Available online at http://scik.org
J. Math. Comput. Sci. 7 (2017), No. 1, 84-91
ISSN: 1927-5307

FIXED POINT THEOREMS IN NORMAL n-NORMED SPACES

JIAN MENG!*, MEIMEI SONG?

'Department of Mathematics, Tianjin University of Technology, Tianjin 300384, China

?Department of Mathematics, Tianjin University of Technology, Tianjin 300384, China

Copyright © 2017 Jian Meng and Meimei Song. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we extend the definitions of normal structure and geometric properties in #n-normed spaces.
Fixed point theorems for nonexpansive mappings are proved via the normal structure condition in n-normed spaces.

The purpose of this work is keeping continuity of fixed point theorems in n-Banach spaces.
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1. Introduction

In 1964, Gihler introduced the notion of 2-normed spacesm and extended it to the concept
of n-normed spaces[2’3’4]. Other papers dealing with n-metric spaces also gave some important

5,10,11] Recently, Several authors such as Isekil>0 and Gunawan!”89 also studied some

results!
aspects of the fixed point theory and proved fixed point theorems in n-normed spaces.
In 1965, EBrowder and D.Géhde!!! independently proved that if K is a nonempty bounded

closed convex sunbet of a uniformly convex Banach space, and T : K — K is a nonexpansive
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mapping, then T has a fixed point in K. In 2015, K.Matsuzaki'® showed uniform convexity’s
generalization in the geometric group theory and proved the fixed point property. Normal struc-
ture plays essential role in some problems of fixed point theory. Motivated by these results,
our formulation of normal structure and its generalization can be applied to prove fixed point

theorems for nonexpansive type mappings in normal n-normed spaces.
2. Preliminaries

In this section, we gather together some definitions and known results which will be used in
section 3. Hereafter, let (E,| -,...,- ||) denote an n-normed space and C = {c,...,c, } be a set
of n linearly independent vectors in E. We use de finition 1-de finition 5 in [9], and we don’t
make redundant narration. Before we state our fixed point theorems, we introduce the following
basic definitions:

Definition 2.1 Let £ be a n-normed space. The diameter of any bounded subset K C E, which
is denote by 0(K), is defined by 6(K) = sup{|| x —y,x2,...,x, ||: x,y € K} for all x,...,x, € E.
Definition 2.2[% E is called uniformly convex n-normed space with respect to C: for arbitrary

€ >0, there is 6 = 6(C, &) > 0, such that for all x,y € Sc(E) and {i,...,in} C {1,2,...,n}, if

|| )%76‘1'27'--’61'” ||> 1_5’

then
| x =y, ciyyosciy, [|< €.

Here Sc(E) = {x € E :|| x,ci,,...,ci, ||[=1}.

If for arbitrary C C E, E is uniformly convex n-normed space with respect to C, then E is
called uniformly convex n-normed space.
Definition 2.3 E is called uniformly convex n-normed space in every direction(n-UCED, for
short) with respect to C: for arbitrary € > 0 and z € E \ {0}, there exists § = §(C,€,z) > 0,

such thatif x,y € Sc(E), x —y = Az,
1557 iy sy 1> 18,

then |A| < &.
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If for arbitrary C C E, E is n-UCED with respect to C, then E is called uniformly convex
n-normed space in every direction(n-UCED).
Proposition 2.4 E is uniformly convex n-normed space with respect to C, then E is n-UCED

with respect to C.

Proof. For arbitrary € > 0 and z € E\ {6}, let € =|| z,¢iy,...,c;, || -€. Since E is uniformly
convex n-normed space with respect to C, there exists 8 = §(C, & ) > 0, such that when x,y €
Sc(E),x—y= Az,
H x%vcizw“acin H> 1_5’
then
| x—y,cipy-enciy, || < €.
We obtain that | A |< &, and hence E is n-UCED with respect to C.
Definition 2.5 Let E be an n-normed space, we define directional modulus of convexity of E
with respect C, which is denote by Sg(z,e) : fore > 0and {is,...,in} C{1,2,...,n},
8L (z,€) = inf{1— w :x,y € Be(E), || x—y,c¢iy,-..,ci, ||> €,x—y =tz,z € E,t €R}.
Here B¢(E) = {x € E :|| x,ciy, ..., ci, || < 1}
Proposition 2.6 For € > 0, if 85 (z,€) > 0, then E is n-UCED with respect to C.
Definition 2.7 An n-normed space E is said to have normal structure with respect to C: for
every bounded closed and convex subset K C E( 6(K) > 0) with respect to C (C ¢ spanK),
there exists a element u € K and {i, ...,i, } C {1,2,...,n}, such that
SUpxek || X —u,ciy,...,ci, [|[< 6(K).

If for arbitrary C C E, E has normal structure with respect to C, then E is said to have normal
structure.
Definition 2.8 Let E be a n-normed space then the mapping 7' : E — E is said to be a nonex-
pansive mapping with respect to C, if

| Tx—Ty,ciy,....ci, || <|| X =¥, Ciys s Ci, ||

for all x,y € E and {is,...,in} C{1,2,...,n}.

3. Main results
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Lemma 3.1. Let E be an n-normed space, K C E be nonempty bounded closed and convex
subsets with respect to C, C ¢ spanK and T be a selfmap into K, If K has intersection property
(i.e., any decreasing sequence of nonempty closed subset of K has a nonempty intersection ),
then there is a minimal T — invariant, nonempty bounded closed and convex subset with respect

to C.

Proof. Let F¢ be a set family containing all 7— invariant, nonempty bounded closed and convex
subsets with respect to C in K. F¢ is a nonempty set (K € F). According to the set inclusion
relation, K has intersection property, then we can use the zorn lemma to obtain a minimal
element in Fe.

Lemma 3.2 Assuming D is the minimal element in Fc, then CoTD¢ = D. Here CoT D¢ is the

closed convex hull of T D with respect to C.

Proof. Since D is T— invariant, 7D C D. The assumption that D is a closed and convex subset

with respect to C such that CoT D¢ C D, then
TCoTDec CTD C CoTDc,

so CoT D¢ is T— invariant. Since the minimality of D, CoT D¢ = D.
Theorem 3.3 Let E be an n-normed space and K C E be nonempty bounded closed and convex
subsets with respect to C( C ¢ spanK), having intersection property. If E has normal structure,

then a nonexpansive selfmap T : K — K has a fixed point.

Proof. By Lemma 3.1 we can obtain a minimal element D of F¢. If §(D) = 0, the problem is
solved since in this case D = {xo}, and thus T (xp) = xp. Then we are ready to prove D has only
one point. We assume D has more than one point, and since E has normal structure, there exists

u € D, such that
O = supxep || X —u,ci, ..., ci, ||[< 8(D). (3.1)

Foreveryx € D
| T(u) —T(x),cis - ci, [|<|| u—2x,¢iy, ..., cip, || < 0.

Since x is arbitrary, we obtain that

T(D) CBc(T(u), ) ={yeX || T(u)—y,ci,..,ci, |[< a}. (3.2)
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Let G = D(\Bc(T (u), @), then G is a T— invariant, nonempty (7 (#) € G) bounded closed
and convex subset with respect to C i.e., G € F¢. Since D is the minimal element, then D = G.

We know D C Be(T (u), @), then
SUPyeD || T(l/t) —Y,Ciyy -5 Ciy, ”S o. (33)

Let
D/:{zED,supyeD | z=y,cCiys-.esciy, || < ), (3.4)
s0, it is easy to get D' C D is a nonempty(7T (1) € D') bounded closed and convex set with
respect to C. And from (3.1), (3.4)
(D) < a< 8(D),
then D’ G D. Next, we will prove D' is T— invariant.
Actually, for every w € D ; D, because D is the minimal element in F¢, by Lemma 3.2,

we know D = Co TD¢. Then for every y € D, and arbitrary € > 0, existing x; € D, A; > 0,

* 1 Ai =1, such that
n
Iy—Y AT (x),ciy,rci, || < € (3.5)
i=1

We can see that

I T (W) =y;cizsensiy |

n n
S || T<W) - Z)“iT(xi)acip"'?Cin H + || ZA«,’T(X,’) _y,Ciz,-.-,Cin ”
i=1 i=1
n
< le | T(w) —T(x,-),ciz,...,cin | +¢&
i=1

< i‘ili | w—2xi,ciy,...rciy, || +€
i—
< a+te.
Then Tw € D', thus D' € F, which contradicts the minimality of D. We know that D has only
one point, which is fixed by 7', so T has at least a fixed point in D C K. Thus we complete the
proof.
Lemma 3.4 Let E be an n-normed space, z € Sc(E), if 8&(z,1) > 0, then E has normal struc-

ture.
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Proof. Let K C E is any more than one point, bounded closed and convex subset with respect
to C, then there exist x,y € K and {is,...,i,} € {1,2,...,n}, such that
SUPxyeK || X = Vs Ciys -5 Ci, || = 8(K).
This implies that for arbitrary given € > 0, we have
| x—y,ciy,...ci, ||> 0(K) — €.
Clearly, for any u € K,
| u—x,ciy,...,ci, [|[< 8(A),
H U=Y,Cipy--+s Ciy ||§ 6(‘4)’
and let 7 = m, we have
u—x—(u—y) =l x—yci,..,ci, || -z
Then

X oK)
|| u— %76.1'27"-7661 ||S 6(K>[1 - Sg(Z’ (612()8)]

According the condition Sg (z,1) > 0, we can deduce that for any u € K, there exists ’% €K,

such that
| u— %,ciz,...,cin Il< o(K).
Thus we complete the proof.
Corollary 3.5 Let E be an n-UCED and K C E be nonempty bounded closed and convex subsets

with respect to C (C ¢ spanK), having intersection property. T : K — K is a nonexpansive

mapping, then T has at least a fixed point.

Theorem 3.6 Let E be an n-UCED and K C E be nonempty bounded closed and convex subsets
with respect to C(C ¢ spanK), having intersection property. For all x,y € K and xy,...,x, € E,
T : K — K satisfies

| Tx—Ty,x2,....xn [|< a|| x—y,x2,.cc,%0 || +0 || x = Tx,x0, ..., % || +¢ || X = Ty,x2, ..., %

>

a+b+c=1, then T has at least a fixed point.

Proof. By Lemma 3.1 we can obtain a minimal element D of F¢, then we are ready to prove D
has only one point.

We assume D has more than one point, then there exists u € D, such that
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O = supxep || X —u,ci, ..., ci, ||[< 8(D).

For every x € D

[T () =T (x), iz eens iy ||

< allu—x,cip,...;ci, || +b || u—T(u),ciy,...,ci, || +c || u—T(x),ciy, ...,

< (a+b+c)sup || u—x,ci,...,ci, ||
xeD

< «.

ci, |l

Using the same technique as theorem 3.3, we can get condition (3.2)-(3.4). And we continue

the proof to prove D' is T— invariant in this case. Actually, for every w € D ; D, because D is

the minimal element in F, we have D = Co T D¢ by Lemma 3.2. For each y € D, and arbitrary

€ >0, there exists x; € D, A; >0, ¥ | A; = 1, such that
n
Iy—Y AT (x).cip,rci, [|< €
=1

We can see that

n

n
1T (w) =ys€inssciy [[<I[ T (W Z ) CiseensCiy || 4 1Y AT (x0)

i=1 i=1

n
Zﬂ,i || T(W) —T(xi),ciz,...,cin || +&

IN

A
M= T

1
< a+e.

~.

_y7ci27"'7cin ||

Aila || w—xi,ciy,..vci, || +0 || xi — T (xi),¢iy ooy Ci, ||+ || xi =T (W), ciyy-oyciy ||| +€

Then Tw € D', thus D' € F, which contradicts the minimality of D. We know that D has only

one point, which is fixed by 7', thus we complete the proof. It is obvious that theorem 3.6 is the

extension of theorem 3.5.
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