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Abstract. In bounded domain, we consider a Bresse system with delay terms in the internal feedbacks acting in
the first, third equations and distributed delay term in the second equation. We prove the global existence of its
solution in Sobolev spaces by means of semigroup theory. Furthermore, we study the stability of solutions using

the well known multiplier method.
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1. Introduction and related results

Originally the Bresse system consists of three wave equations where the main variables de-

scribing the longitudinal, vertical and shear angle displacements, which can be represented as
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(see [4]):

P1@; = Ox+IN+F
(D P2V =My —Q+F,
Piwy = Ny —1Q + F3,

where

2) N=ko(wy—190),0=k(Q+Iw+y),M=by,

We use N,Q and M to denote the axial force, the shear force and the bending moment. By
w,@ and ¥ we are denoting the longitudinal, vertical and shear angle displacements. Here
p1 = pA = plky = EA,k = K'GA and [ = R~'. To material properties, we use p for density,
E for the modulus of elasticity, G for the shear modulus, K for the shear factor, A for the
cross-sectional area, I for the second moment of area of the cross-section and R for the radius
of curvature and we assume that all this quantities are positives. Also by F; we are denoting
external forces.

System (1) is an undamped system and its associated energy remains constant when the time ¢
evolves. To stabilize system (1), many damping terms have been considered by several authors.
(see [1], [3], [6], [11], [12])

By considering a damping terms as infinite memories acting in the three equations, the system

(1) have been recently studied by [6] in

P19 — Gh(@x+ 1w+ ), — Ehl (wy —19) + [” 81(5) xx(t — 5)ds = 0,
3) P2Wir — EIYx + Gh (@ +Iw+ W) + [57 82(5) Yar(t — 5)ds = 0
pPiwy —Eh(wy —1@)  +IGh (@ +Iw+y) + [57 83(s)wyr(t —5)ds =0

where (x,1) €]0,L[xR,g;: Ry — Ry ,i=1,2,3 are given functions. The authors proved, un-
der suitable conditions on the initial data and the memories g;, that the system is well-posed and
its energy converges to zero when time goes to infinity, and we provide a connection between
the decay rate of energy and the growth of g; at infinity. The proof is based on the semigroups
theory for the well-posedness, and the energy method and the approach introduced in [5], for

the stability.
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In [3], the authors considered the Bresse system in bounded domain with delay terms in the

internal feedbacks

pl(Pn —Gh((px+lw+ W)x_Ehl (Wx—l(P)—l—,lil(Pt-l-HzQD,(X,t— Tl) - 0,
4) PV — EIW + Gh( @y + 1w + W) + W + oW (x,t — T2) =0
p1wy —Eh(wx — 1)+ IGh (@ + 1w+ W) + liw; + ow, (x,t — 73) =0

where (x,7) € (0,L) x (0,+e0),7; >0 (i = 1,2,3) is a time delay, ul,uz,ﬁ,ﬁi,ﬁ,ﬁ are pos-
itive real numbers. This system is subjected to the Dirichlet boundary conditions and to the
initial conditions which belong to a suitable Sobolev space. First, the author proved the global
existence of its solutions in Sobolev spaces by means of semigroup theory under a condition
between the weight of the delay terms in the feedbacks and the weight of the terms without
delay. Furthermore, they studied the asymptotic behavior of solutions using multiplier method.

The Bresse system (1), is more general than the well-known Timoshenko system where the
longitudinal displacement @ is not considered / = 0. There are a number of publications con-
cerning the stabilization of Timoshenko system with different kinds of damping, in this regard,
we note the next references (see [9], [13], [14], [15], [21], [22] and [23]).

In the present paper we are concerned at the Bresse system with a distributed delay term,

P19y —Gh(Qc+ 1w+ ) —Ehl (e — 1)+ 11 @ + o (x,t —71) =0,
®) P2 — EIV + Gh(@u+ w + ) + oy + [77 1(s) ¥ (x,7 — ) ds = 0,
P1wi — Eh(wy — 1)+ IGh(@y + Iw + W) + liw, + tow; (x,t — T2) = 0,

where (x,7) €]0,L[ xR, with the Dirichlet conditions:
(6) ©(0,1) = @(L,t) = y(0,t) = y(L,t) =w(0,t) = w(L,t) =0,t >0

and the initial conditions

;

@(x,0) = @o(x), ¢ (x,0) = @1 (x), ¥(x,0) = W (x)

Wi (x,0) = w1 (x), w(x,0) = wo(x),we (x,0) = w1 (x),x € (0,L)
(7 8 @t —1) = folx,t— 1) in (0,L) x (0,7))

Vi (x,1) = fo(x,2) in (0,L) x (0, 7;)

w5t — ) = Jo (6t — 1) in (0,L) (0, %)
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7 and T, are two real numbers with 0 < 7] < 1o, o is a positive constant, U : [T, 7] — R is an

L* function, p > 0 almost everywhere, and the initial data (ug,u;,vo,v1, fo) belong to a suitable
space (see below).

Here, we will prove the well-posedness an and the stability results for problem (5)-(7), under

the assumption

3) ,u()E/TZu(s)ds

Concerning the distributed delay, Nicaise and Pignotti [19] considered wave equation with lin-

ear frictional damping and internal distributed delay

(7]
Uy — Au+ yuy +a(x)/ U (s)u; (x,t —s)ds =0,
T

in Q x (0,00), with initial and mixed Dirichlet-Neumann boundary conditions and a is a function
chosen in an appropriate space. They established exponential stability of the solution under the

assumption that

(7]
lall [ M2(s)ds < .

T

Regarding the similar result concerning boundary distributed delay see [2, 16, 17].

The aim of this article is to study the well-posedness and asymptotic stability of system
(5)-(7). The paper is organized as follows. The well-posedness of the problem is analyzed in
Section 2 using the semigroup theory (see [8], [20]). In Section 3, we prove the exponential

decay of the energy when time tends to infinity (see [10]).
2. Preliminaries and Well-posedness

First assume the following hypotheses:

2| < |,

Ho| < [

and state some lemmas which will be needed later.
Lemma 2.1. (Sobolev-Poincare’s inequality). Let g be a number with 2 < g < +oo. Then there

is a constant ¢, = ¢4 ((0,L) ,q) such that

©) lwll, < c.llwell, for w € Hy ((0,L)).
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Lemma 2.2. ([7], [10]). Let E : Ry — R be a non increasing function and assume that there

are two constants & > —1 and 3 > 0 such that

(10) /OOE“H(t)dt < lE(O)O‘E(s), 0<s<+e
s B
Then we have
(11) E(t)=0, WZZ(I();! if —1<a<0
l+a \@ .
(12) E(t) <E(0) (m) , V>0, ifa>0
(13) E(t) <E0)' P vi>0 if =0

First of all, note that assumption (8) implies that there exists a positive constant cq such that,

(%)

C|
(14) o — u(s)ds—io(rz—rl)>0
T

We will prove that systems (5)-(7) are well posed using semigroup theory by introduce the

following new variable (see [19])

Zl(x7p=t) = (p,(x,t—’clp),xe(O,L),pE(O,l),t>0,
z2(x,p,t,s) = Y (x,t—ps),x€(0,L),p € (0,1),s € (11,72),t >0,

(15) 2(xpt) = w(x,t—np),x€(0,L),p€(0,1),r>0,

Then, we have
(16) TiZi[(X,p,l) +Zip(x7pvl) =0in (OaL) X (07 1) X (O’oo) fori= 172
and

(17) sz(x,p,t,8) +2p(x,p,t,5) = 0,in (0,L) x (0,L) x (0,00) X (71, 72)
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Therefore, problem (5) takes the form

(

P10 — Gh(Qc+ 1w+ W), —IERh (wy —1Q) + 11 @ (x,1) + tozy (x,1,2) =0
7121 (x,0,1) +21p (x,p,1) =0
P2 — EIWe + Gh(@x+ 1w+ ) + oy + [ u(s)z (x,, 1,2,5)ds = 0
(18) sz(x,p,t,8) +2p(x,p,t,5) =0
P1wie —Eh(wy — 1), +IGh (@Qc+ Iw~+ W) + ywy (x,1) + taz2 (x,1,1) =0
201 (x,0,1) +22p (x,p,1) =0

)+zp(x,p,t,5) =0, in (0,L) % (0,L) x (0,00) x (71, T2)

sz:(x,p,t,8
\

With the Dirichlet conditions:

©(0,t) = @(L,t) = y(0,t) = y(L,t) =w(0,1) =w(L,t) =0, >0

and the initial conditions:

¢(x,0) = @o(x), ¢1(x,0) = @1 (x), ¥(x,0) = Yo (x), x € (0,L)
Vi(3,0) = 1 (x),w(x,0) = wo(x),wy (x,0) = wi (), x € (0,L)
@ (x,—1) = folx, 1) in (0,L) x (0, 72),
(19) z(x,0,2,5) = W (x,2) on (0,L) x (0,%) x (11, T2),
2(x,p,0,5) = folx,p,s) in (0,L) x (0,L) x (0,7)
z1(x,1,0) = fi(x,t—m) in (0,L) x (0,71)
| @ (x,1,8) = fo (x,t — 72) in (0,L) x (0,7,)

Let &1and &, be positive constants such that:

T o] < &1 <7 (2p — [p2])
T2 < & < w (20 — 12|
where, 7| and 7, are two real numbers with 0 < 71 < 15, Uo, U1, Uz 1S a positive constant, UL :
[T1, T2] is an L™ function, > 0 almost everywhere, and the initial data (@g, @1, Wo, W1, wo, w1, fo, f1, /2)
belong to a suitable space (see below).

If wesetU = (q),(pt,zl,I//,l[/,,z,w,w,,zg)T,then
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U = (0, Qry 2115 Wiy Wit 22, We w,,,z2t)T .Therefore, problem (18)-(19) can be written as

U' =AU,
(20)

U(O) - ((p07(P17f1('_7Tl)?ll/07W17f07W07W17f2(~_7T2))5

where the operator A is defined by

QD u
" Gh (@t Iw+ )+ B (w — 1) = Blu— 22, (1)
. ~ (%)
ll/ \%
Al v [ = Eya—L(otiw+y)—bov—[2uls)z(x,1,t,5)ds
z —s7 1z,
0
Eh

Eb (v, — 1), — S (@ +Iw+ ) — Lo — 27 (1)

P1
1
@ ~(8) @

with domain

D) = { (puwzwnzmon) € (H(0.L)NH(0,.L) x H)(0,L))
x L2 ((0,L), (11,72) s H (0,1)),

u=z2(,0),0=2(.,0),v(x) =z(x,0,s) in (0,L)}.

Note further that, for U = (@, u,,z1, ¥,v,z,w, w,Zz)T €D(A),since z(.,1,s) isin L?(0,L).Denote

by H the Hilbert space

H := (H*(0,L) NHy(0,L) x Hy(0,L))* x L* ((0,L), (71, 72) ; Hy (0, 1))

We will show that A generates a Cp semigroup on H; under the assumption (8).

Let us define on the Hilbert space H the inner product, for

T . _.\T
UZ((P,M,,Zl,l,U,V,Z,W,(D,Zz) U ((Pyu 21, ¥,v,Z,w, 0,22 )
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L
(U,0), = /O[plua+p2vv+p1w6+E1wxy—/x+Gh(<px+w+lw)(¢x+v_/+lw)
+Eh(wy—19) (W, —[9) +Zé§,/ zlz_idp] dx

_|_/ / s (s / (x,p,5)Z(x,p,s)dpdsdx

Theorem 2.3. Let (Qo, @1,u, W, v,w, @, fo) € H. Assume that the hypothesis (8) holds. Then,
for any initial datum Uy € H there exists a unique solution U € C([0,e),H) for problem (20) .
Moreover, if Uy € D(A), then U € C([0,0),D(A))NC'[0,0),H).

Proof We show that the operator A generates a Cp-semigroup in H. In this step, we prove that

the operator A is dissipative. Let U = (@, u,,z1, ¥, v,z,w, w,Zz)T,

(AU,U) =
u ¢
b (ot Iw+ W), + L1 (wy — 1) — Blu—£22, (1) u
(e .
v v
< oy Vi — G2 (@t lw ) — B0y — [2u(s)z(x,1,1,8)ds || v >
—s7 1z, z
0
Eb (v, — 1), — S (@t Iw+ ) — oo — 25 (1) ®
(&) .
- Gh/ (@t 1w+ ), udx+Ehl/ - — 1) udx— .Uo/

—// u/.t(s)z(x,l,t,s)dsdx+El/ Wivdx
0 T1 0

L L L
—Gh/ ((px+lw+l[/)vdx—|—p1/ a)wdx+EI/ Ve Wdx
0 0 0
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+Gh/ ux+v—|—la))(‘Px—|—lw+l//)dx—|—Eh/ —1ut) (we— [9) dx

/ / /ZP x,p,s)z(x,p,s)dpdsdx
_Z‘;/ /( >z,zlpdpdx

Integrating by parts, we obtain
L L L
(AU, U) = Gh/ ((pxx+lwx+l//x)udx+Ehl/ (wx—lq))udx—,uo/ uldx
0 0 0
L T L
—/ / u/.t(s)z(x,l,t,s)dsdx—l—El/ Wy vdx
0 T1 0
L L
—Gh/ (o + 1w+ l,tl)vdx+Eh/ (Wyx — L@y) @dx
0 0
L L
—Ghl/ (o +Iw+y) a)dx-l—EI/ Vi Wrdx

+Gh/ ux+v+lw)((px+lw+q/)dx+Eh/ — 1) (we —19) dx

/ / /ZP x,p,s)z(x,p,s)dpdsdx
_Z‘Sl/ /( )lelpdpdx

Then
(AU, U) = —u /Luzdx—m/La)zdx—,uz/Lm(x,l)udx—llvz/oLZQ(x,l)a)dx
1 Tz/ / zi(x,p)zip (x, p)dpdx
—/ / vi(s)z(x,1,¢,s)dsdx
(21) / / / 2p (x,p,8)z(x,p,s)dpdsdx

Integrating by parts in p , we have

/1_3 ?(x,p,s)dp
X, P,
o 9p

{z2 (x,1,5) —2* (x,0,5) }

1
/ <p (x7pas)z(x7pas)dp =
0

= N =
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that is

/ / / (x,p,8)z(x,p,s)dpdsdx

(22) = 5/0 /n w(s) {2 (x,1,8) — 2(x,0,s) } dsdx

Therefore, from (21) and (22),

L L L L
(AU,U) = —,LLI/ uzdx—m/ a)zdx—uz/ zl(x,l)udx—ﬁi/o 22(x, 1) wdx
/ / zi(x,p)zip (x, p)dpdx
T ’c,

/ / )z(x,1,5)dsdx
/ / / 2p (x,p,5)2(x,p,s)dpdsdx

s
L L
= —,LL1/ u’dx — /.Ll/ o’ dx — ,uz/ Zl(x,l)udx—,uz/ 22(x, 1) wdx
0 0

vé
Tl/ / zi(x,p)zip (x, p)dpdx
1 1

—/ v(x)(/ v(x)u(s)z(x,1,s)d >
// x,l,sdsdx—l—%/ / (x)dx

Now, using Cauchy-Schwarz’s inequality, we can estimate,

(23)

/OLV(X) (/:,u(s)z(x, 1,s)ds) dx
< L1 1
< 2/()V(X)</T ds)dx+2// x, ,8)dsdx
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Therefore, from the assumption (8) we have

L L
_‘LLZ/O Zl(xvl)udx_ﬁ_z//o Zz(x,l)(DdX

25 !
_Z?/ / zi(x,p)zip (x, p)dpdx
1 4WJ0 JO

#(pot [ uas) [wax < 0

that is, the operator A is dissipative.

Now, we will prove that the operator Al — A is surjective for A > 0. For this purpose, let

(F1,f2s f3, fas f5, for f7 S, fo) T € H, we seek U = (@,u,,21,W,v,2,w,0,22)" € D(A) solution

of the following system of equations

Ao —u=fi
Au—GH(@etiw+y), — T (we—19)+ ut 221 (1) = f
Az + (%) 2p = f3

Ay —v=Ff
(24) )Lv—g—zlllfxx—l-%((l)x—l-lw+ l[/)+%H—fff,u(s)z(x,l,t,s)ds:fs
)Lz-l—s’lzpzj%
Aw—m=fy
20— B (= 1), + 2 (ot Iw+ ) + B0+ By (1) = fy

Aza+ <Tl2> 2p = fo

Suppose that we have found @,y and w. Therefore, the first, the fourth and the seventh

\

equation in (24) give

“:AQD_]CI;
25) V=AY~ fa,
CO:AW—f7,

Itis clear that u € H] (0,L),v € H} (0,L) and w € H} (0,L). and we can find,

(26) z(x,0,s) = v(x), forx € (0,L),s € (11,72) .
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and furthermore, by (24) we can find z; (i = 1,2) as
21 (x,0) = u(x),z2 (x,0) = @(x) forx € (0,L).
Following the same approach as in [18], we obtain, by using equations for z in (25)
(27) 2z(x,p,8)+5 '2p (x,p,5) = fo (x,p,s), forx € (0,L) s € (71, T2)

and

0
21 (x,p) = u(x)eflflp 4 Tle’“'p/ f3(x,s)elrlpds
0

p
2 (x7p) = w(x)ef/lfzp + Tze/l’tzp/ f9(X,S)ek12pds
0
Then by (26) and (27)
z(x,p,s) — e Psy, (x) + gt / fs(x,0,5) LY i

So, from (24) on (0,L) x (0,1) x (71, 12)

P
(28) z(x,p,s) = lw(x)e_lps _ fz(x)e—lps +se—/lps/ fs(x,0,) o
0
and from (25)
P
29) 21 (5,0) = Ag()e P — fie P 4 1A [ pi(x ) A
0
]
(30) 2(5,p) = Aw(x)e 42 — freheP ek [T fye )k ePds
0

By using (8) and (24) the functions @, y and w satisfying the following system,

22— (pe+iw+y), — B (we—19)+ Blu+ 22, (1) = o+ A/
G lzw——wxx+g(<px+lw+w>+@vﬂf?u(s)z(x,l,t,s)ds:fs+/lf4

Aw—Eb ( — 1) + S (ot w+ y) + B o+ B2 (1) = fy+ A fr
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Solving system (31) is equivalent to finding (@, y,w) € (H>*NHL(0,L))? such that,

(

S5 (P1A2 Q€ — Gh @y + 1w+ W) & — Eh (wy — @) €
e + oz (- De)dx = 5 pi(fa+Afi)edx
JE(paA2WE — EIyi+ Gh (@ + 1w+ w) € + pove
+02 2 1 (s)z (x,1,1,8) {ds)dx = [i pa(fs + Afa) Sdx
J5 (P1APwn — Eh (wy — 19) e — IGh (@x + Iw+ W)
| FHION + 222 () M)dx = [y pi(f+ A fr)ndx

(32)

for all (&,8,m) € H}(0,L) x H}(0,L) x H} (0,L). From (28), (29) and (30) we have

1

2 (61) =AQ(x)e ™™ — fie T e T / fa(x,s)e* M ds
0
1

(1) =Awx)e 2 — frer 4 Tze_uz/ fo(x,s)e*®ds
0

1
2(x,1,5) = Ay(x)e M — fo(x)e ™ +se ™ / fo(x,0.5) %% do
0

Consequently, problem (32) is equivalent to the problem

(33) a((@,y,w),(e,¢,n)) =L(e¢,n)

where the bilinear form a : [Hj(0,L) x H}(0,L) x H}(0,L)] > 5 R and the linear form L :
HJ(0,L) x Hj(0,L) x H}(0,L) —» R are defined by

L
a((o,w,w),(e,8,n)) = /0(p1/12¢6+Gh(<px+lw+w)(ex+C+n))dx

L

+/0 (P1A2WE + (wy — 1) (N, — Iw) dx
L

—i—/ 7L(p<u1—i—,u2e_’hl>8dx
0
L

—|—/ lw(ﬁ?—l—ﬁie*’lfz) ndx
0

L L ()
—1—/ lwuogdx—i—/ QLWC/ 1 (s)e M dsdx
0 0 7
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and

L L
L(g,C,n) = /()(Hlfl—ﬂle)de+/() p1 (f2+Af1)edx
L L
+/ p2 (fs +2Afa) Cdx—i—/ (U1 f7 — H2N2) ndx
+/ / zoxsdsdx—i—/ p1(fs+Af7)ndx

Ve € H& (0,L). Tt is easy to verify that a is continuous and coercive, and L is continuous. So
applying the Lax-Milgram theorem, we deduce that for all (&,$,1) € H} (0,L) x HJ (0,L) x
H{ (0,L) problem (33) admits a unique solution (@, y,w) € H} (0,L) x H} (0,L) x H} (0,L) .Applying
the classical elliptic regularity, it follows from (32) that (¢, y,w) € H?(0,L) x H*(0,L) x
H?(0,L). Therefore, the operator Al — A is surjective for any A > 0. Consequently, the ex-

istence result of theorem follows from the Hille-Yosida theorem.
3. Stability results

We define the energy associated to the solution of the problem (5) by the following formula:

E@) = H<Pr||z+ HWer+ HWer+ Hll/xllz

Eh
+3w%+w+mﬁ+34m—wﬁ

=& [ atp.0 ap
—201772

1 L rm»
(34) +—/ / su( +co/ V2 (x,t — ps)dpdsdx
2 0 T1

We can prove that the energy is decreasing. More precisely, we have the following
result.
Theorem 3.1. Let (¢, y,w) be the solution of (5)-(7) and the assumption (8). Then there exist

two positive constants ¢ and K such that

E(t) <cE(0)e *,t>0.
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Lemma 3.2. Let (¢, Y, w,z1,2,22) be a solution of the problem (5). Then, the energy functional

defined by (34) satisfies

< _51_|N2| —~ 2_|FT2‘ 2

0 < - (-2 ol (@ 2 - ) i3
&1 ’.U2| 2 3 \ﬁ}} 2
(5 - ) har el - 52 - 2 ) o (o1 0B

< uo+/rzu( s+ (1 - 1) )/ W2 (x,1) dx

/ WP (x,t —s)dsdx

Proof Multiplying the first equation in (5) by ¢y, the third equation by y;, the fifth equation by

wy, integrating over (0, L) and using integration by parts, we get

P1fo Puudx — Gh f5 (@c+ W +1w), @pdx — IER [5 (wy — 19) @dx
i Jo Rdx+ o [y @F (xt —71)dx =0
P2 Jo Wi Widx — EI [ WrWidx — EL [ (@ + y+ Iw) Yy

(35) .
P I ()W (. — s) dsdx = 0
[ fOLwﬂwtdx—EIfOL(wx—l(p)xwxdx+lthoL((px—}— Y+ Iw) wydx
\ U fy widx+ o [fw? (x,t —171)dx =0
Then

IG5 — Gh fy (@ + W+ Iw), @udx— IER [ (wy— 19) @rdx
i[5+ 1 Jo 21 (%, 1,7) @udx = 0

1025 W15+ 55 1well3 + G fi (@ + W+ Iw) widx

+fy o2 (s) W (x,1 =) W (x,1) dsdx =0

IP1E | lwill3 — Eh f§ (we — 1@)owydx + 1Gh [ (9 + W+ Iw) wydx

+ETHWIH%+HEIOLZ2 (xv 17t) wdx=0=0
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We obtain

4 (301 190115+ 302 1wal13 + b1 llwill3 + SET [ ill3 + 3G | @+ yr -+ w3
F3E|wo—1913) + @13 + E lwil
ity fE 2y (e, 1,0) udx+ 1o fiE 2 (x, 1,1) wedx
+JE TR su(s) fy wh (x,t — ps) Wi (v, — ps) dpdisdx = 0

(36)

Multiplying the equation in (16) by &;z; and integrating over (0,L) x (0, 1), obtain:

d rL 12 éi L rl
ZéiE/() /0 zi (x,p,t)dpdx = _?i/() /0 zizipdpdx

R R TN
_ Ti/o (2(x,0,6) = 2(x,1,1)) dx
26
@) = 2 la(w0.0 1 (e 1.01E]

251

HZI (X, lat)HZ -

a 51/ / 2 (x,p,t dpdx—éHszHzJr

2
So [ [ Apndpar— 2 i+ 22 (1,01 =0

107

where z; (x,0,¢) = ¢ (x,1) and z5 (x,0,1) = wy(x,t). From (34), (36) and (37) and using Young

inequality we get

A
| =

L
Hz/o 71 (x5, 1,t) gdx < 2/ 3 (x,1,0)dx+ == /(p,

IN
|':

2 "3ttt B ol

and

L 5 oL
172/ 2 (x, L,t)wdx < &/ (x,l,t)dx+“2/ dx
0 2 Jo 2 Jo
~ M
%/o (x,l,z‘)a,’)H——HW,H2

IA

Then
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, 2 2
o £ < - (u-2-2) el (22wl

2 T1 T
W 25 2 (26 2
— S —— — | == 1.t
(lil 7 o ) [lwe |3 ( P ) lz2(x, 1,1)|]5

+ L/Tz s(u(s)+co) /01 Y; (x,t — ps) Wy (x,t — ps)dpdsdx.
Now, observe that
—sY; (x,1 = ps) = Yp (x,1 — ps)
and
S Wit (X, = Ps) = Wpp (x,1 — ps)
Therefore,
1 1
/0 Vi (X, — ps) Wi (x,0 — ps)dp = —/0 s (3,1 — Ps) Ypp (x,1 — ps) dp
from which follows, integrating by parts in

1
// $)+co / Y, (x,t — ps) Wy (x,t — ps)dpdsdx
_ 2// $) +co) [W2 (x.) — Y2 (x,t — 5)) dsdx
T

= 2/ / s) + o) (x,1) a’sdx——/ / s) + o)y (x,t — s) dsdx

Now, from Cauchy-Schwarz’s inequality,

‘/()L‘I/t(t)/:.u(s)lllt(l—s)dsdx

< /(f|%<r>|/:u<s>|%<r—s>|dsdx
< /Ill/; (rl (s)ds)é(:u(s)l//tz(x,t—s)ds)édx
<

2/ VAt (Tl )ds> dx
(39) +3 / / (x, — s)dsdx
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So, from (38) and (39) we obtain

0 < - (n-2-2) 1ot~ (2 -2) w1003

T1 T1
— W 25 2 (285 2
(-2 (2= 22 1
(T2 =22 - (52 -2 ) a1
(7 co L )
—uo+ [ u(s)ds+—=—(mn—1) /1//, (x,t)dx
T 2 0
L ,7
—C—O/ 2l//,z(x,t—s)alsdx
2 0 T1

This completes the proof of the Lemma 3.2.

Lemma 3.3. There exists a positive constant C such that the following inequality holds for

every (@, y,w) € (H} (0,L1))3

L L
/O <|(px|2—l—\l//x|2+|wx]2>dx < C/0 (El\l//x|2+Gh\(px+l//+lw|2+Eh]wx—l(p|2>dx

(40) < E(r)

Proof We will argue by contradiction. Indeed, let us suppose that (40) is not true. So, we can

find a sequence {@y, Yy, wy } o in (H (0,1))? satisfying

L 1
41) /0 <EI|WUX|2+Gh|(pvx—|—llfv+lwv\2—|—Eh|wvx—l(pD|2>dx§E
and
L 2 2 2
“2) | (1ol sl + ) e = 1

From (42), the sequence {@y, Wy, Wy }yey is bounded in (H} (0,L))? . Since the embedding
H} (0,L) = L*(0,L) is compact, then the sequence {@y, Yy, Wy}, converges strongly in
(Hq (0,L1))%.

From (41)

Wox —> 0 strongly in L2 (0, L)

Using Poincaré’s inequality we can conclude that

vy —> 0 strongly in L? (0, L)
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Now, setting

¢, — @ and wy, —> w strongly in L? (0,L)
From (41), we have
@vx + Wy + Iwy — 0 strongly in L? (0, L)
Then
Qux + Vo + Iwy = Qux+ Wy +1(wy —w) + Iw —> 0 strongly in L2 (0, L)
which implies that
@vx —> —lw strongly in L? (0,L)

Then, {¢y}, is a Cauchy sequence in H'(0,L). Therefore {¢,}, converges to a function
@1in H'(0,L).Consequently {¢y}, converges to ¢jin H'(0,L). Thus by the uniqueness of the
limit ¢; = @.Moreover ¢ € H}(0,L).

From (39) we deduce that

(43) ¢ +Ilw=0aexe (0,L)
Similarly, we have

(44) wy—Ilp=0aexe (0,L)

and w € H(% (0,L). (43) and (44) provides us ¢ = w = 0, contradicting (42). This completes
the proof of the Lemma 3.3.
Proof of Theorem 3.1. From now on, we denote by ¢ various positive constants which may
be different at different occurrences. Multiplying the first equation in (5) by E9¢, the third

equation by E9y and the fifth equation by E9w we obtain

T L
0 = /SE‘]/O (P19 — Gh (@ + 1w+ ), — Ehl (wx— @)

+U1 @ + pozy (x, 1,1))dxdt
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T

L T L
0 = [Eqpl/ (p(p,dx] —/ quE/Eq_l/ P pdxdt
0 s 0

s
T ) T L
—pl/S Eq||(pt||2dt—/s E‘//O 0.Gh (@ + Iw+ W) dxdi
T L T L
—/ Eq/ ©(LEh) (wx—l(p)dxdt+u1/ E"/ O, Qdxdt
s 0 s 0

T L
+|u’2/ Eq/ (le(x717t)dth7
S 0

T L
0 = /Squo V(P2 — EIW + Gh (@ + Iw + )

T

oW + P2 / ()2 (x, 1,1,5))dsdxdr
T

1

L T T , L [E T 5
0 = {Equ / dex] - / p2gE'ET” / Yidxdt — pa / E1| w3 d1
0 S S 0 S
T 2 T L
+/ EqEI||1//x||2dt—|—/ Eq/ W Gh (@ + Iw+ y) dxd
S S 0

T L T
+p2/ Eq/ W/ w(s)z(x,1,¢,s)dsdxdt
S 0 T

T L
45) 0 — /S E¢ /O w(p1wiy — Eh(wy — 19)x +1Gh (@s + Iw -+ W)

Wy + Uazo(x, 1,1))dxdt,

L T T L
0 = {Eqpl/ wwtdx} —/ plqE/Eq_l/ ww,dxdt
0 S S 0
T ) T L
—pl/ Eq||w,||2dt+/ E"/ Ehwy (we — 1) dxdt
S S 0
T L
4 / E / W(IGh) (@x + Iw+ ) dxdi
S 0

T L T L
—|—u1/ Eq/ wtwdxdt—kuz/ Eq/ wza(x, 1,1)dxdt.
S 0 S 0

Taking their sum, we obtain
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T T

L L T
0 = {E"pl /0 <P<pzdx] +[Equ /0 wwth}
N

L
+ {Eqpl/o ww,dx]

T L
- /S pigE'ET"! /0 (L1009 + P2y y; + prww, ) dxdt

S S

T T T
~2p1 [ BB —2pn [ B wal3dr =201 [ EY w3

T
+ [ Epu 015+ palwal3+ i Il

+Gh| @+ Iw+ Y3+ E1|[yall3 + ER | wx — [][3)dt

T L T L
+u1/ E‘I/ (p,(pdxdt—l—,uz/ Eq/ 071 (x,1,1) dxdt
S 0 S 0
T L T L
—|—u1/ Eq/ w,wdxdt—l—uz/ Eq/ wzp (x,1,1) dxdt
S 0

(46) +p1/ Eq/ )z (x,1,2,5)dsdxdkt.

Similarly, we multiply the equation of (17) by E4e~2Pz(x,p,t,s) and get

T L rl
0 = /SE‘]/O /0 e 2P z(sz +2p)dpdxdt
s Lol o, r
= [EE‘I//e Pz dpdx]

0 JO S

¢ T L gl

—5/ qquE'/ / e 2P 2dpdxdt
S

2P d
q
47) +/ E // > dp dpdxdt

s Lol T
= {EE‘// / e Pz dpdx]
0 JO S

s (T 1 (Y opn
=5 /s qEq_E//e_ P> dpdxdt

2/ / / { e 2P7?) 4207 2} dpdxdt
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s L /1 r
— [—Eq/ / ez’)zzdpdx}
2 Jo Jo s
¢ [T L /1
——/ qquE’/ / e P 2dpdxdt
2/ E‘f/ 2 (x, 1,1) — 22 (x, 1,¢)] dxdt

—|—/ / / e_2pz2dpdxdt
s JOo JO

—27;

And also multiplying the equation of (16) by E1&;e=%Pz;(x, p,t) we get

T L 1
0 = [ B[ | e Eai(eiz +zp)dpdxdr
S 0 JO

1 L 1 T
= lzfiTiEq/O /0 e2ripzl~2dpdx]

S

b (T i [P apn

-3 / gE1 E//e P z=dpdxdt
T —21p
(48) + / / / 5 @ dpdd.
s

1 L 1 5 5 T
0 = |:§€ifiEq/ / e TipZidpd.X:|

—T’—é’/ qET™ 1E’// —2TP 22 dpdxdt

/ / / |: 6—2’5,'9112) +2Ti€_2fipzz'2:| dpdxdt’

1 L rl ) ) T
0 — [—@r,Eq / / = Tipzidpdx]
2 0 Jo s
& [T q—1pt Lol —27;p 2
— / qE E/ / e zidpdxdt

/ E‘I/ [e %27 (x,1,1) — 27 (x, 1,1)] dxdt

+&iTi / / / e 2P 22 dpdxdt
s Jo Jo

Recalling the de definition of E and from (46), (47),and (48) we get
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T L T L T L r
A / Efldr < —{mE" / wwtdx} —[szq / Wzdx] —[mE" / wwtdx}
S S 0 S 0 S

+/ qE'ET” '/ (P1OG: + P2y + prww;) dxdt
42 [ £ (pr -+ o2 1wl + o1 ) a

—,UO/ Eq/ l//l;/,dxdt—i—pZ/ Eq/ l,tl/ )z (x, 1,¢,s) dsdxdt

— [EE‘I/ / ez’)zzdpdx]
0 JO S
1 (T L 1
—/ qquE’/ / e 2P 2dpdxdt
——/ qu—z/ (x,1,¢)dxdt

+§/s ||Z2 (x,O,t)szt

T L T L
—,Ul/ E‘I/ (pt(pdxdt—uz/ Eq/ ©z1 (x,1,1) dxdt
—ul/ Eq/ Wtwdxdt—uz/ Eq/ wzp (x,1,1) dxdt
|:§17:1Eq/ / —-27;p dedx:|
S

)
+i€ifi T pa-1g! Lot ~2Tp 2 154
s 1 o Jo & AP

T L
—Z—’/ quZTi/ 27 (x,1,1) dxdt
=2 Js 0

+i§ TEq||z~(x0t)||2dt
i_12 < 1\M Yy 2

where A = 2min {1,e7%,27j¢ 2" ,215¢ 2"}, Using the Young and Sobolev- Poincare in-

equalities and Lemma , we find that

[Eq / L(pwx]: = £5)5) [ pS)0S)ix—EUT) [ o(T)g(T)ax

< CETTY(S)
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T
< ¢ / (—E"E‘dt
S

T L
/S (¢E'ET 1) /0 (P19@ + P2y + pww, )dxdt

< cETI(S)

1 L rl
‘EéiTiEq/ / e_ZTile-dedP’ < cETTN(S), Vi > s,
0 JO
T L T
/ EY / @>dxdt < ¢ / (—E")E%dt < cETT(S)
S 0 S

T L T
/ Eqé/ e iz? (x,1,1) dxdt < c/ (—E'\E%dr < cE4*1(S)
s 0 g

1T L T .
5/ qu"/ 3 (6,0,1) dxdt = / E?E; / ¢”dxdr < cET(S)
S 0 s 0

Tiéi T g—1 1 Ll —27p 2 d _\E4 g+1
(49) 5 qETE e zidxdpdt| <c | (—E")E9dt < cET"'(S)
S 0 Jo s
T L T L T L
/Eq/ OQdxdt| < 81/ E‘I/ (pzdxdt+c(81)/ Eq/ @’ dxdt
S 0 s 0 s 0
T T L
< 81c/ Equt—l—c(Sl)/ Eq/ (ptzdxdt
s s 0
T T
< 81C/ Eq+1dt+c(81)/ E1 (—E/) dt
s s
T
(50) < g / ETdr + ¢ (&) ETTL(S)
s
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and

T L T L T L
/ Eq/ ©z1(x, 1,t)dxdt| < 82/ Eq/ ¢2dxdt+c(82)/ Eq/ 21(x, 1,¢)%dxdr
S 0 S 0 S 0

T T L
< 82c/ E’Hldt—i—c(ez)/ Eq/ 21(x, 1,¢)%dxdt
N S 0
T T
< ezc/ Eq“dt+c(£2)/ E?(—E")dt
N N
T
51) < 82c/ E9\di 4 ¢ (e2) ETV1(S).
S
T L T
(52) / EY / vy dxdt| < €]c / ET Nt 4 c(e]) EITL(S),
S 0 S
T L T
(53) / E? / wwidxdt| < &5c / ETdr + c(e))ETTL(S),
N 0 N

T L T L T L
/ Eq/ wzo(x, 1,t)dxdt| < 83/ Eq/ wzdxdt+c(83)/ Eq/ 2(x, 1,1)*dxdt
S 0 S 0 S 0

IA

T T L
830/ Eq+1dt+c(e3)/ Eq/ 2(x,1,1)2dxdr
s s 0

IN

T T
83C/ Eq+1dr+c(s3)/ EY(-E')dt
N S

IN

T
830/ E9dt 4 ¢ (e3) ET(S).
S

Using (23) we obtain

T
< sgc/ E9(—E")dt
N

T L T
/ Eq/ q)/ w1(s)z(x,1,2,5)dsdxdt
S 0 T1

(54) < EcEIT(S).

Choosing €, £{, &, €}, € and €] small enough, we deduce from (49), (50), (51), (52), (53)
and (54) that

T
/ E4*dr < cE9(S)
S
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where c is a positive constant independent of E(0). We choose ¢ = 0. Hence, we deduce from

Lemma that
E(t) <cE(0)e ™, >0.
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