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Abstract. Isometric operator is a very significant subject in the study of space structure. In this paper, we will

give some results about the Tingley’s problem, and give sufficient conditions for isometric operator Ty, which is

. . . 2 2 . .
between classical 2-dimensional normed sequence spaces such as EE, ) and &(,o), to have a linear extension in some

way.
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1. Introduction

In this paper, X and Y are both normed spaces, S(X) and S(Y) are denoted the unit spheres

of X and Y respectively, and a mapping 7 : X — Y is said to be an isometric operator if

1T =Ty|| =[x —yll, v,y € X.
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The normed spaces X and Y are said to be isometric if there exists a surjective isometric
operator between X and Y. If X and Y are isometric, then they are essentially identical as metric
spaces. And we can obtain that Y is a strictly convex space if X is strictly convex.

As the advantageous tools in the research of normed linear spaces, isometric operator and
linear operator have a vital meaning in the functional analysis. Metric geometry, space structure,
equivalence theory and affine motion theory are all need the support of those two tools. In 1932,

Mazur and Ulam gave the famous Mazur-Ulam theorem in [1].

Theorem 1.1 ! (Mazur-Ulam theorem)!!! Every surjective isometric operator 7 from normed

space X to normed space Y is an affine. And it is also linear if 7(0) = 0.

This is to say that if the normed space X and Y are isometric, then they must be linearly

1sometric to each other.

For all metric vector spaces, it is till open that whether the Mazur-Ulam theorem can holds.
In 1953, Charzynski got an important result when X and Y are both the finite dimensional and

have the same dimensions in [2].

Theorem 1.2 2 X and Y are both the finite dimensional metric vector spaces, dim(X) =

dim(Y)=n,and T : X — Y is an isometry with 7(0) = 0, then T is linear.

From then on, many researchers which both at home and abroad have tried to popularized the
Mazur-Ulam theorem by different patterns, and have paid attention to weaken the condition of
the Mazur-Ulam theorem from different patterns. Through the research of the space structure,
many open problems were raised as well including the Alesandrov problem, the Aleksandrov-
Rassias problem and the Tingley’s problem. In the consideration of the into isometric operator,
Baker extended the Mazur-Ulam theorem to strictly convex normed spaces in [3], and obtained

the following conclusion :

Theorem 1.3 ) X is a normed space and Y ia a strictly convex normed space, 7 : X — Y is an

into isometric operator with 7(0) = 0, then T is linear.
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In [4], Mankiewicz extended the Mazur-Ulam theorem, and showing that an isometric opera-
tor which maps a connected subset of a normed space X onto an open subset of another normed
space Y can be extended to an affine operator on the whole space. Applying these results to the
unit balls of X and Y, we obtain that two normed spaces are linearly isometric if and only if

their unit balls are isomeric.

Clearly, we have an negatively example that the subsets of Banach spaces are isometric, but

not in any sense affine.

Example 1.4 A mapping 7 : R — /2 (R? with the max norm) given by
T(x) = (x,sinx),

then 7 is an isometry, but it is not affine.

Instead of connected subset, D.Tingley raised the following problem, which called Tingley’s

problem in [5].

Problem 1.5 B! Suppose that T : S(X) — S(Y) is a surjective isometric operator, does there

exist a linear isometric operator 7 : X — Y such that 7| sx)=To?
And Tingley has proved the following main result:

Theorem 1.6 5 Let X and Y are both finite-dimensional normed spaces, if Ty : S(X) — S(Y) is

a surjective isometry, then Tp(—x) = —Tp(x), Vx € S(X).

In this case, we call the Tj preserves anti-polar points.

For this question, we only considerate the real normed space, because the Tingley’s problem
is negative when X and Y are complex normed spaces, like X =Y = C and T'(x) = x for all
x € C with |x| = 1. It’s hard to make an affirmative answer because there is no linear or even
metrically convex structure on this unit sphere. Even for 2-dimensional normed space, Tingley’s
problem is not salved until recently.

And for this question, we always considerate the surjective operator, because for the into

isometric operator between unit spheres, it is not difficult to find the example that the into
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isometric operator between unit spheres can’t be linear extended. In [15], L. Zhang obtained an

counterexample which a operator from S (Eg )) into Sy (&g )) shows that the isometric extension

problem fails.

Example 1.7 ['5) Tsometry Ty which from $; (¢2)) into 81 (¢5) is given by
(1,382,), §1=1,8>0;
(1,6,3%),  &=-16>0;
BlEne)l =g @.1-38.1),  &=1&>0
(6 11+438), &=1&<0;
(81,62,82), & <.

then 7j is an isometry from S (Eg )) to Sy (ES )), but it can’t be extended to an isometric operator

(2)

or linear operator on whole space /c.”.

\

From now on, we can say that the question of whether an isometry from S(X) into S(Y) can
be extended an isometric and linear operator for all Banach space X and Y is negative. Some
affirmative conclusions were obtained between the same type and different type of classical

Banach spaces which can be found in [7-13].

We notice that, for finite-dimensional normed spaces X and Y, if dim(X) > dim(Y) then
there is no linear isometry from X to Y. Since when dim(X) = 1 is so trivial, in this paper, we
consider the Tingley’s problem between the 2-dimensional normed spaces, and we obtain that
when dim(Y') = 2 the dimension of X should be less then or equal to 2, so we just consider the

problem when dim(X ) = dim(Y) = 2.

And for 2-dimensional normed spaces, Wang R D and Wang P has obtained an useful result

to help extending the isometry on unit spheres in [19].

Theorem 1.8 ' Let X and Y are both two dimensional normed space , Ty : S(X) — S(Y) is a

surjective isometric operator. If

1To(y) = (ITo(x) + To() | = DT ()| = [ly = (lx+yI] = D,
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170 (x) = (170 () + T = DT = [be = (e +y[l = DI,

for Vx,y € S(X),

x+yl|| > 1, then Ty can extended to be an linear isometric operator on X.

In this paper, we let 1 < p < oo, so we consider the space 61(72) (I') and /2 (I') together by

symbol 65,2) (T') (1 < p < o). First, we give some metric property of the unit sphere of 2-

dimensional normed space 65,2) (') (1 < p < o). Then we study the Tingley’s problem between
472) (T') (1 < p < ), we obtain that surjective isometric operator form S[ﬁg) (I')] to S [Eg,z) ()]

can be extended to the whole space 622) (I') linearly.

2

2. Some Properties of the S[¢, )(F)] (1 <p<o)

By using the characteristics of norm of sequence spaces ¢7(I') (1 < p < o0) and ("), Ding
G G obtained the representation theorem of the surjective isometric operator of unit spheres of
this type spaces in [13, 14]. For Hilbert spaces, we have got a good answer about the Tingley’y
problem in [18], when p = 2, as a special case we also solved the extension of isometries

(2)

between two £;, so we no longer discuss this problem when p = 2.

Theorem 2.1 [13:14) Suppose that

To: S[EP(D)] = S[EP(A)] (1< p<ee, p#2)
is an surjective isometric operator. Then there exist a 1-1 permutation mapping 7 : A — I" and
the number set {0 }5ea With | 65 |= 1 for all ¢ € A, such that

T()(x) = Z 05 - gn(o-)d(;, Vx = Z 57/67/ € S[KP(F)].

cEA yell

With the representation theorem of the surjective isometric operator, we can easily get the
affirmative answer to the Tingley’s question in the £, type space, but we can get more explicit
representation theorem of the surjective isometric operator on 65,2) by letting the index sets

I'=A = {1,2} in the third chapter.

Definition 2.2 For Vx,y € 65,2) (1 < p <oo, p+#2), we say that x is orthogonal to y (denoted by
xLly)if
[Ix]] < [lx+ Ay
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hold for all scalars A.

Definition 2.3 For Vx,y € 472) (1 < p<oo p+#2), wesay that {e],e,} is a normalized orthog-

onal basis of Eéz) if

leill=llez]l =1 and e;Lles.

Lete; = (1,0),ep = (0,1) € S[fg,z)] (1 < p<oo,p+#2),itiseasy to prove that {ej,e} is a

normalized orthogonal basis, and for Vx = (&1, &) € Eg,z), we can let x = Ejeg + Eren.

Definition 2.4 For Vx,y € 65,2)(1 < p<oo,p#2),{er,er} is a normalized orthogonal basis of
472), forVx = (&1,&) =&1e1+ &ren € ﬁﬁf), |6 = |6,| = 1, we remember 6, & e; + 0:&5¢; as X,

remember 0,&e1 + 6,&;e; as x.

Proposition 2.5 For 622)(1 <p<oo,p#2),%FX€S [65,2)] ifand only if x € S [622)], and

Proof. For ((1 < p <o, p #2), ¥x = (&, &),
When 1 < p < oo,

xeSIEY] o xl=1 & |GP+&EP=1 & |6&°+]6:& =1

_ - _ 2
& |Fl=Ikl=1 & zxes;

When p = oo,
xeSiY] & |x=1 o max{l&],|&}=1 & max{|6,&],|6:&[} =1

& [Fl=l5l=1 & xresir)

3. The Extensions of Isometries between the 2-dimensional Normed Spaces

In this section, we considerate the extension of isometries between the 2-dimensional normed

sequence spaces 4}2) (1< p<oo,p#2).
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Proposition 3.1 For Eg), when 1 < p<oo,p#2,Vx,yeS [Eg,z)], then

supp(x) Osupp(y) =@ & |exyl|P = [P + |ly[|”.

Proof.  Forx,y € S[6]. letx = (£1,&) y = (M1, m2).

/ /

=
If supp(x) Nsupp(y) = &, without loss of generality, let supp(x) = {1}, and supp(y) = {2}.
Sox = (&;,0) y=(0,m2), then

£V 7 = 1[G, Em)” =] & 17 + | m2 [P= [Ix]1” + [Iy]]”-

/ /

P

If [|x £ y[|” = |lx]|” + [|y[|7, then [lx+ yl[7 + |lx = y[[” = 2([|x[|” + [[¥I[),
81+ &l +Im+mlP +186 =&l +Im —m|” =2(1C11" + S|P + Im|” +[1m2]7).(%)
Following the famous complex inequalities (for V& # 0,1 #0)
[E+n P+ [E—nP<2(8 1P+ [nl"),(1<p<2)

and
[c+nlP+ls—nP>2(8 1P +[nl").(p>2)
with the (%), we can obtain that
Si-m =38 -m=0,

then supp(x) Nsupp(y) = 2.

Proposition 3.2 For 65,2), when p = o, Vx,y € S [fg )], then

supp(x) Nsupp(y) =@ & |lxy|| = max{[x], |Iv[|}-

Proof.  ForVx,y € S[Eg)], letx=(&1,&)y=(M1,M2)-

/ /

=
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If supp(x) Nsupp(y) = &, without loss of generality, let supp(x) = {1}, and supp(y) = {2},
that is x = (&;,0), y = (0,7m2), then

lx£y[l = [1(&1,£m2) || = max{| & [,] £m2 [} = max{[|x]|, [[y]|}-
o
For Vx,y € S[2], if |[x £ y|| = max{||x|, |||}, that is
x££yl =11 £n1,& £ m) ||
= max{||x[|, [|y[|}
= max{max{|&;|,[E2[},max{|n1],[n2[} }
= max{|S,[S2, M, M2}

=1

Y

max{|G1 + M, 62+ m2[} = max{|lx[|, [y} = max{[&i, |Gal, Im[,[mal},  (+)

and

max{|& —m|,[& — maf} = max{[|x, [y[|} = max{|Gi], &l [ml,|mal},  (xx%)

If supp(x) Nsupp(y) # @.
CaseI  supp(x)Nsupp(y) has only one point.

Without loss of generality,let 1, = 0, that is supp(x) Nsupp(y) = {1}, x = (£1,&), y =

(771;0)'
|ly|]| = 1 because y € S[ﬁg)], that is

max{[n:],[0[} = [mi| = 1.
It is clearly that
max{|&; +ml,[& —ml} > |m|=1,
but following the (%) and (** ), we obtain that

max{|&; +mil,|& 4+ ma|} = max{|&1 —mi|,|&2 — 2|} = max{|&i], |&[, Imil, M2} = 1,

it is contradictory.
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Case II supp(x) Nsupp(y) has two points, namely that supp(x) Nsupp(y) = {1,2},
&1,&,m1, M are all not equal to 0.

In this case, it is clearly that
max{|€1 +r’1|7 |§1 —Tll|} > |§1|7 max{|§1 +n1|7 |§1 —Tll|} > |T’1|7

max{|& +mal, &1 —m|} > [&2f, max{|&+nal,|E1 — M|} > [n2],

but this is contradictory with the (xx) and (s ).

Corollary 3.3 For Kéz) (1<p<oo,p#2),Ty:S [62,2)] -8 [65,2)] is a surjective isometry, Vx,y €

S [E;,z)], then
supp(x) Nsupp(y) =@ << supp[To(x)]Nsupp[To(y)] = 2.

Proof.  ForVx,y e S[Eg,z)], To(x), To(y) € S[El(pz)], letx = (&,&) y= (N1, M)
"=/ When 1 < p <oo,and p # 2, if supp(x) Nsupp(y) = &, then by the proposition 3.1,

we have
[l £ Y] =[xl + [Iv]|” =2,
and
1To(x) = ToWI” = lle £ 117 = [Ix[I” + [y [1” =2 = [To()I” + 1 To()[]”,
then

supp[To(x)] N supp[To(y)] = 2.

When p = oo, for 2 ), if supp(x) Nsupp(y) = @, then following the proposition 3.2, we have
[lx £yl = max{[|x[], Iy} = 1,

and
1To(x) £ To(y) | = [[x £y = max{|lx[|, ||y[|} = 1 = max{[|To(x) |, [ To(»)[},
then

supp[To(x)] Nsupp[To(y)] = 2.
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<" When 1< p <o, and p # 2, if supp[To(x)] Nsupp[To(y)] = &, then following the

proposition 3.1, we have
1To(x) = ToM)I” = To(O[I” + T =2,
and
£ y[17 = [[To(x) £ ToW)I” = To()1” + [ To W) = 2 = [lx[|” + |I¥]7,
then

supp(x) Nsupp(y) = 2.

When p = oo, for 2 if supp[To(x)] Nsupp[To(y)] = @, then following the proposition 3.2,

we have
170(x) = To () | = max{ || To () [}, [[To)[[} = 1,
and
£ y] = [1To(x) £ To()|| = max{ (| To(x)||, [ To()[I} = 1 = max{|ix]], [[y[}},
then

supp(x) Nsupp(y) = @.

Theorem 3.4  For 6;2)(1 <p<oo,p#2), Tpy: S[Eéz)] — S[EE,Z)] is a surjective isometry,

e1 = (1,0), e =(0,1), {ey,ez} is a normalized orthogonal basis of 61()2), then
To(er) =é1, To(ex) =6

or
To(er) =é1, To(e2) =éa.
@)1 7 . 2)
Proof.  Forey,e; € S[¢);"], Ty is a surjective isometry on S[¢;"], so
T T N3
o(e1), Ta(ez) € S[p7].

Following the proposition 3.1, 3.2 and 3.3, we obtain that

supp(e1) Nsupp(ez) =@ = supp[To(e1)]Nsupp[To(e2)] = 2,
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and [[To(e1)|| = [|To(e2)[| = 1, s0 {[To(er) |, [To(e2)|} = {lenl, ez

and

}, then there are |6;| =|6,| =1

To(e1) = O1e1 =é1, To(er) = brer =6

or
To(e1) = 01e2 =¢€1, To(ez) = bhe) =é.

O

Corollary 3.5 For E;,Z)(l <p<oo,p#2),TH:S [EE,Z) ] =S [EE,Z) ] is a surjective isometry,
{e1,e2} is a normalized orthogonal basis of 4,2), then

To(x) =% or To(x)=x foereS[ﬁ,(f)].

Proof. ForVx=(§,&) € S[Kg,z)], let x # +e, To(x) =x = (£,&) € S[Kg,z)], so To(x) # +e,
by the theorem 3.4, there are only two cases.
Casel Ty(e)) =¢1, To(er) = é.

When 1 < p <o, p#£2, x,x/ € S[Kg,z)], that is
[xP=1=1&4["+]&°F = 0<|&]<1, 0<[&|<1,

X[ =1=1a1P+I%" = 0<[&lI<1, 0<[&<1.

Then
ITo(x) £ To(e1)||” = |lxter||P =[x £& [P = |x £61e1]”,  (3)

I To(x) £ To(e2)||” =[xt ea||? = ¥ £&|P = |x £ 6rea||P, (4)

that is

(& £1,E)]1P = (& £61,5)|”,
(€L EED)P = (&, &£ 6)]IP-

e’ =Il(Gi£1,6)11
= G117+ (5"

=S 1P+ 1=[&7,
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e e ]” = [1(S £ 61, 5)1”
=& £ 61" +16["

=[S 0P +1-1[§/,
so by the (3) we get

E 1P — &P =&+ 6P — &7, (5)

S = 1P =GP =18 =61l =& 7. (6)
When 6; = 1, by (5) and f(¢) = |t + 1|P — |¢|? is a strictly increasing mapping when —1 <
t < 1, we obtain that 3,‘{ = & = 6,&, and similarly we obtain that éé =& = 6,6, when 6, = 1.

When 6; = —1, by (5) we get

S+ 1P =GP =G = 1P =& 1" =[1=& " = [&",

by f(¢) = |t + 1|7 — |t|? we obtain that & < 0 and &, = —& = 6,&,, and similarly we obtain
that éé = —&) = 6,& when 6, = —1, that is

To(x):)z.
When p = o, for Eg), x,x, € S[Ec(x%)], that is
x| = 1=max{|§1,[&|} = 0<|&[<1, 0<[&| <1,

x| =1=max{|G],|&[} = 0<[§I<1, 0<[&[<T.

|To(x) £To(er1)|| = [[xLei =[x £énll,
|To(x) £ To(e2)|| = [[x L ez = [|x £él,
that is

(&1 +1,&)|| = max{|& + 1], |&[} = [|(&, + 61, &) || = max{|& + 61,15},

(&1 — 1,&)|| = max{|& — 1],|&[} = [|(&; — 61, &) || = max{|& — 61,151},
(€1, & + 1) = max{|&],|& + 1]} = [|(€},& + 6:) || = max{|&],|& + 6},
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and
161,82 = DIl = max{|Gi[, 182 = 1[} = [|(§1, & — 62) | = max{[&; |, [&, — 61},
When & >0, we have |, +1| > 1, |&| < 1and |&| <1, so

max{|& + 1|, |&[} = |& + 1| = max{|&, + 61, &} = |& + 61 .

We can get [§) + 1] = |§i + 01|, and by the mapping g(¢) = |t + 1] is strictly increasing when
0 <t < 1, we obtain that é{ = 0,&;.

Similarly we also obtain that éé = 6,&, when & > 0.

When & < 0, we have |£ — 1| > 1, |&| < 1and |&| < 1, so

max{|& —1],|&[} = |& — 1] = max{|&; - 61],|&, |} = & — 61].

We can get |& — 1| = |€, — 6], and by the mapping g(t) = |t — 1| is strictly decreasing when
—1 <1t <0, we obtain that 5{ =0:&.

Similarly we also obtain that éé = 6,&, when &, < 0, that is
To(x) = %.
Casell Ty(e) =é1, To(er) = é3.
When 1 < p <o, p£2,
lx+er|P =18+ 1P +1—1&]7,
¥ el =&+ 6117 +1- &l
lx—el|” =[&1 =17 +1-1[& 7,
I —erll” = 1& — 611 +1~ &),
1To(x) + To(en)lIP = [lx+er[|” = [l +6rea”,
1To(x) = To(en)|IP = [x—er|” = [l¥ —6rea]”,

like the above proof about case I, we obtain that éé = 0,&;, and similarly we also obtain that

£, = 6,6, that is

To(x) =X.
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When p = oo, for Eg),
|To(x) £ To(er)|| = lxer || = ||x £ Brea]),

|To(x) £ To(e2) | = et ea]| = [|x + Bzen

that is
161+ 1,&) [ = max{|&1 + 1],[& 1} = (&1, & + 61) || = max{|&;], &+ 61},
161 = 1,&) [ = max{|& — 1],[&1} = (&1, & — 61)|| = max{|&;], & — 61},
11,6 + )| = max{|&], &2+ 11} = [|(&; + 62, &) | = max{|&; + 62, &1}
and

(€1, & — 1)]| = max{|&],|& — 1]} = [|(€; — 6, &) || = max{|&; — 6,15},

like the above proof about case I, we get é{ = 6,& and éé = 0,&;, that is
T() (X) = X.

O

Theorem 3.6 For 4,2) (1<p<o,p#2),Ty:S [65,2)] — S [65,2)] is a surjective isometry, then

Ty can be linearly extended to an real isometry from 65)2) to 65,2).

Proof.  For 65,2), e1 = (1,0) , e2 =(0,1), {e1,ez} is a normalized orthogonal basis, for Vx €
61(,,2), let
Ielmo(E), it x4

0, if x=20.

X) =

For Vx = (£1,&),y = (M1,m2) € 65,2), x # 0, and y # 0, there are only two cases,
Casel Ty(e)) =¢1, To(er) = é.

In this case, by theorem 3.5 and proposition 2.5, we obtain that

T(x) = ||x||To<Hj§—”> = Il ()

X,
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X
Hﬂﬂ—TwHZWW%%ﬂ)IM%WHW
X
= [l (o) = Il )
[l [yl
= [lx—ll
= [lx=)ll
lx =y,

T o+ By) = floce+ By To( P )
lox+ By
ox+ By

= [lax+ Byl - (—%77)
lox + Byl
= (ax+By)
= oX+ pBy
= aT (x)+BT(y),
then T is the linearly isometric extension of 7j to whole space 65,2).
Case 11 T()(el) =é, To(ez) =¢j.
In this case, by theorem 3.5 and proposition 2.5, we obtain that
X X | y PN I _
(i) = () = % R = () = o,
el el Il il iyl

() = IR = 4] ﬁ) F=F

IT(x) =T = HHXHTo(H H) [yl o(HyH)II
1
= [l - (H H) =y~ (”y”) yll
= [lx=7l
= [[(x=»)ll

= [le=yll,

361
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ox+ By
|ax+ Byl

T(ax+By) = [|ax+ Byl To( )

= [loex+ Byl - ( )-ax+ By

[otx+ Byl|
=ax+ By
= aT(x)+BT(y),

then 7 is the linearly isometric extension of 7j to whole space 6&2).

Since T'(0) = 0, the linearity about the T can also be proved by the Mazur-Ulam theorem.
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