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Abstract. In our previous paper [6] we constructed some zero set {1 , 3𝑚 + 1, 32𝑚 + 1} 𝑎𝑛𝑑 {1 , 3𝑚 + 1, 33𝑚 + 1} 

and proved that these set represented the zeros of triple error correcting code in non binary case.  In this work, we 

proposed the sufficient condition for the existence of zero set {1 , 3𝑙 + 1, 3𝑘𝑙 + 1} of Non binary triple –error-

correcting code having gcd (𝑙, 𝑛) =1.  
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1 Introduction  

BCH codes are the generalization of the most famous code for single error correcting known as 

Hamming codes. BCH code are powerful because they have simultaneously reasonably high 

rates and reasonably good error correcting abilities.BCH codes have a very nice algebraic 

characterization and they permit efficient shift register encoding. However, their importance is 

due almost wholly to indeed that these codes have very effective decoding algorithm. 

 BCH codes can be represented by its zeros. The well-known zero set for the triple error 

correcting BCH code in binary case is{1 , 3 , 5}. Kasami [1] gave an idea that Binary BCH like 

code can be represented by distinct zero set than the existing one. The zero set of binary BCH 

like code proposed by Kasami is {2𝑙 + 1 , 23𝑙 + 1, 25𝑙 + 1} .Later Bracken and Helleseth [4] 

proposed some other zero set {1 , 2𝑘 + 1, 22𝑘 + 1} 𝑎𝑛𝑑 {1 , 2𝑘 + 1, 23𝑘 + 1} and proved that 

these zero set also represented BCH like triple error correcting codes. Further added Vinocha and 
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Kumar [5] gave some other zero set {1 , 22𝑘 + 1, 24𝑘 + 1} 𝑎𝑛𝑑 {1 , 22𝑘 + 1, 26𝑘 + 1} and proved 

them 3- error correcting BCH type code. The study of different zero set for above said code than 

the existing one is done in only binary case. Vinocha and Kumar [6] studied on finding the zero 

set of 3- error correcting BCH type code in non binary cases. They proposed two zero sets 

namely {1 , 3𝑚 + 1, 32𝑚 + 1} 𝑎𝑛𝑑 {1 , 3𝑚 + 1, 33𝑚 + 1} and shown that these sets represented 

triple error correcting BCH type code. In this correspondence we describe the condition for the 

existence of zero set of 3- error correcting BCH type code in non binary case. The length of the 

proposed code would be n= 3𝑚 − 1 and we would like to add further a condition that the sum of 

two same elements should be zero in𝐺𝐹(3𝑛).    The parity check matrix H of the above said code 

is  

[

1 Ɛ𝜃𝑝1

… Ɛ𝜃(3𝑛−2)𝑝1

1 Ɛ𝜃𝑝2

… Ɛ𝜃(3𝑛−2)𝑝2

1 Ɛ𝜃𝑝3

… Ɛ𝜃(3𝑛−2)𝑝3

] 

Where {𝑝1 , 𝑝2, 𝑝3 } are the zero set of the code and each column of the matrix is stand for n bit 

vector of a field 𝐹3 basis on𝐹3𝑛. 

2 The list of known zeros  

Zeros Conditions References 

{1 , 2𝑘 + 1, 22𝑘 + 1}  

 {1 , 2𝑘 + 1, 23𝑘 + 1} 

gcd(k,n)=1 Bracken and Helleseth[4] 

{1 , 22𝑘 + 1, 24𝑘 + 1}  

 {1 , 22𝑘 + 1, 26𝑘 + 1} 

gcd(2k,n)=1 Vinocha and Kumar[5] 

{1 , 3𝑚 + 1, 32𝑚 + 1}  

 {1 , 3𝑚 + 1, 33𝑚 + 1} 

gcd(m, n)=1 Vinocha and Kumar[6] 

 

Lemma 1:  The equation of the form 𝑡3𝑙+1 + 𝑎𝑡3𝑙
+ 𝑏𝑡 + 𝑐 = 0 does not have four solutions if 

gcd(𝑙, 𝑛) = 1 for all 𝑎, 𝑏𝑎𝑛𝑑 𝑐 all belongs to 𝐹3𝑚  . 

 

3 Sufficient conditions for the zero set of non binary 3- error correcting codes 

Theorem 1: The sufficient condition for the code  represents by the zero set {1 , 3𝑙 + 1, 3𝑘𝑙 +

1} is a Non binary triple –error-correcting code having gcd (𝑙, 𝑛) =1. 
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Proof:  we prove our result by contradicting the fact that the code C has not six linear dependent 

columns. The parity check matrix H has six or less dependent columns this implies there will be 

exist elements p, q, r, s, t, u in GF (3𝑛) s.t. 

𝑝 + 𝑞 + 𝑟 + 𝑠 + 𝑡 + 𝑢 = 0 

𝑝3𝑙+1 +  𝑞3𝑙+1 + 𝑟3𝑙+1 + 𝑠3𝑙+1 + 𝑡3𝑙+1 + 𝑢3𝑙+1 = 0 

𝑝3𝑘𝑙+1 +  𝑞3𝑘𝑙+1 + 𝑟3𝑘𝑙+1 + 𝑠3𝑘𝑙+1 + 𝑡3𝑘𝑙+1 + 𝑢3𝑘𝑙+1 = 0 

The minimum distance of code C with zero set {1, 3𝑙 + 1} having 𝑔𝑐𝑑 (𝑙, 𝑛) = 1 is 5.then we get 

from the above two equations that all elements p, q, r, s, t, u have to be different 

We can write this as 𝑝 + 𝑞 + 𝑟 = 𝑎1 

𝑝3𝑙+1 +  𝑞3𝑙+1 + 𝑟3𝑙+1=𝑎2 

𝑝3𝑘𝑙+1 +  𝑞3𝑘𝑙+1 + 𝑟3𝑘𝑙+1= 𝑎3 

Replace p= p+ 𝑎1 , q=  q+ 𝑎1 and r=  r+ 𝑎1 

𝑝 + 𝑞 + 𝑟 = 0            (3.1) 

𝑝3𝑙+1 +  𝑞3𝑙+1 + 𝑟3𝑙+1= 𝜔                     (3.2) 

𝑝3𝑘𝑙+1 +  𝑞3𝑘𝑙+1 + 𝑟3𝑘𝑙+1=𝜇                     (3.3) 

Where 𝜔 = 𝑎2 + 𝑎1
3𝑙+1&𝜇 = 𝑎3+𝑎1

3𝑘𝑙+1 

From (3.1) substituting r = - (p+ q)  

Therefore equations (3.2) & (3.3) becomes 

    𝑝3𝑙
q + 𝑞3𝑙

𝑝 =  𝜔 

    𝑝3𝑘𝑙
q + 𝑞3𝑘𝑙

𝑝 = 𝜇 

Replace q = pq and we get 

     𝑝3𝑙+1 (𝑞 + 𝑞3𝑙
) =  𝜔                                              (3.4) 

     𝑝32𝑚+1(𝑞 + 𝑞32𝑚
) =  𝜇                                         (3.5) 

The equations (3.4) can be written as 

(𝑞 + 𝑞3𝑙
) =  𝜔 𝑝−3𝑙−1       

Similarly we get  

(𝑞 + 𝑞32𝑙
) =  𝜔 𝑝−3𝑙−1  
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(𝑞3𝑙
+ 𝑞32𝑙

) = (𝜔 𝑝−3𝑙−1)
3𝑙

  

(𝑞32𝑙
+ 𝑞33𝑙

) = (𝜔 𝑝−3𝑙−1)
32𝑙

  

……………………………………………… 

…………………………………………….. 

(𝑞3(𝑘−1)𝑙
+ 𝑞3𝑘𝑙

) = (𝜔 𝑝−3𝑙−1)
3(𝑘−1)𝑙

  

Adding all we get 

𝑞 + 𝑞3𝑘𝑙
=  ∑ (𝜔 𝑝−3𝑙−1)

3𝑗𝑙

𝑘−1
𝑗=0   

Using above equation (3.5) becomes 

𝑝3𝑘𝑙+1 ∑ (𝜔 𝑝−3𝑙−1)
3𝑗𝑙

𝑘−1
𝑗=0 =  𝜇                    (1) 

Our result is based on how many solutions of this equation have. If this equation has no more 

than 5 solutions then there is no codeword of weight six. This conclude that  the minimum 

distance of the code is seven. 

Theorem3.2: For K = 2 the code {1 , 3𝑙 + 1, 32𝑙 + 1}  with gcd (𝑙, 𝑛) = 1  is a Triple Error 

correcting non binary BCH type code. 

Proof:  From the equation (1) we get for k=2 

𝑝32𝑙+1 ∑ (𝜔 𝑝−3𝑙−1)
3𝑗𝑙

1
𝑗=0 =  𝜇                 

𝑝32𝑙+1 (𝜔 𝑝−3𝑙−1 + (𝜔 𝑝−3𝑙−1)
3𝑙

) =  𝜇     

𝑝32𝑙+1 (𝜔 𝑝−3𝑙−1 + 𝜔3𝑙
𝑝−32𝑙−3𝑙

) =  𝜇 

𝜔 𝑝−3𝑙−1+32𝑙+1 + 𝜔3𝑙
𝑝−32𝑙−3𝑙+32𝑙+1 =  𝜇  

𝜔 𝑝3𝑙(3𝑙−1) + 𝜔3𝑙
𝑝−(3𝑙−1) =  𝜇  

Since gcd (𝑙, 𝑛) = 1  this implies gcd ( 3𝑙 − 1 , 𝑛) = 1 and thus  𝑝 → 𝑝3𝑙−1  is a one to one 

correspondence .then we use the transformation 𝑝 = 𝑝3𝑙−1and we get 

𝜔 𝑝3𝑙
+ 𝜔3𝑙

𝑝−1 =  𝜇  

𝜔 𝑝3𝑙+1 + 𝜔3𝑙
=  𝜇𝑝  

𝜔 𝑝3𝑙+1 − 𝜇𝑝 + 𝜔3𝑙
=  0 
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 𝑝3𝑙+1 −
𝜇

𝜔
𝑝 + 𝜔3𝑙−1

= 0                              (2) 

Lemma 1 informs us that (2) equation have maximum four solutions. This proves the fact  that 

the set {1 , 3𝑙 + 1, 32𝑙 + 1} is a triple error correcting BCH type code. 

Theorem3: For K = 3 the code {1 , 3𝑙 + 1, 33𝑙 + 1}  with gcd (𝑙, 𝑛) = 1  is a Triple Error 

correcting non binary BCH type code. 

Proof: From the equation (1) we get for k=3 

𝑝33𝑙+1 ∑ (𝜔 𝑝−3𝑙−1)
3𝑗𝑙

2
𝑗=0 =  𝜇                 

𝑝33𝑙+1 (𝜔 𝑝−3𝑙−1 + (𝜔 𝑝−3𝑙−1)
3𝑙

+ (𝜔 𝑝−3𝑙−1)
32𝑙

) = 𝜇   

𝑝33𝑙+1 (𝜔 𝑝−3𝑙−1 + 𝜔3𝑙
𝑝−32𝑙−3𝑙

+ 𝜔32𝑙
𝑝−33𝑙−32𝑙

) = 𝜇  

𝜔 𝑝−3𝑙−1+33𝑙+1 + 𝜔3𝑙
𝑝−32𝑙−3𝑙+33𝑙+1 + 𝜔32𝑙

𝑝−33𝑙−32𝑙1+33𝑙+1 = 𝜇  

𝜔 𝑝3𝑙(32𝑙−1) + 𝜔3𝑙
𝑝(32𝑙−1)(3𝑙−1) + 𝜔32𝑙

𝑝−(32𝑙−1) = 𝜇  

Since gcd (𝑙, 𝑛) = 1  this implies gcd ( 32𝑙 − 1 , 𝑛) = 1and thus  𝑝 → 𝑝32𝑙−1  is a one to one 

correspondence .then we use the transformation 𝑝 = 𝑝32𝑙−1and we get 

𝜔 𝑝3𝑙
+ 𝜔3𝑙

𝑝(3𝑙−1) + 𝜔32𝑙
𝑝−1 = 𝜇  

𝜔 𝑝3𝑙+1 + 𝜔3𝑙
𝑝3𝑙

+ 𝜔32𝑙
= 𝜇𝑝  

 𝑝3𝑙+1 + 𝜔3𝑙−1𝑝3𝑙
−

𝜇

𝜔
𝑝 + 𝜔32𝑙−1 = 0  

Lemma 1 tells that (2) equation has not more than four solutions. This informs us that the set 

{1 , 3𝑙 + 1, 33𝑙 + 1} is a 3- error correcting BCH type code.  

 

4 Conclusions: 

In the present work we proposed the sufficient condition for the existence of distinct zero set of 

triple error correcting codes in non binary case.  This condition is applicable only for k less than 

or equal to 3. The condition for the existence of zero set off triple error correcting code for k 

greater than 3 remains here an open problem. We will try to find zero set of triple error 

correcting codes for above said value in future.   
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