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Abstract. In this paper, we give a simplified proof of the characterization theorem of a one-sided

L;—approximation in [2] and the continuity of the function ' — Cjs(p)(F) in [3].
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1. Introduction

Let X be a compact Hausdorff space, C(X) be the space of real-valued continuous
functions on X. For each f € C(X), define || f]|; = / | f|du, where p is an admissible
measure defined on X, that is, 4(O) > 0 for every non—e)r;pty open set O C X. Let C1(X)
be the space C(X) equipped with the norm || - ||;.

Let F' be a compact subset of C1(X) and M be a finite-dimensional linear subspace of

C1(X). Define

M(F)y={geM|g< fforall fe F}=(\{geM|g<f},
feFr
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where g < f if and only if g(z) < f(z) almost everywhere in X. Denote by d(F, M(F)) :=
ot max If = gl and Cyry = {g € M(F) | max|lf —gll = d(F, M(F))}. The
elements of Cyp)(F) are called one-sided simultaneous best L;—approximants of F' in
M. The set M (F') is a closed convex subset of the finite dimensional subspace M of X. In
order to ensure that the set M (F') is non-empty, it is enough to assume that M contains a
strictly positive function. In fact, M (F) # () if and only if M contains a positive function.
Every bounded set has a one-sided best simultaneous approximation in the closed convex
set M(F) of M and the set function F' — Cypy(F) is continuous on B[C;(X)] with a
condition that the sets M (-) are equal, where B[C}(X)] is the space of non-empty bounded
subsets in the space C1(X) and C[C}(X)] the family of non-empty compact subsets in
the space C1(X).

Definition. The Hausdorff metric on B[C}(X)] is defined by
H(A, B) = max{sup inf d(a,b),sup inf d(a,b)}.
acA bEB beB a€A

The motivation is the one-sided best approximation of an element, studied by [1] and the

parametric approximation in [4].
2. Main results

Theorem 1. Let M and M (F) be as defined above and g* € M(F). Then g* € Cr)(F)
if and only if sup / gdy = / gdu.

geEM(F)

Proof. Assume that g* € Cyp)(F). Then, for each g € M(F), Ifﬂalginf -9l <
S
—alls. — ¢*ldu < — .
max |f — gl2. Hence meag/ If =9 |du_r}1€abz</xlf gldp

o max [ (7 =gy < max [ (F = o)

<:>rnax/ fdu—/gdu<max/ fdp — /gdu
fer Jx X fer X

gdug/g*du. Thus sup /gdp:/g*du.
X X geM(F) J X X

Conversely, let g* € M(F) and sup /gdu = /g*du. Then, for all ¢ € M(F),
X

geM(F) J x

max||f — m—mw/u WMHM/U—WM

feF fer
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= — > - * - —q"
I?ea}(/xfd“ /ngﬂ_f]{lg;(/deﬂ /Xg dp Tj{lealgi/x(f 9" )dp

= r]{leag/x |f = g"ldp = max |[f — g7l1. Hence g € Chyr)(F). O
Denote

Z(f = g) = {x € X[f(x) = g(x)}.

Theorem 2. Let M be a finite-dimensional subspace of C1(X). Suppose / gdp # 0
b's
for some g € M and that there is a g9 € M such that go < f on X for all f € F. Let

g* € M(F). Then g* € Crp)(F) if and only if, for allg € M with g < 0 on U Z(f—9g%),
fer

we have / gdp < 0.
X

Proof. Let g* € Cypy(F). Then, there is an h € M such that / hdp > 0. If U Z(f —
X feF
g*) = 0, then, there is an € > 0 such that g* 4+ eh < f for each f € F. Hence, ¢* + ¢h €

M(F) and
/(g*—i-eh)d,u:/g*du—l—e/ hdu>/g*du.
X X X X

This contradicts the fact that g* € Cyp)(F). Therefore U Z(f—g") #0.
fer

Assume that there is a ¢ € M with ¢ < 0 on U Z(f —g") and / gdp > 0. Now
fer X
by hypothesis, there is a g9 € M such that g9 < f on X for each f € F. Then,

g=9g"—gyo>0on UZ(f—g*). Hence, there is a § > 0 such that ¢ — dg < 0 on
feF

U Z(f —¢") and /(g— dg)dp = / gdu—(S/ gdp > 0. For each f € C1(X), let

reF X X X

(f) ={z € X | f(x) < 0}. Then | J(f—g") C J(g— 69). The set X \ J(g — g
feF

is compact. Hence there is a constant m > 0 such that m < f — ¢* on X \ J(g — 9)

<

and there is a constant M such that ¢ — g < M on X. Let € = % and h = g — 63

Then g* + ch € M (F). Taking integral, we obtain /

grdu < / ﬁd,u, which contradicts
b X

g e Cm(F)(F).
Conversely, let ¢ € M(F). Now for all z € U Z(f — g%), there is an f € F such that
fer
f(z) = g*(x). Hence g(z) < g*(x). Therefore g—g¢* < 0 on U Z(f—g"). By assumption
fer
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/(g—g*)duﬁ@which implies that / gdp < / g*dp. Thus, sup /gd,u:/ g du
X X X X X

gEM(F')
and hence g* € Cyp)(F). O

Lemma 3. [2] Let M be an n—dimensional subspace of C(X) and assume that/ gdp # 0
X
for some g € M. Let K be a closed subset of X with the property that, if g € M satisfies
g(x) < 0 for all x € K, then / gdp < 0. Then there exist points x1,x9,...,T, €
X

K, 1<k <n and positive numbers \i, Aa, ..., \r. such that / gdp = Z)\Zg x;) for
=1

each g € M.

Theorem 4. Let M be an n—dimensional linear subspace of C(X) such that / gdp # 0
X
for some g € M. Assume that there is a g9 € M such that go < f for each f € F.

Then g* € Cyry(F) if and only if, there are 1 < k < n distinct points x1,2s,..., %), €

k
U Z(f — g%) and k positive numbers Ai, A, ..., \p such that / gdp = Zz\ig(xi) for
feF X =1

each g € M.

Proof. Assume g* € Cyypy(F). Then, by the above theorem, for each g € M with
g < 0 on UZ(f—g*), Wehave/gd,u < 0. Let K = UZ — g%), then by the

fer fer
lemma, there are points x1, o, ..., x; € K and positive numbers A\, Ao, ..., \x such that

/ gdu = Z Xig(z;) for each g € M.
X i=1

Conversely, assume there are k distinct points x1, xs, ..., 2 € U ) and k positive
feF

k
numbers Ai, Ao, ..., \r such that / gdu = Z)\ig(:ci) for each ¢ € M. Then for each
X i=1

k
g € M(F), / gdp = Z&-g(zi)
k
Z ) forall fe F = Z)\zg x; —/ g*dp. That is
i1 X

=1

/gdu for each ¢ € M(F). Hence sup /gd,u = /g*d,u. Therefore
) X

geEM(F

C’M(F (F). O

\
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Theorem 5. Let M be a finite-dimensional subspace of C1(X). For any F,G € B[C1(X)]
with M(F) = M(G) and any € > 0, there exists § > 0 such that H(F,G) < & implies
H(CM(F)(F), CM(G)(G)) < 2e.

Proof. For any € > 0, let 0 < § < g < min(d(F, M(F)),d(G, M(G))) where F,G €
B[C1(X)] with M (F) = M(G). Assume H(F,G) < 0. Then, for any x € C1(X), |d(x, F)—
d(xz,G)| < 4. In fact, for any u € F, there exists v € G such that ||u — v|| < §. Then
luv = vl] = [lz = vf] < flu = v[| < 4. Then [ju —zf| <z —v] +0.

Thus d(z, F') < d(z, G)+0. Similarly, d(z, G) < d(z, F')+0. Forany x € Cyey(G), d(x, F)
d(z,G)+0. Thus d(M(F),F) < d(M(G),G)+ 0. Hence |[d(M(F),F)—d(M(G),G)| <é.
For any z € Chr(ry(r),

d(z,G) <d(z, F)+d=d(M(F),F)+¢

<d(M(G),G)+ 26

<d(M(G),G)(1 +¢).

There exists w € Che)(G) with ||z — wl| < 2,

SO sup inf ||z —w| < 2e. Hence H(Crry(F), Crue)(G)) < 2e. O
ZGC}\{(F) (F) weCJ\/I(G) (G)
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