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Abstract: We study a batch arrival single service channel queuing system where the server (service channel)
provides two stages of general service to customers, the first essential service followed by the second optional
service. It is assumed that the service channel is subject to breakdowns and on the occurrence of a breakdown, the
service channel waits for the repairs to start and this waiting time (termed as the set-up time or delay time for repairs)
is assumed general. Further, the repair times are also assumed general. We employ the supplementary variable
technique using four supplementary variables, one each for the elapsed service time of the first essential service, the
elapsed service time of the second optional service, the elapsed delay time and the elapsed repair time. In addition,
we add an important assumption that during breakdown periods, the arriving batches are admitted into the system
based on a policy of restricted admissibility. We derive queue size distribution for this system at a random epoch
under the steady state conditions. Further, we derive some important performance measures of this system. This
extends many models studied earlier by several authors. Finally, a few interesting particular cases are discussed.
Keywords: first essential service; second optional service; random breakdowns; delay time; repair time; restricted
admissibility; queue size distribution at a random epoch; steady state.
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1 Introduction
Server breakdowns are common in many queueing situations. During the repair times of the

service facility, the units or the customers have to wait until the system becomes operable again.
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Consequently, such breakdowns have a definite effect on the system, particularly on the queue
length and customers’ waiting time in the system. Among some earlier papers on service
interruptions, we refer the reader to [1], [3] and [6]. Recently, [5] and [12] have studied some
queueing systems with service interruptions and the present author [11] has studied a queueing
system with time-homogeneous server breakdowns and deterministic repair time. Most of these
and other systems assume single (one by one) arrivals and they further assume that as soon as the

service channel fails, the repairs start instantly. However, in the present paper, we deal with a
bulk input queue M * /(Gl — G, (Optional ))/1 with random breakdowns and delayed repairs, in

which we assume that the service channel has to wait for the repairs to start, which is a much
more realistic assumption in many real-life queueing situations. This delay in starting repairs
may occur due to the non-availability of the repair people or the necessary apparatus needed for
the repairs. This type of delay time was earlier introduced by one of the present authors, [7] in an
M/M/1 queue with random breakdowns, general delay time and exponential repair time.
Recently, [2] studied a queueing system with random breakdowns and delay times. However, in
the present paper we attempt a wider generalization of the models studied by[7] and [2]. Not
only that, we also generalize [8] in which he introduced the idea of second optional service but
assumed single arrivals and assumed the second optional service times to be exponential. In this
paper, we assume that system receives input of customers in batches of variable size and that the
arriving customers are provided the first essential service (FES) followed by the second optional
service (SOS). However, we assume that the service times of FES, the service times of the SOS,
the delay time for the repairs to start and the repair time of the service facility, all the four
random variables, follow a general arbitrary distribution. We employ the supplementary variable
technique by introducing four independent supplementary variables, one each for these four
variables. We further assume that service facility may only fail while it is working unlike Madan
[10] who assumed that it may fail even when it is idle.

Another very important assumption in this work is the policy of restricted admissibility of
arriving groups during breakdown periods. [9] Introduced restricted admissibility of arrivals in a
vacation queue. In that paper, they assume that not all arriving batches are allowed to join the
system as a policy to control overflow of the input into the system. Subsequently, [10] studied a
vacation queue with restricted admissibility and assumed different restricted policies for the case

when the server is present in the system and the case when the server is on vacation. Earlier, [4]
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studied a queueing system with control policies different from the ones studied by [9] and [10].
In the present paper, unlike [9] and [10], we employ the policy of restricted admissibility of
batches only during the breakdown periods of the server. This is indeed a very valid and a
realistic assumption, which would help alleviate the system’s overall congestion.

2 Description of the Model and Definitions

We consider a batch arrival queueing system, where arrivals occur according to a compound
Poisson process with the batch size random variable ‘I’. The server provides FES, one by one, to
all customers on a first come, first served basis. On completion of the FES, a customer opts for

the SOS with probability p and leaves the system with probabilityl— p. The two service time

random variables S, and S, of a customer follow a general probability law with respective
distribution functions (DF) G,(x) and G,(x), Laplace-Stieltjes Transforms (LST) G, (¢) and

G, (9) and finite moments E(S,*) and E(S,"), k >1, respectively. It is further assumed
that the server is subject to random breakdowns such that «dt is the first order probability that
the service channel will fail during the short interval of time (t,t +dt]. We assume that as a

result of a random breakdown, the unit whose service (FES or SOS) gets interrupted, instantly
goes back to the head of the queue. As soon as the server breaks down, it has to wait for the

repairs to start. We define this waiting time as the delay time and assume that the delay time

random variable D follows a general probability law with DF D(x), LST D"(8) and finite
moments E(D), k >1. Next, we assume that the repair time random variable R of the service
channel also follows a general probability law with DF R(x), LST R"(#) and finite moments
E(R¥), k>1. Let ¢ (0 <c<1) be the probability that an arriving batch will be allowed to join

the system during the period of time when the server is under breakdown state, either waiting for
repairs to start or under repairs.

Next, we define A =batch arrival rate, X =batch size (a random variable),
a, = Prob [X=k], X(z) =) z"a,, the PGF of X, and E[X;]=E[X(X —1)...(X —k +1)], the k-
k=1

th factorial moment of X.

Further, it may be noted that since G,(x), G,(x), D(x) and R(x) are distribution functions, we

have G,(0) =0, G,(») =1, G,(0) =0, G,(») =1, D(0) =0, D(:)=1 and R(0) =0, R(w0)=1.
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Further, since G,(x) , G,(x) , D(x) and R(x) are continuous at x=0, therefore,

G0 k= 9% piaax= 9PX) g L oxx = IR

A = = are the
1-G,(x) 1-G,(x) 1-D(x) 1-R(X)

1, (X)dx =

first order differential functions (hazard rates) of G,(x), G,(x), D(x) and R(x), respectively.
Next, we define

Wn(l’ (x;t) = probability that at time t, there are n (>1) customers in the system, including one

customer being provided FES since the elapsed service time X,

Wn(z) (x;t) = probability that at time t, there are n (> 1) customers in the system, including one

customer being provided SOS since the elapsed service time x,

F ° (x;t) = probability that at time t, there are n (>1) customers in the queue, the server is in the

failed state and waiting for repairs to start with elapsed waiting time X,

F * (x;t) = probability that at time t, there are n (>1) customers in the queue and the server is

under repairs with elapsed repair time X,

Q(t) = probability that at time t, the system is empty and server is idle (but available in the

system for service).
Now we shall analyze the limiting behavior of this queueing process at a random epoch with the
help of Kolmogorov forward equations provided the following limits exist and are independent

of the initial state:

Q=limQ(, W @ (x)dx = lim W (x,t)dx,

Wn(z) (x)dx = Itim Wn‘z) (x,t)dx, FnD (x)dx = Itim FnD (x,t)dx, and
F*(x)dx = Itim F *(x,t)dx, where x >0, and n>1.

3 Steady State Equations Governing the System

Then following the usual probability reasoning, we have, for x >0, and n >1, the following set

of Kolmogorov forward equations under the steady state conditions:

S0+ 124400+ W0 (0 = 23,85 (0, )
LW 00+ 124 2,00+ a2 (00 =23 AW, x), @
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% FP(X) +[1+BX)]FP (X) = AL-C)FL (x) + cziak FP. (%), 3)
%( FRO) +[A+y()]FR (x) = AQ-c)FF (x) + cﬂzn:ak FR (), 4)
1Q = (= )W (044, 000+ W 1, (). ©

The above set of equations is to be solved under the following boundary conditions at

x=0and for n>1:

W,”(0)=4a,Q+(1- D)TWﬁi () 44, (x)dx + TWn(ff ()2, (X)dx + T . (x)7(X)dx (6)

W2 (0) = WS (x)21, (). @
F°(0)= a(Wn(l’ +W @ ) where W = TWH“’ (x)dx, j=1,2, (8)
F(0) =[F, () B(x)dx, ©)
and the normalizing condition
2 o X ) o © o ©
Q-+ YWY ()dx+ [F°(x)dx+ > [FF(x)dx=1. (10)
j=1 n=lyg n=l o n=l o

4 Queue Size Distribution at a Random Epoch

Next, we define the following Probability Generating Functions for | z |<1:

W®(x,2)=Y2WE(x), x>0; W®(0,2)=32W2(0),
n=1 n=1
W@ (z) = [W®(x,z)dx = i "W (11a)
0 n=1
WO(x,2) =3 2W2(x), x>0; W?(0,2)=>2'W?(0),
n=1 n=1

W (z) = [W® (x,z)dx = i AASE (11b)
0 n=1
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FD(x,z):ilz“FnD(x), x>0 FD(O,z):ilz"FnD(O) ,

F°(2) = [ F° (x,2)dx, (110)
o

FR(x,z):Z::z“FnR(x), x>0 FR(o,z):iz“F;‘(O) ,

F*(2) = [ F* (x,2)dx. (11d)

We multiply equations (1) to (4) as well as the boundary conditions (6) to (9) by suitable

powers of z, sum over all possible values of n, use (5) and use (11). Thus we obtain the

Az (X (z) _1)(1—Gn:(m)j Q

following results:

W®(z) = - - - . — (12)
z—-(1-p)G, (M) — pG, (MG, (M) —a z'¥(m) D" (k) R"(k)
p A2(X (2)-1) G; (m) (“Gz(r*‘)jo
W®(z7) = : S il R (13)
z-(1-p)G, (M) - pG, (MG, (M) —a z¥(m) D (k) R" (k)
a/lz(X(z)—l)‘P(m)(l_ D*(k)j Q
b k
F°(2)= ; - - - kY (14)
z—(1-p)G, (m)-pG, (MG, (m)-az¥(m)D (k)R (k)
a Az (X (z)-1)¥ (m)D" (k) (1_ R*(k)jQ
F"(2) = K (15)

z—(1- p)G; ()~ pG, ()G, (M)~ 2% (m) D" (K)R™(k)

Wherem = A(1- X(2))+a, k = 1¢c(1- X (2)),

0

G, [ 1-X(2))+a] J Hx@kalxgG (x) is the Laplace-Steiltjes transform of the first
0

essential service time, G, [1 (1- X (2))+ «] =J'e‘“ -x@ralgG, (x) is the Laplace-Steiltjes



ON A BATCH ARRIVAL QUEUE 181

transform of the second optional service time, D’ [ﬂc(l— X(Z))] ZJ-QMC(H(Z))]Xd D(X) is the
0

Laplace-Steiltjes transform of the waiting time before repairs to start, and
R'[2c-X (@) :J.e_[lc(l_x(z))]de(X) is the Laplace-Steiltjes transform of the repair time.
0

Further, it is easy to see that at z=1 the right hand side expressions in equations (12) to (15) are

all of zero/zero form. Therefore, applying L’Hopital’s rule, we get

1—Gf(a)j
o

lE(X)( Q
W® (1) = Lim W®(z) =

o1 1-¥(a)[a + AE(X) + aAE(X)(E(D) + E(R))] 1o

This is the steady state probability that at any random epoch, the server is busy providing first

essential service,

pAE(X) G:(a)(l‘G;("‘)J Q
W@ (1) = Lim W@ (z) = d

151 1—‘P(a)[a+/1E(X)+a/1E(X)(E(D)+ E(R))], 40

This is the steady state probability that at any random epoch, the server is busy providing second

optional service,

1ol 1-¥(a)|a + AE(X) + aAE(X)(E(D) + E(R))]
This is the steady state probability that at any random epoch, the server is in the failed state and
waiting for repairs to start,

251 1-¥(a)|a + AE(X) +alE(X)(E(D)+E(R))] 1)

This is the steady state probability that at any random epoch, the server is in the failed state and
under repairs.

Next, the normalizing condition in (10) is equivalent to
Q+WPQ)+W@ D) +F°@)+FR(@) =1. (20)
Utilizing (4.6) to (4.9) in (4.10), we obtain on simplifying
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_1-[2E(X) +a 2E(X) (E(D) + E(R))]¥ ()

Q l1-aV¥(a)

(21)

We note that (21) yields the following stability condition under which the steady state exists:

P, =la+E(X)+a AE(X)(E(D)+ E(R))¥ (a) <1. (22)

Finally, replacing the value of Q found in (21) in the numerators of equations (12) to (15), we
have explicitly determined all the probability generating functions. Similarly, equations (16) to

(19) can be simplified as follows.

ﬂ,E(X)Ll_G;(a)j
(04

w @) = LZiTl w @ (z) = v (@) : (23)
pAE(X) G; (a)[l‘ez(“)]

W@ (1) = LTI W@ (z) = T a : (24)

o) = Lim Fo () =5 T I 25)

FR()=Lim F"(2)= “Mi(_xogi((z))ly(“) , (26)

We may note that p, the utilization factor of the system is the proportion of time the system is

busy providing the first essential service or the second optional service. Therefore, by adding
(4.6) and (4.7) and using the value of Q from (4.11), we obtain

_JE(X)¥(@)
P a¥(a) @)

Now, we define the probability generating function of the queue size distribution at a random
epoch irrespective of the state of the system as follows:
P(2)=Q+W®(2)+W@(2)+ F°(2) + F" (2). (28)
This can be obtained by adding equations (12) to (15) and (21) and simplifying.

5 The Average System Size
Let L denote the mean system size at a random epoch. Then using the PGF P(z) in equation

(28) and after somewhat heavy algebra and simplification, we obtain
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d
L=—~P
dz (2)

z=1

=p, +—’12(E(x))22 -G (a)-oE (s,e™)+ pll-G;(ar) - aE(s ™)) ]
-y Jer

LA (E(X))

[E(D?)+ E(R?)+ 2E(D) ER)FPREXXD) o)
2(1_p0)

2E(X) 1-p,)
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where p; =[a + AE(X) + @ AE(X)(E(D) + E(R)) [¥(e) and E(X (X —1)) is the second factorial

moment of batch size of arrivals.

6 Some Particular Cases

Case 1: We assume single Poisson arrivals with no restricted admissibility and that FES, SOS,

Delay Time and Repair Time all have exponential distributions.

In this case we have, c=1, E(X)=1, E(Sl)=i, E(Sz)zi, E(D)=l, E(D*)=—
Hy H; B B

u+AL-X(2))+«

* _ Hy * _ H, * _ H, ’
G (a)_£y1 +aj’ G.(m) (,uz +/1(1—X(Z))+0J’ G.(a) (,uz +aj
N~ p () — Y _
7 (k)_(ﬂma—xa»}and " (7+ﬂ<1—><(z>)j
Consequently, (1—Gf(m)j=[ ! j (1—6{((1)}:( L J
m w+AL-X(2))+« a u+a

1-G,(m)) _ 1 1-G,(@)) [ 1
m ) g+ A0-X@)+a) a ) \mta)

E(R)% E(R2)=7%, E(X(X -1))=0, Gf(m):( s j

[1—D*(k)J:[ 1 j (1—R*(k)j:( 1 j and p(q) Pt TT_
k B+M1-X(2)) K y+M1=X(2)) (1, + @), + )

With these substitutions in the main results we can obtain the corresponding to this case. In

addition, we find the following probabilities:
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1
A
W(l)(l): (ﬂ1+aJ

l_a|: p/u1+/u2+a :|
(1, +a)(u, +a)

, (30)

This is the steady state probability that at any random epoch the server is busy providing first

essential service,

1 Hy 1 J
W @ (1) = P (ﬂ1+a][ﬂz+a ) (31)

—0!|: Pu, + u, + :|
(uy +a)(u, +a)

This is the steady state probability that at any random epoch the server is busy providing second

optional service,

0(/1(1]|: P, + 1, +a :|
B)| (uy +a)(u, +a) ’ (32)
_a{ P, + 1, + @ }
(uy + a)(u, +a)

FP@) =

This is the steady state probability that at any random epoch the server is in the failed state and

waiting for repairs to start,

ai(lj[ Pu, +u, +a }
y )L +a)u, ta)] (33)
1_0{ P, + 1, ta }

(g + @)y, +a)

FRQ@) =

This is the steady state probability that at any random epoch the server is in the failed state and
under repairs.

Further, we have

1—{a+i+aﬁ(l+lﬂ{ Piy + 1y + }
By )| (u+a)u, +a) ], (34)
_a{ Py + p, + @ :|
(4, + a)(u, + )

Q=

/1|: paul + luz +6¥ }
(u, + a)(u, + a)

p= , (35)
1_a|: p;u1+:u2+a j|

(u, +a)(u, + a)
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Further, since both service times are exponential, we have

1-G, (@) =—%— 1-G, (@) =—%—, E(s.e™) =" and E(s,e™)=—*

u+a ,+a (1 +a) (+a)”
Therefore, (5.1) reduces to
2 2
L=p,+2 S N {iz+i2+i} (36)
C-p ) (+a) (w+a)y | Q=p )5 7" Br
where
Po={a+ﬂ,+aﬂ(i+lﬂ{ Pl + 1, + } (37)
By )| +a)u, +a)

Case 2: No Second Optional Service

In this case, we put p =0 in the main results.
Case 3: No Delay

In this case, we have D”(k)=1 and E(D) = 0.
Case 4: No Breakdowns

In this case, we let & =0 and consequently, G, (&) =1, for i =1, 2, and

Lim (Mj ~E(S,), Lim (@J = E(S,). Lim W(a) = E(S,)+ PE(S,)

a—0 a
. {1—e;<a>—ge<sl )} Efs?)
a—0 a 2
and Lim{l_ G;(Ot)— 025E(Sz e )} — E(Szz )
a0 a 2

With these substitutions in the main results we can derive results of this particular case.

Case 5: No Second Optional Service, No Breakdowns

In this case we put p=0 and E(S,)=0 in the results of case 4 or we put =0 in the results of
case 2.

7 Numerical Examples

We provide some numerical examples to check the validity of our results obtained in Case 1 and
to see the effect of various parameters involved in our model (namely, the breakdown rate «, the

delay parameter £ and the completion of repair parameter ») on the utilization factor p and on
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the probabilities of various steady states of the system, namely the probabilities of the idle state,

the working state and the breakdown state waiting for repair to start and under repair. We assume
the fixed values of the arrival rate 2 =1, the service rates 4 =2 and z, =4, and arbitrarily

choose values of the other various parameters such that the stability condition (6.8) of the
particular case 1 is not violated. We obtain the following numerical values which depict results
as expected.

Table 1: Effect of £ on the utilization factor and on the probabilities of steady states.

Al | M p a v P

1 2 4 0.5 0.5 5 0.647

Bl L | L |Q WD |WPD|F°Q|F'Q

6 133 | 215 | 0.23 0.53 0.12 0.05 0.06

8 1.20 | 201 | 0.25 0.53 0.12 0.04 0.06

10 | 114 | 194 | 0.26 0.53 0.12 0.03 0.06

12 | 110 | 190 | 0.26 0.53 0.12 0.03 0.06

14 | 1.07 | 187 | 027 0.53 0.12 0.02 0.06

16 | 1.05 | 1.85 | 0.27 0.53 0.12 0.02 0.06

Table 2: Effect of o on the utilization factor and on the probabilities of steady states.

Al # | # | P B Y
1 2 4 0.5 4 5
al L, | L | Q W) WPQ)|F°Q) |F'@| »
0| 075 | 1.38 | 0.38 0.50 0.13 0.00 0.00 |0.625
01| 084 | 152 | 0.34 0.51 0.12 0.02 0.01 |0.630
02] 097 | 169 | 031 0.51 0.12 0.03 0.03 |0.634
03] 113 | 190 | 0.28 0.52 0.12 0.05 0.04 |0.639
04| 136 | 216 | 0.24 0.52 0.12 0.06 0.05 |0.643
05| 1.67 | 251 | 0.21 0.53 0.12 0.08 0.06 | 0.647




Table 3: Effect of y on the utilization factor and on the probabilities of steady states.
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Al | 4 | P o B P

1 2 4 0.5 0.2 2 0.634

y | L L | Q WP | wP® | F°Q@) | FF(Q)
1 3.75 4.60 0.18 0.51 0.12 0.06 0.13
2 1.81 2.60 0.24 0.51 0.12 0.06 0.06
3 1.47 2.24 0.26 0.51 0.12 0.06 0.04
4 1.34 2.10 0.27 0.51 0.12 0.06 0.03
5 1.27 2.03 0.28 0.51 0.12 0.06 0.03
6 1.23 1.98 0.28 0.51 0.12 0.06 0.02

Table 4: Effect of p on the utilization factor and on the probabilities of steady states.

Al M| K| @ B /4

1 2 4 0.5 6 4

P | L, L Q |W®®) |WP@) | F°() | F*FQ) | »

0 0.71 1.40 0.40 0.50 0.00 0.04 0.06 0.500
0.2 0.92 1.67 0.33 0.51 0.05 0.05 0.07 0.557
0.4 1.26 2.06 0.26 0.52 0.09 0.05 0.08 0.616
0.6 1.90 2.77 0.18 0.54 0.14 0.06 0.08 0.679
0.8 3.60 453 0.10 0.55 0.20 0.06 0.09 0.744
1 21.24 | 22.23 0.02 0.56 0.25 0.07 0.10 0.813

187

One can easily notice that when £ increases for fixed values of « and y, the probability of the
idle state Q increases and the average queue length L decreases. Similarly, as » increases for
fixed values of « and . However, when « increases for fixed values of g and y , the

probability of the idle state Q decreases, the average queue length L increases and the utilization

factor p increases. Clearly, the utilization factor o increases as p increases for fixed values of o,
£ and y. On the other hand, it is independent of the delay parameter £ and the completion of

repair parameter y .
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