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Abstract: In this paper a double system of exponents with degenerate coefficients is considered. Basicity of this

system is studied in a generalized Lebesgue space Lp(.). Method of boundary value problems of the theory of

analytic functions is applied. In addition, a specific Riemann boundary value problem with degenerate coefficients

is obtained. At first, this problem is studied in the Hardy classes with variable summability. The obtained results are

applied to the study of basicity of considered double system of exponents in L 2()? when the coefficients are

assumed a degeneration at the ends of the segment [— T, 72']
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1. Introduction

Consider the system of exponents
{A(t)p+ (t)eim ;B(t)p_ (t)e_ikt }nzo;kzl ) (1)
with the degenerate coefficients

Be Bi

p(e)=|t—= t+7r|ﬂ’i”ﬁ‘t—t,f
k=0
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where T E{t,f}:t c(-mx), tf#0,Vk, 17 =0; {,Bf;ﬂki, k=0,7}cR , and A(t)E|A(t)|e[“(’) ,
B(t)E|B(t)|e[ﬂ(’) are complex valued functions on [-z,7]. Interest in the study of basis

properties of the system of the form (1):

E= {expi(n +a sign n)t}nez
inl, =17, (— T, 7r) , 1 < p < +o, being a special case of (1), dates back to the well-known
work of Paley R., Wiener N. [1] and N.Levinson [2]. The final results in this direction are
obtained in [3-7]. The weighted case of Lebesgue space is considered in [8-10;25]. It should be
noted that the system of exponents with degenerate coefficient have been first considered in [11].
Then the results of [11] were generalized with respect to the degenerate coefficient in [12]. The

most general case with different coefficients of degeneration is considered in [13;14]. When the

degeneration are missing, the final results on basicity of the system of the form (1) in L, in the

general case with respect to the coefficients A(¢)and B(t) have been obtained in [15;16;18-20].
In the present paper a double system of exponents with degenerate coefficients is considered.

Basicity of this system is studied in a generalized Lebesgue space L. Method of boundary

value problems of the theory of analytic functions is applied. In addition, a specific Riemann
boundary value problem with degenerate coefficients is obtained. At first, this problem is studied
in the Hardy classes with variable summability. The obtained results are applied to the study of

basicity of considered double system of exponents in L ), when the coefficients are assumed a

degeneration at the ends of the segment [— 7, 71]. It should be noted that the boundary value

problems and basicity problems associated with variable summability had previously been
considered in [21-25]. The basicity of the system E in Lebesgue space with variable
summability was previously studied in [21-23; 31; 32].

2. Needful information and main assumptions
We will use the usual notations. N — will be a set of all positive integers; Z — will be a set of

all integers; Z, = {0} U N ; R— will be the set of all real numbers; C —will stand for the field of

complex numbers; (T) —1s the complex conjugate ;0,, — is the Kronecker symbol; y, ()— is the
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characteristic function of the set 4. o= {z eC: |z| < 1} be the unit circle, y = 0w be the unit

circumference.
Let p:[- 7z, 7] [1,+0) be some Lebesgue measurable function. By £, denote the class of all
functions measurable on [— T, 7[] (with respect to Lebesgue measure). Denote

def %,

1,(f)= :[|f(t)|”(’)dt.

Let
L={fery:1,(f)<+o}
With respect to the usual linear operations of addition and multiplication by a number, £ isa

linear space as p* =sup [vrai] p(t) < +oo. With respect to the norm
=T, T

11,0 d;finf{/i >0:1, G] < 1},

£ is a Banach space, and we denote itby L, . Let

def

WL é{p:p(—ﬂ)zp(ﬂ);3C>0, Vt,,t, € [—7[,7[]:|t1 —t2| S%:

o
— ple)- ple) |}

 —In,

Throughout this paper q() will denote the conjugate of a function p(-): % + % =1. Denote
p q

p =infyrai p(t). The following generalized Holder inequality is true

-,

Jlr@e@)de <elp:p )11, el

where c(p’;p+)=l+i_— 1+ .

p P

It is easy to prove

m
1

pO)=TTl-z[".
i=1

Statement 1. Let p e WL, p(t)>0,Vt e[~ z,7]; {ai} C R. The weight function
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belongs to the space L ., if the following inequalities

a; > -

plz;)
are satisfied, where —mw =1, <7, <..<T, =7 .
The following fact plays an important role in obtaining the main results.

Property B [27]. If p(t):1<p" < p’ <+, then the class Cg’(—iz,ﬁ) (class of finite and

indefinitely differentiable functions) is everywhere dense in L ).

By S we denote the singular integral

_1 k)
Sf_Zm'-!r—th’ tey.

Let p:[-7,7]— (0,+0). Define weight class L0
def
Lyotr Loy =V P S € Ly,

def
furnished with a norm || f ||p(’)’p(') = ||pf ||p('). The validity of the following statement is established

in [30].
Statement 2 [30]. Let peWL, 1< p~ and the weight p(-) be defined by

p)=T 15"
k=1

where {r,}" c [-z,7z] are different points, {ak };" CR.

Then, singular operator S is acting boundedly from L, ,y to L, . if and only if

! <ak<; k=1m.

p (Tk ) q(fk )’
More details on these and other facts one can see works [26-30].

Define the weighted Hardy classes H,, ,. By H ,, We denote the usual Hardy class of functions
which are analytic inside @, where p, € [1,+00) is some number. Assume
Hy,,= {f €H:f €Ly, (aw)}’

where 7 are non-tangential boundary values on dw of f ()
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The weighted Hardy class , H ,, , of functions which are analytic in C\@ (@ = ®Udw), with

their orders k <m at infinity is defined similarly to the classical one. Let f (z) be the analytic

function in C\@ (@ = ®Udw), of finite order k <m at infinity, i.e.

F(@= £+ 1),

where f,(z) is a polynomial of degree k <m, f,(z) is a regular part of Laurent series expansion
of f(z) in the neighborhood of an infinitely remote point. If the function ¢(z)= fz(%j
z

belongs to the class H then we will say that the function f (z) belongs to the class

.
pCp 2

m Hp(-),/? :

As the norms in these spaces we accept

u

fp

Hy(p ‘

oV EH ),

.
”f”mH;(,),p EHfi’OHLF(_) , VS e, H;(J,p ’

where by f * is denoted non-tangential boundary values on 0@ of f .
Restrictions of functions from H ;(,), , to the unit circumference we denote by L;(_), o 1.€.
Ly, =\f:3ge )y, [=¢8/a)

Let us note that if f e H,,, then ||f 1 , where f"=f/,, .

Hyyp ‘

pl)p
A similar fact also holds with respect to space , H (. Assume
wLp() = {f 1dge, H,y, f= g/r?a)}'
In obtaining the main result we also need the following
Statement 3 [31]. Let p() eWL, p~ >1, and the weigh p(-) satisfy all the conditions of

Statement 2. Then the system of exponents {eim }nzo ( {e"in‘} ) forms a basis for the weighted

space H, (,H ().
Assume the following main assumptions:

1) arg A(z), arg B(t) are piecewise Holder functions on [~ 7z, 7]: S ={s, :
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~ <8 <...<s, <7 — be the points of discontinuity of the function 0(t)=argA(¢)—argB(¢) on
(-7,7) and h, =6(s, +0)—O(s, —0), k=1Lr, h_=0(-z+0)—O(z—0), h, = O(+0)—O(-0)

are corresponding jumps at these points.

2) A(t),B(t) are measurable on (— T, 71) and the following inequality is fulfilled

su(p vr)ai {A(t)rl , B(t)|il }< +00;

-,

3YLet T*NS=G;T" T~ = and denote

O =gt B k=1 | Q=0 UO
Assume
) _{p(t,?),/f=ﬂ2,k=0,r+,
B + +
pla), B=B:rB=5,.

Throughout this paper, ¢, will denote the conjugate of p,: p; + q/}l =1.

3. Riemann boundary value problem with degenerate coefficients in generalized Hardy

classes

Consider the following non-homogeneous conjugate problem in classes H ;(»)w* x H ;(_)w, :

T

=1,

{F*(r) +G(r)F (1) = flargr), ()

F(0)=0,

where f(r)= 40 , Vf e LP(,)(— 7, ), the coefficient G(z) is defined by

p*(t)

By solution of the problem (2) in H ; o H e WE mean the following: to find a pair of

() ().

functions (F (2 F "(z))e H ;(' X H b ? whose non-tangential boundary values on the unit

p()
PS ('117(‘) .

By Z (z) we denote the canonical solution ([17]) of the corresponding homogeneous problem

)

circumference ¥ a.e. satisfy the relation (2), where " =

F'(t)+G()F (r)=0,rey. 3)
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3
Z(z) has an expression Z(z HZ .(z), where Z,(z) is defined by the expression
k=1

X/ (2), |7|<1,
Zk(Z)E
;@] 2> 1.6=13;
Xﬁ(z)zexp{ ’ ¢ +z r},
p t e —z

. 1 7 A(t) e +z
X;(2)= — | In]—=<{— d
:(2) exp{4ﬂ:[zn B(t) e'—z t} ’

X;(z):exp{ J.H e +Zdt}
e"

V4

Note that the sign "+" ("-") corresponds to the case |z| <1 (|z| >1).

As it is established in [17] we have the relation
")

where ||||w is an ordinary norm in L, (— T, n). Regarding the boundary values Z; (e”) the

< +00

b

following expression is valid

1
‘Zl" (e”} = {m}z :
p(¢)
It directly follows from Sokhotskii-Plemelj formula [17].
Let 6(1)=0,(t)+06,(t) be a Jordan decomposition of function @(¢) on a continuous part of
0,(t) and on the jump function 6,(¢) . Assume i, =60(—7+0)—0(x—0) . It is clear that
h, = AV + 1 where
U =6,(~x+0)-0,(x—0) , i) =0,(~7)—,(n) .

Denote

#0)

t—rxl|| 2= 1 G t—s
5 ‘} exp{— EJ;GO (s)cthds}.

u,(t) = {sin
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According to the results of the monograph [17], the function u,' (t) is integrable with any degree

of pe(0,+) on (~z,7). For the solution of the homogeneous problem we obtain the relation

Fre) F () oo e
A CEAC S

To obtain the general solution of the homogeneous problem (3), let us show that the boundary
values of a piecewise analytic function ®(z):
F'(z)
“(2)
F(z)

209

belong to L,(—x,7). Since, by definition of the solution, the expression F~ (e” ) p"(t) belongs to

zl<1,

N

D(z)=

Z|>l,

L,(=m,m), then it is sufficient to show that the expression
. -1
Y=z () () .

belongs to the space L,(-z,7) . We have Z "(e”)= Z, (e”). Using Sokhotskii-Plemelj

3
k=1

formulas it is easy to obtain the following expression for the boundary values Z; (e” ):
h/{
}"zﬂ

t—s,

t—r1

26 ) =y 0u0) {sm

where

hy
u(t)= siné 2” H{sin

k=1

*

Taking into account above expression for ¥,(¢), we obtain

h,

1

10~ 00 s o0 0]

(the symbol ~ denotes an asymptotic equivalence) in other words

t—r

Iy L3
_ . |12 . |t= 27 7 .
Y, (¢)~ug'(r) sini> ’ {sm ”} [ ]:sin

2
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Thus

¢ 1

2 } o' ()p ()] 225 10,

n@N{ml

and as a result

W Bithe
Yy (e)~ [ 2 as 1 0.

Similarly, we have

h
1

}22 o ()p ()] 2, as 1> 7,

t—r1
2

%@~%n

and as a result

hy Bi+p;

)~ oo

},as t—>+rx,

hy BatB

w2 },ast—)—;r.

50~ i

Paying attention to Statement 1, we obtain from these representations that Yo(t) belongs to the

space Lq(A)(— 7,7) , when the inequalities

he o1

1 .. pt 2 +

— ——.k=Lr;f, <—F—.k=Lr";
2r qls,) C )
2 .2 .2

b @ @ i)

B BitBy L b, fifi 1

2r 2 q(0)" 27 2 q(z) ;
he B+l 1
L >_ ,
2r 2 q(7)

are fulfilled. When these inequalities are fulfilled, then the function ®(z) belongs to the Hardy

class H . Then, from the uniqueness theorem [17] we obtain that ®(z)= P, (z)- is a polynomial

m

of order <m,ie. F(z)=Z(z)P,(z).

m

Let us show that F(z)= (F 2k F ‘(z)) belongs to the class H ;(_)M x, H - Itis sufficient to

prove that [Y, (t)]f1 belongs to space Lp(.)(— 7, ) . It is clear that the following relations hold
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|Yo(t]_1 ~ |t|ﬂ0;ﬁa_%, ast—0;

Bi+bBr Iy

|Y0(t}71 ~lt-a| 2 ar,as t o4

BBy by

2 2 ast— .

%) ~ e+ m

From these representations follows that the function [¥,(¢)]" belongs to the space Lp(,)(— z, 7r) ,

if the inequalities

2 h 1
Bi>——F—k=1Lr" < k=17
' p(t;) 2z p(sk)

by BitBe Vb it 1

27 2 p(0) 27 2 p(r)
+ _L. t _L - Bt _L-
0 T T e

he BB ]
27 2 p(n) ’

are fulfilled. As a result, we obtain that when these inequalities are fulfilled, then F(z) belongs

to the class H ;(.W x, H Do ? and thus, it is the general solution of the problem (3).

Consequently, the following theorem is true.
Theorem 1. Let p(-)e WL,p™ >1 and the functions A(t) and B(t) satisfy the conditions 1)-3).
If the following inequalities are fulfilled
_L<h_k<;, kzl,_r;—i<,6’<i,VﬂeQ;
‘Z(Sk) 2z p(sk) Py qs
U B 1 @
gx) 2z 2 pla)

L _hy Bi+hy _

d0) 2z 2 plo)’

U _h Pl

_M 27 2 p(n) ’
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then the general solution of the homogeneous conjugate problem (3) in classes

has the form F(z)=Z(z)P,(z), where P,(z) is an arbitrary polynomial of

m

H' .x H”
(0] m p

p() (Jo™

order <m.
From this theorem, we get the following

Corollary 1. Let all the conditions of Theorem 1 be fulfilled. Then the homogeneous problem (3)

has only the trivial solution in classes H ;('),aﬁ x, H (e under the condition F(x)=0.

Now, let us consider the non-homogeneous conjugate problem (2) in classes H ;(.W x, H Do

It is obvious that if it is solvable, then under condition F(c0)=0 the solution is unique. Let us

consider the function F(z):

_2(2) 7 _flo) _do
Fe)= 2z _-[(Z*(e"”)l—ze"” ’

where Z (z) is the canonical solution of the homogeneous problem (3). Let
Z,(c)=p*(argr)Z*(zr),r eT.
Thus

Flel 0= 2N L

It is clear that, the following holds
p’largz)Z" (z)~ p (argz)Z ().
Taking into account this relation from inequality (4) we obtain that the weight |ZO (11 satisfies all

the conditions of Statement 2 [30]. Therefore, the expression

k Ao=2AE A e

2r
belongs to the space Lp(_)(— z,7) , more precisely the operator K continuously acts
L p(_)(— T, 7z) . As aresult, we obtain the validity of the following

Theorem 2. Let all the conditions of Theorem 1 be fulfilled. Then under the condition F(oo)z 0

the non-homogeneous conjugate problem (2) is solvable for VfELp(_)(—ﬂ',ﬂ'), and it has a
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unique solution in classes H ;(»)‘af x H ;(4)-(0" and the solution F (Z)is expressed by Cauchy type

integral

_22)F )  do
Fle)= 2z ip*(a)Z(ei”)l—zei(t”)

where Z (z) is an appropriate canonical solution of the homogeneous problem.
4. Basicity of the system of exponentsin L
Now, we turn to the study of the basicity of the system (1) in Lp(‘)(— 7r,7r) . Take

vf eLp(,)(—n,n) and consider the non-homogeneous conjugate problem in classes

N -
X
H . . X, Hp

p() (hor *

F'()+ G(z)F () :M,T er,
p'largz) (5)
F 7(00) =0.
As has already been shown, if all conditions of Theorem 2 are fulfilled, the problem (5) has a
unique solution for Vf e L p(,)(— 7). Consequently, F*(z)e H; u F~(z)e_, H, . On the other

hand, it is clear that F i(e"' )e Lo > and, as a result, F* (e” )e L;('),w+ , F ’(e"’ ) €Ll ),
Require the fulfilment of the following inequalities
1 1
-——<pf<—, Ve. (6)
Py 9

If the inequalities (6) hold, then all conditions of the Statement 3 are fulfilled, i.e. the system

{eim }nzo ({e’im }M) forms a basis for L*p(')w+ (4L, ). Consequently, the function F +(e"’)

(F _(e” )) can be expanded in a biorthogonal series with respect to the system {eim }nzo ({e’i“t }m)

in space L; (o

Expanding the function F +(e”) (F ’(e” )) in relation (5) with respect to the systems {eim }nzo
({e’int }M) , respectively we obtain that the function f is expanded in series with respect to the

system (1) in L. The fact that this series is unique follows from the (only) trivial solvability

of the corresponding homogeneous problem (3), under the condition F (oo)z 0. Combining the
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inequalities (4), (6) we obtain the following results regarding the basicity of the system (1) in
Lp(')'

Theorem 3. Let p(-)eWL,p™ >1 and the functions A(t) and B(t) satisfy the conditions 1)-3).
If the following inequalities are fulfilled

L <p<—, VpeQ;
Py i
1 h 1 — 1 h B+ 1
———<—<——k=Lr; ——=<—- < ;
q(s,) 2z pls,) g(0) 2z 2 p(0)
U _h Bo+B 1 U b BL+BL 1
—— < < ;- <X - < :
glx) 2z 2 plx)’ glx) 2z 2 plx)

then the system of exponents (1) forms a basis for L.
From these results, it is not difficult to deduce the following
Statement 4. Let p(-)e WL,p~ >1 and peL, be a weighted function of the power form and

{p,9n }neN <L, ., be some system. Then this system forms a basis for L, if and only if the

system {Sn }ne v Jorms a basis for the weighted space L, ,, where w=p” (')(~).

Remark 1. Taking p* = p~ = p, from the previous results, we can obtain similar results with

respect to the basicity of the double system of exponents {A(t)eint ;B(t)e’”" }nzo;k21 with degenerate

coefficients A(-) and B(-) in the weighted space L,

» With a norm ||-||p(')w, where @ = p”(')(-).
In this case in contrast to the work [10], it is assumed various orders of degeneracy at points
t==r.

5. Examples

Let us consider some particular cases of the obtained results.

5.1.  As the functions A(z) and B(r) take
A(t)Eeia(t); B(t)Ee—ia(z)’

where aft) is a piecewise Holder function on [- 7; ] with the discontinuity points

{s, }lr <8 <..<S, <7 s, #0,k=1,r.Wehave (t)=arg B(t)-arg A(¢) = —2a(t). Thus

h, =2(a(s, +0)—als, —0)), k=1r; hy=-2(a(+0)-a(-0))
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h.=-2a(-7)-al(r)).
Regarding the degenerate coefficients accept the following relations

ﬂ,:L:O,k:l,ri;ﬂ(; :ﬂazﬂoaﬂ;:ﬂ;:ﬂwﬂ;:ﬂ—; ::B—;r'

Let
Bo

plt)=

Applying Theorem 3 to the system

(e — ||t + 2" .

{p(t)ei(nHa(t))signn }nez ,

we obtain the following
Statement 5. Let p() eWL,p™ >1 and the following inequalities be satisfied

~Lep<L vpelp sy

Py qs

Then, the system (7) forms a basis for L,,1 < p <+o.

5.2. Consider the case a(t)=at + fsignt, t €[~ ;7). In this case, we have
a(+0)—a(-0)=2p; a(- 7)-a(z) = -2(az + ).

So, the following statement is true.

(7

Statement 6. Let p(-)e WL,p~ >1 and with respect to the parameters «,f € R the following

inequalities are true

1 1
——<y<—,Vye {ﬁo;ﬁﬂ;ﬂ—ﬁ} >
p, qy

py 1 1 p_B.__1

20 T2 20 2@ T 2 )
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; (®)

where

7). 7= Pere
Then the system of exponents

{ (t)ei(nﬂz signn)t+f3 signt signn }
p neZ?>

Jorms a basis for L.
5.3. For =0 from the Example 5.2 we obtain
Corollary 2. Let p(-)e WL,p~ >1 and (8) and the inequality
1 B, | | - - 1

T240) T2 S 2p(0) 240~ 2 S 2pla)

are fulfilled. Then the system of exponents

{p(t)ei(n+asignn)t }neZ ’

Jorms a basis for L.
5.4. Let us take the weighted function @ of the form
olt)=|t

where #, € (-, 7), t, # 0. Paying attention to the Statement 3 from Theorem 3 we obtain

70 72

t—t1|7l|t—7r s

t+7

Corollary 3. Let p(-)eWL,p™ >1 and the following inequalities be satisfied

L /R
2q, 2p, 2p,
where
p(0), k=0,
p, =1p(t) k=1,
p(ﬂ'), k=23,
and —+ A 1. Then the system of exponents

pn q}’k
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{ei(n+a sign n)t }

neZ

forms a basis for L Py

Note that the cases 7, =y, and p(x)= p =const coincides with the results of [9;10].
5.5. Let us provide another interesting result, which follows directly from Statement 4.

Corollary 4. Let p() eWL,p >1 and the following inequalities be satisfied

-1<y, <p,-1,k=03.

Then the system of exponents

{ei(nHa sign nM) }

neZ >

forms a basis for L for Va e R.

p(ysp’
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