (—3,x,x)] is constant in x.

Proof. By the definition of critical point above and the variation of the Casimir energy (3.10),

consider the function

( - 1)(Ag¢0)FP[Cg(S+ 17x7x)]> ‘s:—%

B —
NS

(3.12) Fy (x) := (—%qﬁo(x)FP[Cg(s,x,x)] -

where of course,

Cg(s,x,x)‘s

| —

1 o |
_@/0 [K(t,x,x)—v}t dt‘s:_%.
We have a critical point if
(3.13) / Fj, (x)dVy = 0 V¢ € C*(M) such that / do(x)dV, = 0.
M M
Now, suppose FP[{,(—3,x,x)] is constant. Then one gets
wo ol 1 iy
| R = =3FPIG(=5.50)] [ oy,
— G [ (o) FPIG (5 0]V
4'2 " g Polx g 2,X,X X
. 1
- 2/ FP(C,(=,x,x)]d
15D [ (Aebola) FPLE (5. x0)aV,

since [y, 9o (x)dVy = 0. Now by the self-adjointness of Ag, we have

1,n . 1
/MF%(x)de = —;G-1 /M(])O(x)AgFP[Cg(E,x,x)]de —0
since the Laplacian of a constant function is zero. 0

We get a corollary by considering homogeneous manifolds.

Definition 3.10. ([4]). A Riemannian manifold (M,g) is called homogeneous if for any two
points x,y € M, there exists an isometry I : M — M with 1(x) = y. That is to say, I acts transitively
on M. More generally, a smooth Riemannian manifold (M, g) endowed with transitive smooth

action of a Lie group G is called a G-homogeneous manifold.
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A nice class of homogeneous manifolds comes from quotients of Lie groups with left-invariant

metrics. For example, the natural action of SO(n+ 1) on the n-sphere S” is transitive, hence

§" ~ SO(n+1)/S0O(n) is a homogeneous manifold; see e.g [1, 2] and [5].

Corollary 3.11. The metrics on homogeneous smooth Riemannian manifolds are critical points
of the variation of the Casimir energy Cg(—%) under fix-volume conformal variation of the

metric.

Proof. Since (,(s,x,x) is an invariant under isometries on homogeneous manifolds, one can

map any point to another point via isometry. Hence, {,(s,x,x) is a constant 0

Corollary 3.12. The round metric g on the n-dimensional unit sphere, S", is a critical point for

the Casimir energy Cg(—%) over the constant-volume conformal class {ge = e%g}.

Proof. This follows from the fact that §” is a homogeneous manifold. 0

We say that the metric g on M is critical for the heat kernel K,(z,x,x) at the time ¢, if for any

volume-preserving deformation {ge = e%g},

d

n

The spectral zeta function of the Laplacian A, for R(s) > 5 is

< 1
(3.15) MO kg,l Ae) - T()

For sufficiently large R(s), one has

*© 1. .
/ (Ke(t,x,x) — =) Ld.
0 \%4

d 1 = d .
(3.16) %ggg(sng:o:m/o L (Kelt.x2)|,_ ).

If g is critical for the heat kernel at any time ¢ > 0, then its derivative in € vanishes at € = 0 for

all s, so also

. d B
(3.17) ) _1)1_1111/2 [Ez;gg (5)|e=0] = 0.

Hence, g is a critical point for the variation of the Casimir energy Cg(—%) of the Laplacian on

S". Consequently, we write this result as the lemma below:
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Lemma 3.13. If g is a critical metric for the heat kernel at any time t > 0, then it is also a critical

metric for the Casimir energy Cg(—%) under all volume-preserving conformal perturbations

{gs}-

Proposition 3.14. The following conditions hold on all closed homogeneous Riemannian man-

ifolds (M, g):

(1.) The metric g is critical for the heat kernel at any time t > 0 under all volume-preserving
conformal deformations.

(2.) The metric g is critical for the Casimir energy Cg(—%) under all volume-preserving
conformal deformations.

(3.) Forallt > 0, K¢(t,x,x) is constant on M.

Proof. The proposition follows from the lemma (3.13) above. U

4. Hessians of (,(s) on Homogeneous manifolds

We now compute the second order variation of the spectral zeta function.

Theorem 4.1. Let M be a closed homogeneous manifold with the canonical metric g scaled to

volume V. Let {ge = e% g} be a family of volume-preserving conformal metrics on M where
/M do(x)dV, (x) = 0 and /M (J0(x))2dV, (x) > .

Then the second order variation, Cégz) (s), of the spectral zeta function g, (s) on M at € =0 is

given by
& = s [ ] (0P d0)dV (V)
= (=05 [ [ G000 ) (Aehl(3)) Ve ()Y, )
b O | A1) () ¥y ()i )



- Lours owen
gt 2Py [ Gd)E 5,0V )av,()
=258+ Dy [ ) A0V

@ + =560y [ @)%,

where for R(s) sufficiently large, we introduce the integral kernel ¥ and define it to be

(4.2) Y(x,y) = %S)/Ow/()w(l((u,x,y) - %)(K(v,x,y) - é)(u—}—v)sﬂdudu

Proof. Using that ;. (s) = Tr(A;*), let P be the projection with respect to the metric g¢ onto
the kernel of A¢. Then, since the kernel for all values of € is the constant functions, we get for

R(s) < —1,
4.3) Tr(PgA;S_1> - —Tr(PngAg_S_l) —0,
is true for R(s) sufficiently large. So,

Coe(5) = TT(AES —Ps> = %S)/Ow Tr(e_mf —Pg>ts_1dt.

Now the decay in the integrand allows us to bring the derivative inside, and we obtain:

%(ng(s)) = _F(S:I)/OMTr@s(emg—Pg))t“dt—ﬁ/omTr(P)tsdt
(4.4) - —ﬁ /0 ooTr(Ag (e - Pg)>tsdt.

Hence at € =0, we get

¢ (s) = —ﬁ /0 v (a6 (7%~ P) ) rar

(P = Py) which we can check agrees with the first-order variation of the spectral zeta function
3.9).
Differentiating (4.4) a second time, we get

;_;(ggs(s)) = —sTr<AgA£S1)—sTr<Ag(%(AgSI)>

Ky o .
= —— Tr(A e_m€>tsdt
C(s+ 1)/0 ¢

S

4.5) - ToTT /OooTr<Ag(%(e_m€) —Pg))>t5dt.
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By Duhamel’s formula, see e.g [4, 6],

d

t
O the _ _/ e e A e~ (1-1WAe g
de 0

fortimesO<u<t<T.

Thus at € = 0, we have

(P(s) =

We write this for simplicity as

Z,'g(z) (s) = wvar(s)+ varp(s) where

vari(s) = / / Tr ”AgAél)e*(’*”)Ag)tsdudt and
- _L () 18 _p s

varp(s) = F(s)/o Tr(A0 e ' Po)t dr.

For easier handling of the computation of the terms of this second-order variation, we rewrite

the operator A, defined by (3.4) in terms of the Laplacian as follows. Define the operator
(4.6) Go = (Vdo,V-),
and immediately observe that for any f € C*(M)

@) Gs.f = 5 (M) + 3 00AS — (Ao by

Thus, for any y € C*(M) , A¢ W can be written as

_ 1 n, _
Ay = e ¢£Ag‘l’+—(1_§)e %(Ag‘f’e)‘lf

1 1

(4.8) (1= 3)e % 0e(Agy) — 5 (1= F)e (Mg 0 b )y

Note that ¢ 0 %, denotes composition of operators; e.g

(e7%(Ag0 9e) W) (x) = €™ Ag(9e(x) W (x)).

Similarly, one can re-write (3.5) as

1 . 1 ;
(4.9) 85" = =35+ Ddodg = 5 (5~ 1)(Aho) +

2(2 ( _1)Ag°¢0-

| =
NS
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4.1. Computation of var; (s). We now compute the term
(4.10) var((s) : / / Tr ”AgAél)e’("”)Ag>tsdudt.

First we make a few notes. In what follows, we will often drop the subscript g of A, and write
K (u,x,y) and K(t — u,y, x) for the kernels of the operators e "*“¢ and e~ (=14 respectively.

If A and B are differential operators, then their compositions with smoothing operators are
bounded, see e.g [12, 19]. So by the vanishing of trace on commutators of bounded operators,

and by change of variables,
t
/ Tr (Ae_”ABe_(t_”)A>du =
0

/ —(t— uAAe—uA>d
4.11) :/OtTr<Ae(f”)ABe”A>du _ / o~ Ub g p—(1- u)A)du‘

Observe that for any f € C*(M),

@12) [ AV V() = [ (Vb Vil)edVe) = [ (Ao favi(e).
We denote K(u,x,y) — % by K, and K(v,x,y) — by K,. For fi, f> € C*(M) we also define

the notation

(4.13) Ti[fi K foKy) - / / ARG RodVe(x)aVe(y).

Using (4.9), we get the terms inside the trace in the formula for var; (s). The terms are sim-

plified further via the following lemmata.

Lemmata 4.2.

. N L 0 .o L
Tr[9o(AK, ) (Ado)K,] = —an[%Ku(A(PO)Kv]

2
Judv

Tr[o(AK.)90(AK,)] = Tr[goKu P K]

02 C oA
[¢0( )A © ¢OK ] auz Tr[¢OKu¢OKv]
0?2 R
Tr[Ao §oKuAo goK,] = Sudv Tr[¢o Ky 90K, ).

Proof. Use (4.11) and the properties of K as a solution operator to the heat equation (2.8) [J
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By a change of coordinates (u,?) to (u,v) := (u,t — u), the double integral in var; (s) becomes

a double integral over the first quadrant in # and v. Further, because the derivatives we obtain

through applying Lemmata (4.2) are applied to functions that are constant in the other variable,

these derivatives carry through under the coordinate change to derivatives with respect to u and
V.

Finally, collecting like terms gives

vary(s) = %( 4)% /0 ) /0 ) %Tr[%kuqsokv](uﬂydudv
— %(n — L / B / B ;—ZTr[(]SQIZu(f)oKv](u—i—v)sdudv
N <_% / / —JEQK'A%) ) (- v)*dudy
+ Tgn 221 /)/)ﬂ*A% 2 (Ado)R,) (1 + v)* dudy
4.14) ::n+n+n+n

where we have used (4.11) to treat terms 1nV01V1ng 357 and 5,7 as like terms and those involving
E and 2 =, similarly.

To simplify the 77 term, we proceed as follows.

N T I )
T = —(n +4)m/0 /0 8u8vTr[¢0K”¢OKV](u+V) dudv

integrating by parts in «# and using the fact that

1

(4.15) Tr(K(t,x,y) — V) —0
exponentially fast as time ¢ — oo, we obtain
1 5, 1 [~d . 1., -
T = —< 4)— | =T 0 — —)ooK,v'd
L= P 5 T — R var

1 2 N * g P B s—1
— g g [ 5 T RudoR ) du
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Since Kj is the Dirac § distribution and K = K — %, this is
1 1 = 0
To= —gP Ao [T )Ry
8 0o dv
1 [~ 0 P
7 | 3o To (0 0RJdy

© e g Lo
(n+4)— / /O 2Tl R, oo (u-+v)*~ dud.

Similarly, integrating by parts in v and using K = K — %, we obtain:

o= g [T ) K e
- gy [ TR R e
T %(#H)% | eGP
- %<n2+4>ﬁ§ [ T6 (R0 ()l
+ %(n2+4) = /Om /OmTr[%I?M(]BOI?V](unLv)Szdvdv

Now expanding the trace and combining terms, we get finally

T = g2+ a)s [ ] ol (x0)do(3)dVe(x)av, ()
- §<n2+4>sé [ @0 y)av,x0ave(
+ GO0 )y [ (Golo)Pavi()

where W (x,y) is defined in (4.2).

The calculation for the terms 7>, 73 and T are the same as the one for 77, except the following
lemmas which are not difficult to prove. We use the first to reduce terms involving
AL (s+1,x,y) to those containing {(s,x,y) only and the second to deal with the second deriv-

ative in u
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Lemma 4.3.
//‘Po Ag90(y))E (s+1,x,)dV, (x)dV,(y)
—//¢o J60(3)C (5,3, )V (x)dVe (5).
Lemma 4.4.
s o g . L. _ 1
Fo b 5a TRy duay
= s [ ] ot (x5 (Ve ()Y, )
+ //¢o )03 (5,2, Y)dVe (x)dVe ()
(4.16) _ /¢0 Yo () (5,x,)dV, (x).

Applying the lemmata (4.2, 4.3) and (4.4) gives

vary(s) = s [ [ o) Bt (53)do(0)Ve ()Y, )
_1_-//% (8g60(3))dVy (¥)dVe ()
+m”2 //g% P¥i1(.7) (Ao (1) Vi (1) Vi ()
— 50255 [ [ oS (5,5 0V 0V ()
1

—gwan@HJVA%xémw>mw
4.17) + 2sgn(s)% /M (6o (x))2dV, (x).

4.2. Computation of var;(s).. Next, we compute the term

(4.18) vary(s) = —% /Ooo Tr (Af?z) (e~ —P)>tsdt.

1043
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Substituting the expression for Aéz) given in Equation (3.6) into (4.18) gives

vars(s) = % / (e 15— P))fdz
_ % / (60)2Ag(e™*% — P) )’

- (l_g)%/“ r<<vg¢.’.0,vg'>g(€img_P)>tsdt~

Using the same argument as in the calculation of vary (s) we get

varp(s) = / Po(x) & (5,x,x)dV,(x)
— s | () (s, x0)dVi )
— =25 | o) (Vo). Vel s+ 13,0V )
- (1 - E)S/M<Vg‘i50avgg(s+ l,x,x))ngg(x).
The homogeneity of M implies that {(s+ 1,x,x) is constant in x, so the third and fourth terms

here vanish. Further, using the identity [y, §o(x)dVy = —4 [,,(do(x))?dV, (by observation (3.3)),

we get that var, (s) simplifies to

(n+2)s

(4.19) varp(s) = — >

6ls) | (6000 %aV, ()

Combining (4.17) and (4.19), we get that the second order variation Céz) (s) of the spectral
zeta function g, (s) on M is given by (4.1) for R(s) large enough. Thus, the proof of the

Theorem (4.1) is complete O

5. Conclusion

We make a number of concluding remarks. Firstly, we observed that our second variation

formula (4.1) reduces to a well-known result for the variation of the determinant of the Laplacian
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on $3. That is,

d 1 — 3(1 C
S EPODo = 7T (A, 0 Ay o),
5 . .
(5.1 — gy (90, P0) (s

This is exactly the result of Richardson [20].
Other special values of s can be computed using the formula. For example, with the aid of

Mathematica, we computed

10 . 2
Céz)(?) = 0.0797 where we choose ¢y(0) = gcos(39) on §°.

A numerical check using 500 eigenvalues of the Laplacian on $” confirmed this number.

We hope that the result of this paper can be used for further numerical and analytical studies
of the spectral zeta function and the Casimir energy.
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