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Abstract. In bounded domain, we consider a Bresse system with delay terms in the internal feedbacks acting in

the first, third equations and distributed delay term in the second equation. We prove the global existence of its

solution in Sobolev spaces by means of semigroup theory. Furthermore, we study the stability of solutions using

the well known multiplier method.
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1. Introduction and related results

Originally the Bresse system consists of three wave equations where the main variables de-

scribing the longitudinal, vertical and shear angle displacements, which can be represented as
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(see [4]):

(1)


ρ1ϕtt = Qx + lN +F1

ρ2ψtt = Mx−Q+F2

ρ1wtt = Nx− IQ+F3,

where

(2) N = k0 (wx− lϕ) ,Q = k (ϕx + lw+ψ) ,M = bψx

We use N,Q and M to denote the axial force, the shear force and the bending moment. By

w,ϕ and ψ we are denoting the longitudinal, vertical and shear angle displacements. Here

ρ1 = ρA = ρI,k0 = EA,k = k′GA and l = R−1. To material properties, we use ρ for density,

E for the modulus of elasticity, G for the shear modulus, K for the shear factor, A for the

cross-sectional area, I for the second moment of area of the cross-section and R for the radius

of curvature and we assume that all this quantities are positives. Also by Fi we are denoting

external forces.

System (1) is an undamped system and its associated energy remains constant when the time t

evolves. To stabilize system (1), many damping terms have been considered by several authors.

(see [1], [3], [6], [11], [12])

By considering a damping terms as infinite memories acting in the three equations, the system

(1) have been recently studied by [6] in

(3)


ρ1ϕtt−Gh(ϕx + lw+ψ)x−Ehl (wx− lϕ)+

∫
∞

0 g1(s)ϕxx(t− s)ds = 0,

ρ2ψtt−EIψxx +Gh(ϕx + lw+ψ)+
∫

∞

0 g2(s)ψxx(t− s)ds = 0

ρ1wtt−Eh(wx− lϕ)x + lGh(ϕx + lw+ψ)+
∫

∞

0 g3(s)wxx(t− s)ds = 0

where (x, t) ∈]0,L[×R+,gi : R+→ R+, i = 1,2,3 are given functions. The authors proved, un-

der suitable conditions on the initial data and the memories gi, that the system is well-posed and

its energy converges to zero when time goes to infinity, and we provide a connection between

the decay rate of energy and the growth of gi at infinity. The proof is based on the semigroups

theory for the well-posedness, and the energy method and the approach introduced in [5], for

the stability.
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In [3], the authors considered the Bresse system in bounded domain with delay terms in the

internal feedbacks

(4)


ρ1ϕtt−Gh(ϕx + lw+ψ)x−Ehl (wx− lϕ)+µ1ϕt +µ2ϕt(x, t− τ1) = 0,

ρ2ψtt−EIψxx +Gh(ϕx + lw+ψ)+ µ̃1ψt + µ̃2ψt(x, t− τ2) = 0

ρ1wtt−Eh(wx− lϕ)x + lGh(ϕx + lw+ψ)+˜̃µ1wt +
˜̃
µ2wt(x, t− τ3) = 0

where (x, t) ∈ (0,L)× (0,+∞),τi > 0 (i = 1,2,3) is a time delay, µ1,µ2, µ̃1, µ̃2,
˜̃
µ1,
˜̃
µ2 are pos-

itive real numbers. This system is subjected to the Dirichlet boundary conditions and to the

initial conditions which belong to a suitable Sobolev space. First, the author proved the global

existence of its solutions in Sobolev spaces by means of semigroup theory under a condition

between the weight of the delay terms in the feedbacks and the weight of the terms without

delay. Furthermore, they studied the asymptotic behavior of solutions using multiplier method.

The Bresse system (1), is more general than the well-known Timoshenko system where the

longitudinal displacement ω is not considered l = 0. There are a number of publications con-

cerning the stabilization of Timoshenko system with different kinds of damping, in this regard,

we note the next references (see [9], [13], [14], [15], [21], [22] and [23]).

In the present paper we are concerned at the Bresse system with a distributed delay term,

(5)


ρ1ϕtt−Gh(ϕx + lw+ψ)x−Ehl (wx− lϕ)+µ1ϕt +µ2ϕt(x, t− τ1) = 0,

ρ2ψtt−EIψxx +Gh(ϕx + lw+ψ)+µ0ψt +
∫

τ2
τ1

µ(s)ψt (x, t− s)ds = 0,

ρ1wtt−Eh(wx− lϕ)x + lGh(ϕx + lw+ψ)+ µ̃1wt + µ̃2wt(x, t− τ2) = 0,

where (x, t) ∈]0,L[×R+, with the Dirichlet conditions:

(6) ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = w(0, t) = w(L, t) = 0, t > 0

and the initial conditions

(7)



ϕ(x,0) = ϕ0(x),ϕt(x,0) = ϕ1(x),ψ(x,0) = ψ0(x)

ψt(x,0) = ψ1(x),w(x,0) = w0(x),wt(x,0) = w1(x),x ∈ (0,L)

ϕt(x, t− τ1) = f̃0(x, t− τ1) in (0,L)× (0,τ1)

ψt (x, t) = f0 (x, t) in (0,L)× (0,τ1)

wt(x, t− τ2) =
˜̃f0 (x, t− τ2) in (0,L)× (0,τ2)

.
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τ1 and τ2 are two real numbers with 0≤ τ1 < τ2, µ0 is a positive constant, µ : [τ1,τ2]→R is an

L∞ function, µ ≥ 0 almost everywhere, and the initial data (u0,u1,v0,v1, f0) belong to a suitable

space (see below).

Here, we will prove the well-posedness an and the stability results for problem (5)-(7), under

the assumption

(8) µ0 ≥
∫

τ2

τ1

µ(s)ds

Concerning the distributed delay, Nicaise and Pignotti [19] considered wave equation with lin-

ear frictional damping and internal distributed delay

utt−∆u+µ1ut +a(x)
∫

τ2

τ1

µ2 (s)ut (x, t− s)ds = 0,

in Ω×(0,∞), with initial and mixed Dirichlet-Neumann boundary conditions and a is a function

chosen in an appropriate space. They established exponential stability of the solution under the

assumption that

‖a‖
∞

∫
τ2

τ1

µ2 (s)ds < µ1.

Regarding the similar result concerning boundary distributed delay see [2, 16, 17].

The aim of this article is to study the well-posedness and asymptotic stability of system

(5)-(7). The paper is organized as follows. The well-posedness of the problem is analyzed in

Section 2 using the semigroup theory (see [8], [20]). In Section 3, we prove the exponential

decay of the energy when time tends to infinity (see [10]).

2. Preliminaries and Well-posedness

First assume the following hypotheses:

|µ2|< |µ1| ,
∣∣µ̃2
∣∣< ∣∣µ̃1

∣∣
and state some lemmas which will be needed later.

Lemma 2.1. (Sobolev-Poincare’s inequality). Let q be a number with 2≤ q <+∞. Then there

is a constant c∗ = c∗ ((0,L) ,q) such that

(9) ‖ψ‖q ≤ c∗ ‖ψx‖2 for ψ ∈ H1
0 ((0,L)) .
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Lemma 2.2. ([7], [10]). Let E : R+ −→R+be a non increasing function and assume that there

are two constants α >−1 and β > 0 such that

(10)
∫

∞

s
Eα+1(t)dt ≤ 1

β
E(0)αE(s), 0≤ s <+∞

Then we have

(11) E(t) = 0, ∀t ≥ E(0)α

β |α|
if −1 < α < 0

(12) E(t)≤ E(0)
(

1+α

1+αβ t

) 1
α

, ∀t ≥ 0, if α > 0

(13) E(t)≤ E(0)e1−β t , ∀t > 0, if α = 0

First of all, note that assumption (8) implies that there exists a positive constant c0 such that,

(14) µ0−
∫

τ2

τ1

µ(s)ds− c0

2
(τ2− τ1)> 0

We will prove that systems (5)-(7) are well posed using semigroup theory by introduce the

following new variable (see [19])

z1(x,ρ, t) = ϕt (x, t− τ1ρ) ,x ∈ (0,L) ,ρ ∈ (0,1) , t > 0,

z(x,ρ, t,s) = ψt (x, t−ρs) ,x ∈ (0,L) ,ρ ∈ (0,1) ,s ∈ (τ1,τ2), t > 0,

z2(x,ρ, t) = wt (x, t− τ2ρ) ,x ∈ (0,L) ,ρ ∈ (0,1) , t > 0,(15)

Then, we have

(16) τizit(x,ρ, t)+ ziρ(x,ρ, t) = 0 in (0,L)× (0,1)× (0,∞) for i = 1,2

and

(17) szt(x,ρ, t,s)+ zρ(x,ρ, t,s) = 0, in(0,L)× (0,L)× (0,∞)× (τ1,τ2)
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Therefore, problem (5) takes the form

(18)



ρ1ϕtt−Gh(ϕx + lw+ψ)x− lEh(wx− lϕ)+µ1ϕt (x, t)+µ2z1 (x,1, t) = 0

τ1z1t(x,ρ, t)+ z1ρ(x,ρ, t) = 0

ρ2ψtt−EIψxx +Gh(ϕx + lw+ψ)+µ0ψt +
∫

τ2
τ1

µ(s)z(x, ,1, t,s)ds = 0

szt(x,ρ, t,s)+ zρ(x,ρ, t,s) = 0

ρ1wtt−Eh(wx− lϕ)x + lGh(ϕx + lw+ψ)+µ1wt (x, t)+µ2z2 (x,1, t) = 0

τ2z2t(x,ρ, t)+ z2ρ(x,ρ, t) = 0

szt(x,ρ, t,s)+ zρ(x,ρ, t,s) = 0, in (0,L)× (0,L)× (0,∞)× (τ1,τ2)

With the Dirichlet conditions:

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = w(0, t) = w(L, t) = 0, t > 0

and the initial conditions:

(19)



ϕ(x,0) = ϕ0(x),ϕt(x,0) = ϕ1(x),ψ(x,0) = ψ0(x), x ∈ (0,L)

ψt(x,0) = ψ1(x),w(x,0) = w0(x),wt(x,0) = w1(x),x ∈ (0,L)

ϕt(x,−t) = f0(x, t) in (0,L)× (0,τ2) ,

z(x,0, t,s) = ψt(x, t) on (0,L)× (0,∞)× (τ1,τ2) ,

z(x,ρ,0,s) = f0(x,ρ,s) in (0,L)× (0,L)× (0,τ2)

z1 (x,1, t) = f1 (x, t− τ1) in (0,L)× (0,τ1)

z2 (x,1, t) = f2 (x, t− τ2) in (0,L)× (0,τ2)

Let ξ1and ξ2 be positive constants such that: τ1 |µ2|< ξ1 < τ1 (2µ1−|µ2|)

τ2
∣∣µ̃2
∣∣< ξ2 < τ2

(
2µ̃1−

∣∣µ̃2
∣∣)

where, τ1 and τ2 are two real numbers with 0≤ τ1 < τ2, µ0,µ1,µ2 is a positive constant, µ :

[τ1,τ2] is an L∞ function, µ ≥ 0 almost everywhere, and the initial data (ϕ0,ϕ1,ψ0,ψ1,w0,w1, f0, f1, f2)

belong to a suitable space (see below).

If we set U = (ϕ,ϕt ,z1,ψ,ψt ,z,w,wt ,z2)
T , then
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U ′ = (ϕt ,ϕtt ,z1t ,ψt ,ψtt ,zt ,wt ,wtt ,z2t)
T .Therefore, problem (18)-(19) can be written as

(20)

 U ′ = AU,

U(0) = (ϕ0,ϕ1, f1(.−,τ1),ψ0,ψ1, f0,w0,w1, f2(.−,τ2)),

where the operator A is defined by

A



ϕ

u

z1

ψ

v

z

w

ω

z2



=



u
Gh
ρ1

(ϕx + lw+ψ)x +
lEh
ρ1

(wx− lϕ)− µ1
ρ1

u− µ2
ρ1

z1 (.,1)

−
(

1
τ1

)
z1ρ

v
EI
ρ2

ψxx− Gh
ρ2

(ϕx + lw+ψ)− µ0
ρ2

v−
∫

τ2
τ1

µ(s)z(x,1, t,s)ds

−s−1zρ

ω

Eh
ρ1

(wx− lϕ)x− lGh
ρ1

(ϕx + lw+ψ)− µ̃1
ρ1

ω− µ̃2
ρ1

z2 (.,1)

−
(

1
τ2

)
z2ρ


with domain

D(A) =
{

(ϕ,u,z1,ψ,v,z,w,ω,z2)
T ∈

(
H2(0,L

)
∩H1

0 (0,L)×H1
0 (0,L))

3

×L2 ((0,L),(τ1,τ2) ;H1
0 (0,1

)
),

u = z1 (.,0) ,ω = z2 (.,0) ,v(x) = z(x,0,s) in (0,L)} .

Note further that, for U =(ϕ,u, ,z1,ψ,v,z,w,ω,z2)
T ∈D(A), since z(.,1,s) is in L2(0,L).Denote

by H the Hilbert space

H :=
(
H2(0,L

)
∩H1

0 (0,L)×H1
0 (0,L))

3×L2 ((0,L),(τ1,τ2) ;H1
0 (0,1

)
)

We will show that A generates a C0 semigroup on H; under the assumption (8).

Let us define on the Hilbert space H the inner product, for

U = (ϕ,u, ,z1,ψ,v,z,w,ω,z2)
T ,U = (ϕ,u,z1,ψ,v,z,w,ω,z2)

T
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U,U

〉
H =

∫ L

0
[ρ1uu+ρ2vv+ρ1ωω +EIψxψx +Gh(ϕx +ψ + lw)(ϕx +ψ + lw)

+Eh(wx− lϕ)(wx− lϕ)+
2

∑
i=1

ξi

∫ 1

0
zizidρ

]
dx

+
∫ L

0

∫
τ2

τ1

sµ(s)
∫ 1

0

z(x,ρ,s)z(x,ρ,s)dρdsdx

Theorem 2.3. Let (ϕ0,ϕ1,u,ψ,v,w,ω, f0) ∈ H. Assume that the hypothesis (8) holds. Then,

for any initial datum U0 ∈ H there exists a unique solution U ∈C ([0,∞),H) for problem (20) .

Moreover, if U0 ∈ D(A), then U ∈C([0,∞),D(A))∩C1[0,∞),H).

Proof We show that the operator A generates a C0-semigroup in H. In this step, we prove that

the operator A is dissipative. Let U = (ϕ,u, ,z1,ψ,v,z,w,ω,z2)
T ,

〈AU,U〉=

〈



u
Gh
ρ1

(ϕx + lw+ψ)x +
lEh
ρ1

(wx− lϕ)− µ1
ρ1

u− µ2
ρ1

z1 (.,1)

−
(

1
τ1

)
z1ρ

v
EI
ρ2

ψxx− Gh
ρ2

(ϕx + lw+ψ)− µ0
ρ2

v−
∫

τ2
τ1

µ(s)z(x,1, t,s)ds

−s−1zρ

ω

Eh
ρ1

(wx− lϕ)x− lGh
ρ1

(ϕx + lw+ψ)− µ̃1
ρ1

ω− µ̃2
ρ1

z2 (.,1)

−
(

1
τ2

)
z2ρ



,



ϕ

u

z1

ψ

v

z

w

ω

z2



〉

= Gh
∫ L

0
(ϕx + lw+ψ)x udx+Ehl

∫ L

0
(wx− lϕ)udx−µ0

∫ L

0
u2dx

−
∫ L

0

∫
τ2

τ1

uµ(s)z(x,1, t,s)dsdx+EI
∫ L

0
ψxxvdx

−Gh
∫ L

0
(ϕx + lw+ψ)vdx+ρ1

∫ L

0
ωwdx+EI

∫ L

0
vxψxdx
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+Gh
∫ L

0
(ux + v+ lω)(ϕx + lw+ψ)dx+Eh

∫ L

0
(ωx− lu)(wx− lϕ)dx

−
∫ L

0

∫
τ2

τ1

µ(s)
∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρdsdx

−
2

∑
1

ξi

∫ L

0

∫ 1

0

(
1
τi

)
ziziρdρdx

Integrating by parts, we obtain

〈AU,U〉 = Gh
∫ L

0
(ϕxx + lwx +ψx)udx+Ehl

∫ L

0
(wx− lϕ)udx−µ0

∫ L

0
u2dx

−
∫ L

0

∫
τ2

τ1

uµ(s)z(x,1, t,s)dsdx+EI
∫ L

0
ψxxvdx

−Gh
∫ L

0
(ϕx + lw+ψ)vdx+Eh

∫ L

0
(wxx− lϕx)ωdx

−Ghl
∫ L

0
(ϕx + lw+ψ)ωdx+EI

∫ L

0
vxψxdx

+Gh
∫ L

0
(ux + v+ lω)(ϕx + lw+ψ)dx+Eh

∫ L

0
(ωx− lu)(wx− lϕ)dx

−
∫ L

0

∫
τ2

τ1

µ(s)
∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρdsdx

−
2

∑
1

ξi

∫ L

0

∫ 1

0

(
1
τi

)
ziziρdρdx

Then

〈AU,U〉 = −µ1

∫ L

0
u2dx− µ̃1

∫ L

0
ω

2dx−µ2

∫ L

0
z1(x,1)udx− µ̃2

∫ L

0
z2(x,1)ωdx

−
2

∑
1

ξi

τi

∫ L

0

∫ 1

0
zi(x,ρ)ziρ(x,ρ)dρdx

−
∫ L

0

∫
τ2

τ1

vµ(s)z(x,1, t,s)dsdx

−
∫ L

0

∫
τ2

τ1

µ(s)
∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρdsdx(21)

Integrating by parts in ρ , we have∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρ =
1
2

∫ 1

0

∂

∂ρ
z2 (x,ρ,s)dρ

=
1
2
{

z2 (x,1,s)− z2 (x,0,s)
}
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that is

∫ L

0

∫
τ2

τ1

µ(s)
∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρdsdx

=
1
2

∫ L

0

∫
τ2

τ1

µ(s)
{

z2(x,1,s)− z2(x,0,s)
}

dsdx(22)

Therefore, from (21) and (22),

〈AU,U〉 = −µ1

∫ L

0
u2dx− µ̃1

∫ L

0
ω

2dx−µ2

∫ L

0
z1(x,1)udx− µ̃2

∫ L

0
z2(x,1)ωdx

−
2

∑
1

ξi

τi

∫ L

0

∫ 1

0
zi(x,ρ)ziρ(x,ρ)dρdx

−
∫ L

0

∫
τ2

τ1

v(x)µ(s)z(x,1,s)dsdx

−
∫ L

0

∫
τ2

τ1

µ(s)
∫ 1

0

zρ (x,ρ,s)z(x,ρ,s)dρdsdx

= −µ1

∫ L

0
u2dx− µ̃1

∫ L

0
ω

2dx−µ2

∫ L

0
z1(x,1)udx− µ̃2

∫ L

0
z2(x,1)ωdx

−
2

∑
1

ξi

τi

∫ L

0

∫ 1

0
zi(x,ρ)ziρ(x,ρ)dρdx

−
∫ L

0
v(x)

(∫
τ2

τ1

v(x)µ(s)z(x,1,s)ds
)

dx

−1
2

∫ L

0

∫
τ2

τ1

µ(s)z2(x,1,s)dsdx+
1
2

∫
τ2

τ1

µ(s)ds
∫ L

0
v2(x)dx

Now, using Cauchy-Schwarz’s inequality, we can estimate,

∣∣∣∣∫ L

0
v(x)

(∫
τ2

τ1

µ(s)z(x,1,s)ds
)

dx
∣∣∣∣(23)

≤ 1
2

∫ L

0
v2(x)

(∫
τ2

τ1

µ(s)ds
)

dx+
1
2

∫ L

0

∫
τ2

τ1

µ(s)z2(x,1,s)dsdx
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Therefore, from the assumption (8) we have

〈AU,U〉 ≤ −µ1

∫ L

0
u2dx− µ̃1

∫ L

0
ω

2dx

−µ2

∫ L

0
z1(x,1)udx− µ̃2

∫ L

0
z2(x,1)ωdx

−
2

∑
1

ξi

τi

∫ L

0

∫ 1

0
zi(x,ρ)ziρ(x,ρ)dρdx

+

(
−µ0 +

∫
τ2

τ1

µ(s)ds
)∫ L

0
v2(x)dx ≤ 0

that is, the operator A is dissipative.

Now, we will prove that the operator λ I−A is surjective for λ > 0. For this purpose, let

( f1, f2, f3, f4, f5, f6, f7, f8, f9)
T ∈ H, we seek U = (ϕ,u, ,z1,ψ,v,z,w,ω,z2)

T ∈ D(A) solution

of the following system of equations

(24)



λϕ−u = f1

λu− Gh
ρ1

(ϕx + lw+ψ)x− lEh
ρ1

(wx− lϕ)+ µ1
ρ1

u+ µ2
ρ1

z1 (.,1) = f2

λ z1 +
(

1
τ1

)
z1ρ = f3

λψ− v = f4

λv− EI
ρ2

ψxx +
Gh
ρ2

(ϕx + lw+ψ)+ µ0
ρ2

v+
∫

τ2
τ1

µ(s)z(x,1, t,s)ds = f5

λ z+ s−1zρ = f6

λw−ω = f7

λω− Eh
ρ1

(wx− lϕ)x +
lGh
ρ1

(ϕx + lw+ψ)+ µ̃1
ρ1

ω + µ̃2
ρ1

z2 (.,1) = f8

λ z2 +
(

1
τ2

)
z2ρ = f9

Suppose that we have found ϕ,ψ and w. Therefore, the first, the fourth and the seventh

equation in (24) give

(25)


u = λϕ− f1,

v = λψ− f4,

ω = λw− f7,

It is clear that u ∈ H1
0 (0,L) ,v ∈ H1

0 (0,L) and w ∈ H1
0 (0,L) . and we can find,

(26) z(x,0,s) = v(x), for x ∈ (0,L) ,s ∈ (τ1,τ2) .
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and furthermore, by (24) we can find zi (i = 1,2) as

z1 (x,0) = u(x),z2 (x,0) = ω(x) for x ∈ (0,L) .

Following the same approach as in [18], we obtain, by using equations for z in (25)

(27) λ z(x,ρ,s)+ s−1zρ (x,ρ,s) = f6 (x,ρ,s) , for x ∈ (0,L) ,s ∈ (τ1,τ2)

and

z1 (x,ρ) = u(x)e−λτ1ρ + τ1e−λτ1ρ

∫
ρ

0
f3(x,s)eλτ1ρds

z2 (x,ρ) = ω(x)e−λτ2ρ + τ2e−λτ2ρ

∫
ρ

0
f9(x,s)eλτ2ρds

Then by (26) and (27)

z(x,ρ,s) = e−λρsv(x)+ se−λρs
∫

ρ

0
f6 (x,σ ,s)eλσsdσ

So, from (24) on (0,L)× (0,1)× (τ1,τ2)

(28) z(x,ρ,s) = λψ(x)e−λρs− f2(x)e−λρs + se−λρs
∫

ρ

0
f6 (x,σ ,s)eλσsdσ

and from (25)

(29) z1 (x,ρ) = λϕ(x)e−λτ1ρ − f1e−λτ1ρ + τ1e−λτ1ρ

∫
ρ

0
f3(x,s)eλτ1ρds

(30) z2 (x,ρ) = λw(x)e−λτ2ρ − f7e−λτ2ρ + τ2e−λτ2ρ

∫
ρ

0
f9(x,s)eλτ2ρds

By using (8) and (24) the functions ϕ,ψ and w satisfying the following system,

(31)


λ 2ϕ− Gh

ρ1
(ϕx + lw+ψ)x− lEh

ρ1
(wx− lϕ)+ µ1

ρ1
u+ µ2

ρ1
z1 (.,1) = f2 +λ f1

λ 2ψ− EI
ρ2

ψxx +
Gh
ρ2

(ϕx + lw+ψ)+ µ0
ρ2

v+
∫

τ2
τ1

µ(s)z(x,1, t,s)ds = f5 +λ f4

λ 2w− Eh
ρ1

(wx− lϕ)x +
lGh
ρ1

(ϕx + lw+ψ)+ µ̃1
ρ1

ω + µ̃2
ρ1

z2 (.,1) = f8 +λ f7
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Solving system (31) is equivalent to finding (ϕ,ψ,w) ∈ (H2∩H1
0 (0,L))

3 such that,

(32)



∫ L
0 (ρ1λ 2ϕε−Gh(ϕx + lw+ψ)εx−Eh(wx− lϕ)ε

+µ1uε +µ2z1(.,1)ε)dx =
∫ L

0 ρ1( f2 +λ f1)εdx∫ L
0 (ρ2λ 2ψζ −EIψxζx +Gh(ϕx + lw+ψ)ζ +µ0vζ

+ρ2
∫

τ2
τ1

µ(s)z(x,1, t,s)ζ ds)dx =
∫ L

0 ρ2( f5 +λ f4)ζ dx∫ L
0 (ρ1λ 2wη−Eh(wx− lϕ)ηx− lGh(ϕx + lw+ψ)η

+µ̃1ωη + µ̃2z2 (.,1)η)dx =
∫ L

0 ρ1( f8 +λ f7)ηdx

for all (ε,ζ ,η) ∈ H1
0 (0,L)×H1

0 (0,L)×H1
0 (0,L). From (28), (29) and (30) we have

z1 (x,1) = λϕ(x)e−λτ1− f1e−λτ1 + τ1e−λτ1

∫ 1

0
f3(x,s)eλτ1ds

z2 (x,1) = λw(x)e−λτ2− f7e−λτ2 + τ2e−λτ2

∫ 1

0
f9(x,s)eλτ2ds

z(x,1,s) = λψ(x)e−λ s− f2(x)e−λ s + se−λ s
∫ 1

0
f6 (x,σ ,s)eλσsdσ

Consequently, problem (32) is equivalent to the problem

(33) a((ϕ,ψ,w) ,(ε,ζ ,η)) = L(ε,ζ ,η)

where the bilinear form a :
[
H1

0 (0,L)×H1
0 (0,L)×H1

0 (0,L)
]2 −→ R and the linear form L :

H1
0 (0,L)×H1

0 (0,L)×H1
0 (0,L)−→ R are defined by

a((ϕ,ψ,w) ,(ε,ζ ,η)) =
∫ L

0

(
ρ1λ

2
ϕε +Gh(ϕx + lw+ψ)(εx +ζ +η)

)
dx

+
∫ L

0
(ρ1λ

2
ψζ +(wx− lϕ)(ηx− lw)dx

+
∫ L

0
λϕ

(
µ1 +µ2e−λτ1

)
εdx

+
∫ L

0
λw
(

µ̃1 + µ̃2e−λτ2
)

ηdx

+
∫ L

0
λψµ0ζ dx+

∫ L

0
λψζ

∫
τ2

τ1

µ(s)e−λ sdsdx
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and

L(ε,ζ ,η) =
∫ L

0
(µ1 f1−µ2N1)εdx+

∫ L

0
ρ1 ( f2 +λ f1)εdx

+
∫ L

0
ρ2 ( f5 +λ f4)ζ dx+

∫ L

0

(
µ̃1 f7− µ̃2N2

)
ηdx

+
∫ L

0
ε

∫
τ2

τ1

µ(s)z0(x,s)dsdx+
∫ L

0
ρ1 ( f8 +λ f7)ηdx

∀ε ∈ H1
0 (0,L) . It is easy to verify that a is continuous and coercive, and L is continuous. So

applying the Lax-Milgram theorem, we deduce that for all (ε,ζ ,η) ∈ H1
0 (0,L)×H1

0 (0,L)×

H1
0 (0,L) problem (33) admits a unique solution (ϕ,ψ,w)∈H1

0 (0,L)×H1
0 (0,L)×H1

0 (0,L) .Applying

the classical elliptic regularity, it follows from (32) that (ϕ,ψ,w) ∈ H2 (0,L)×H2 (0,L)×

H2 (0,L) . Therefore, the operator λ I−A is surjective for any λ > 0. Consequently, the ex-

istence result of theorem follows from the Hille-Yosida theorem.

3. Stability results

We define the energy associated to the solution of the problem (5) by the following formula:

E(t) =
ρ1

2
‖ϕt‖2

2 +
ρ2

2
‖ψt‖2

2 +
ρ1

2
‖wt‖2

2 +
EI
2
‖ψx‖2

2

+
Gh
2
‖ϕx +ψ + lw‖2

2 +
Eh
2
‖wx− lϕ‖2

2

+
2

∑
i=1

ξi

2

∫ 1

0
‖zi (x,ρ, t)‖2

2 dρ

+
1
2

∫ L

0

∫
τ2

τ1

s [µ(s)+ c0]
∫ 1

0
ψ

2
t (x, t−ρs)dρdsdx(34)

We can prove that the energy is decreasing. More precisely, we have the following

result.

Theorem 3.1. Let (ϕ,ψ,w) be the solution of (5)-(7) and the assumption (8). Then there exist

two positive constants c and κ such that

E(t)≤ cE(0)e−κt , t ≥ 0.
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Lemma 3.2. Let (ϕ,ψ,w,z1,z,z2) be a solution of the problem (5). Then, the energy functional

defined by (34) satisfies

E ′(t) ≤ −
(

µ1−
ξ1

2τ1
− |µ2|

2

)
‖ϕt‖2

2−

(
µ̃1−

ξ2

2τ2
−
∣∣µ̃2
∣∣

2

)
‖wt‖2

2

−
(

ξ1

2τ1
− |µ2|

2

)
‖z1 (x,1, t)‖2

2−

(
ξ2

2τ2
−
∣∣µ̃2
∣∣

2

)
‖z2 (x,1, t)‖2

2(
−µ0 +

∫
τ2

τ1

µ(s)ds+
c0

2
(τ2− τ1)

)∫ L

0
ψ

2
t (x, t)dx

−c0

2

∫ L

0

∫
τ2

τ1

ψ
2
t (x, t− s)dsdx

Proof Multiplying the first equation in (5) by ϕt , the third equation by ψt , the fifth equation by

wt , integrating over (0,L) and using integration by parts, we get

(35)



ρ1
∫ L

0 ϕttϕtdx−Gh
∫ L

0 (ϕx +ψ + lw)x ϕtdx− lEh
∫ L

0 (wx− lϕ)ϕtdx

+µ1
∫ L

0 ϕ2
t dx+µ2

∫ L
0 ϕ2

t (x, t− τ1)dx = 0

ρ2
∫ L

0 ψttψtdx−EI
∫ L

0 ψxxψtdx−El
∫ L

0 (ϕx +ψ + lw)ψtdx

+ρ1
∫ L

0
∫

τ2
τ1

µ(s)ψ2
t (x, t− s)dsdx = 0

ρ2
∫ L

0 wttwtdx−EI
∫ L

0 (wx− lϕ)xwxdx+ lGh
∫ L

0 (ϕx +ψ + lw)wxdx

+µ̃1
∫ L

0 w2
t dx+ µ̃2

∫ L
0 w2

t (x, t− τ1)dx = 0

Then



1
2ρ1

d
dt ‖ϕt‖2

2−Gh
∫ L

0 (ϕx +ψ + lw)x ϕtdx− lEh
∫ L

0 (wx− lϕ)ϕtdx

+µ1 ‖ϕt‖2
2 +µ2

∫ L
0 z1 (x,1, t)ϕtdx = 0

1
2ρ2

d
dt ‖ψt‖2

2 +
EI
2

d
dt ‖ψx‖2

2 +Gh
∫ L

0 (ϕx +ψ + lw)ψtdx

+
∫ L

0
∫

τ2
τ1

µ(s)ψt (x, t− s)ψt (x, t)dsdx = 0
1
2ρ1

d
dt ‖wt‖2

2−Eh
∫ L

0 (wx− lϕ)xwtdx+ lGh
∫ L

0 (ϕx +ψ + lw)wtdx

+µ̃1 ‖wt‖2
2 + µ̃2

∫ L
0 z2 (x,1, t)wtdx = 0 = 0
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We obtain

(36)

d
dt

(
1
2ρ1 ‖ϕt‖2

2 +
1
2ρ2 ‖ψt‖2

2 +
1
2ρ1 ‖wt‖2

2 +
1
2EI ‖ψx‖2

2 +
1
2Gh‖ϕx +ψ + lw‖2

2

+1
2Eh‖wx− lϕ‖2

2

)
+µ1 ‖ϕt‖2

2 + µ̃1 ‖wt‖2
2

+µ2
∫ L

0 z1 (x,1, t)ϕtdx+ µ̃2
∫ L

0 z2 (x,1, t)wtdx

+
∫ L

0
∫

τ2
τ1

sµ(s)
∫ 1

0 ψt (x, t−ρs)ψtt (x, t−ρs)dρdsdx = 0

Multiplying the equation in (16) by ξizi and integrating over (0,L)× (0,1), obtain:

2ξi
d
dt

∫ L

0

∫ 1

0
z2

i (x,ρ, t)dρdx = −ξi

τi

∫ L

0

∫ 1

0
ziziρdρdx

=
2ξi

τi

∫ L

0

(
z2

i (x,0, t)− z2
i (x,1, t)

)
dx

=
2ξi

τi

[
‖zi(x,0, t)‖2

2−‖zi(x,1, t)‖2
2

]
(37)

d
dt

2ξ1

∫ L

0

∫ 1

0
z2

1 (x,ρ, t)dρdx− 2ξ1

τ1
‖ϕt‖2

2 +
2ξ1

τ1
‖z1(x,1, t)‖2

2 = 0

d
dt

2ξ2

∫ L

0

∫ 1

0
z2

2 (x,ρ, t)dρdx− 2ξ2

τ2
‖wt‖2

2 +
2ξ2

τ2
‖z2(x,1, t)‖2

2 = 0

where z1 (x,0, t)=ϕt(x, t) and z2 (x,0, t)=wt(x, t). From (34), (36) and (37) and using Young

inequality we get

µ2

∫ L

0
z1 (x,1, t)ϕtdx ≤ µ2

2

∫ L

0
z2

1 (x,1, t)dx+
µ2

2

∫ L

0
ϕ

2
t dx

≤ µ2

2

∫ L

0
z2

1 (x,1, t)dx+
µ2

2
‖ϕt‖2

2

and

µ̃2

∫ L

0
z2 (x,1, t)wtdx ≤ µ̃2

2

∫ L

0
z2

2 (x,1, t)dx+
µ̃2

2

∫ L

0
w2

t dx

≤ µ̃2

2

∫ L

0
z2

2 (x,1, t)dx+
µ̃2

2
‖wt‖2

2

Then
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E ′(t) ≤ −
(

µ1−
µ2

2
− 2ξ1

τ1

)
‖ϕt‖2

2−
(

2ξ1

τ1
− µ2

2

)
‖z1(x,1, t)‖2

2(38)

−
(

µ̃1−
µ̃2

2
− 2ξ2

τ2

)
‖wt‖2

2−
(

2ξ2

τ2
− µ̃2

2

)
‖z2(x,1, t)‖2

2

+
∫ L

0

∫
τ2

τ1

s(µ(s)+ c0)
∫ 1

0
ψt (x, t−ρs)ψtt (x, t−ρs)dρdsdx.

Now, observe that

−sψt (x, t−ρs) = ψρ (x, t−ρs)

and

s2
ψtt (x, t−ρs) = ψρρ (x, t−ρs)

Therefore,∫ 1

0
ψt (x, t−ρs)ψtt (x, t−ρs)dρ =−

∫ 1

0
s−3

ψρ (x, t−ρs)ψρρ (x, t−ρs)dρ

from which follows, integrating by parts in∫ L

0

∫
τ2

τ1

s(µ(s)+ c0)
∫ 1

0
ψt (x, t−ρs)ψtt (x, t−ρs)dρdsdx

=
1
2

∫ L

0

∫
τ2

τ1

(µ(s)+ c0)
[
ψ

2
t (x, t)−ψ

2
t (x, t− s)

]
dsdx

=
1
2

∫ L

0

∫
τ2

τ1

(µ(s)+ c0)ψ
2
t (x, t)dsdx− 1

2

∫ L

0

∫
τ2

τ1

(µ(s)+ c0)ψ
2
t (x, t− s)dsdx

Now, from Cauchy-Schwarz’s inequality,∣∣∣∣∫ L

0
ψt(t)

∫
τ2

τ1

µ(s)ψt(t− s)dsdx
∣∣∣∣

≤
∫ L

0
|ψt(t)|

∫
τ2

τ1

µ(s) |ψt(t− s)|dsdx

≤
∫ L

0
|ψt(t)|

(∫
τ2

τ1

µ(s)ds
) 1

2
(∫

τ2

τ1

µ(s)ψ2
t (x, t− s)ds

) 1
2

dx

≤ 1
2

∫ L

0
ψ

2
t (t)

(∫
τ2

τ1

µ(s)ds
)

dx

+
1
2

∫ L

0

∫
τ2

τ1

µ(s)ψ2
t (x, t− s)dsdx(39)
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So, from (38) and (39) we obtain

E ′(t) ≤ −
(

µ1−
µ2

2
− 2ξ1

τ1

)
‖ϕt‖2

2−
(

2ξ1

τ1
− µ2

2

)
‖z1(x,1, t)‖2

2

−
(

µ̃1−
µ̃2

2
− 2ξ2

τ2

)
‖wt‖2

2−
(

2ξ2

τ2
− µ̃2

2

)
‖z2(x,1, t)‖2

2(
−µ0 +

∫
τ2

τ1

µ(s)ds+
c0

2
(τ2− τ1)

)∫ L

0
ψ

2
t (x, t)dx

−c0

2

∫ L

0

∫
τ2

τ1

ψ
2
t (x, t− s)dsdx

This completes the proof of the Lemma 3.2.

Lemma 3.3. There exists a positive constant C such that the following inequality holds for

every (ϕ,ψ,w) ∈ (H1
0 (0,L))

3

∫ L

0

(
|ϕx|2 + |ψx|2 + |wx|2

)
dx ≤ C

∫ L

0

(
EI |ψx|2 +Gh |ϕx +ψ + lw|2 +Eh |wx− lϕ|2

)
dx

≤ E(t)(40)

Proof We will argue by contradiction. Indeed, let us suppose that (40) is not true. So, we can

find a sequence {ϕυ ,ψυ ,wυ}υ∈N in (H1
0 (0,L))

3 satisfying

(41)
∫ L

0

(
EI |ψυx|2 +Gh |ϕυx +ψυ + lwυ |2 +Eh |wυx− lϕυ |2

)
dx≤ 1

υ

and

(42)
∫ L

0

(
|ϕυx|2 + |ψυx|2 + |wυx|2

)
dx = 1

From (42), the sequence {ϕυ ,ψυ ,wυ}υ∈N is bounded in (H1
0 (0,L))

3 . Since the embedding

H1
0 (0,L) ↪→ L2 (0,L) is compact, then the sequence {ϕυ ,ψυ ,wυ}υ∈N converges strongly in

(H1
0 (0,L))

3.

From (41)

ψυx −→ 0 strongly in L2 (0,L)

Using Poincaré’s inequality we can conclude that

ψυ −→ 0 strongly in L2 (0,L)
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Now, setting

ϕυ −→ ϕ and wυ −→ w strongly in L2 (0,L)

From (41), we have

ϕυx +ψυ + lwυ −→ 0 strongly in L2 (0,L)

Then

ϕυx +ψυ + lwυ = ϕυx +ψυ + l(wυ −w)+ lw−→ 0 strongly in L2 (0,L)

which implies that

ϕυx −→−lw strongly in L2 (0,L)

Then, {ϕυ}n is a Cauchy sequence in H1(0,L). Therefore {ϕυ}n converges to a function

ϕ1in H1(0,L).Consequently {ϕυ}n converges to ϕ1in H1(0,L). Thus by the uniqueness of the

limit ϕ1 = ϕ.Moreover ϕ ∈ H1
0 (0,L).

From (39) we deduce that

(43) ϕx + lw = 0 a.e x ∈ (0,L)

Similarly, we have

(44) wx− lϕ = 0 a.e x ∈ (0,L)

and w ∈ H1
0 (0,L). (43) and (44) provides us ϕ = w = 0, contradicting (42). This completes

the proof of the Lemma 3.3.

Proof of Theorem 3.1. From now on, we denote by c various positive constants which may

be different at different occurrences. Multiplying the first equation in (5) by Eqϕ, the third

equation by Eqψ and the fifth equation by Eqw we obtain

0 =
∫ T

S
Eq
∫ L

0
ϕ(ρ1ϕtt−Gh(ϕx + lw+ψ)x−Ehl (wx− lϕ)

+µ1ϕt +µ2z1(x,1, t))dxdt



BRESSE SYSTEM WITH INTERNAL DISTRIBUTED DELAY 111

0 =

[
Eq

ρ1

∫ L

0
ϕϕtdx

]T

S
−
∫ T

S
ρ1qE ′Eq−1

∫ L

0
ϕϕtdxdt

−ρ1

∫ T

S
Eq ‖ϕt‖2

2 dt−
∫ T

S
Eq
∫ L

0
ϕxGh(ϕx + lw+ψ)dxdt

−
∫ T

S
Eq
∫ L

0
ϕ(lEh)(wx− lϕ)dxdt +µ1

∫ T

S
Eq
∫ L

0
ϕtϕdxdt

+µ2

∫ T

S
Eq
∫ L

0
ϕz1(x,1, t)dxdt,

0 =
∫ T

S
Eq
∫ L

0
ψ(ρ2ψtt−EIψxx +Gh(ϕx + lw+ψ)

+µ0ψt +ρ2

∫
τ2

τ1

µ(s)z(x,1, t,s))dsdxdt

0 =

[
Eq

ρ2

∫ L

0
ψψtdx

]T

S
−
∫ T

S
ρ2qE ′Eq−1

∫ L

0
ψψtdxdt−ρ2

∫ T

S
Eq ‖ψt‖2

2 dt

+
∫ T

S
EqEI ‖ψx‖2

2 dt +
∫ T

S
Eq
∫ L

0
ψxGh(ϕx + lw+ψ)dxdt

+ρ2

∫ T

S
Eq
∫ L

0
ψ

∫
τ2

τ1

µ(s)z(x,1, t,s)dsdxdt

0 =
∫ T

S
Eq
∫ L

0
w(ρ1wtt−Eh(wx− lϕ)x + lGh(ϕx + lw+ψ)(45)

+µ̃1wt + µ̃2z2(x,1, t))dxdt,

0 =

[
Eq

ρ1

∫ L

0
wwtdx

]T

S
−
∫ T

S
ρ1qE ′Eq−1

∫ L

0
wwtdxdt

−ρ1

∫ T

S
Eq ‖wt‖2

2 dt +
∫ T

S
Eq
∫ L

0
Ehwx (wx− lϕ)dxdt

+
∫ T

S
Eq
∫ L

0
w(lGh)(ϕx + lw+ψ)dxdt

+µ̃1

∫ T

S
Eq
∫ L

0
wtwdxdt + µ̃2

∫ T

S
Eq
∫ L

0
wz2(x,1, t)dxdt.

Taking their sum, we obtain
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0 =

[
Eq

ρ1

∫ L

0
ϕϕtdx

]T

S
+

[
Eq

ρ2

∫ L

0
ψψtdx

]T

S
+

[
Eq

ρ1

∫ L

0
wwtdx

]T

S

−
∫ T

S
ρ1qE ′Eq−1

∫ L

0
(ρ1ϕϕt +ρ2ψψt +ρ1wwt)dxdt

−2ρ1

∫ T

S
Eq ‖ϕt‖2

2 dt−2ρ2

∫ T

S
Eq ‖ψt‖2

2 dt−2ρ1

∫ T

S
Eq ‖wt‖2

2 dt

+
∫ T

S
Eq(ρ1 ‖ϕt‖2

2 +ρ2 ‖ψt‖2
2 +ρ1 ‖wt‖2

2

+Gh‖ϕx + lw+ψ‖2
2 +EI ‖ψx‖2

2 +Eh‖wx− lϕ‖2
2)dt

+µ1

∫ T

S
Eq
∫ L

0
ϕtϕdxdt +µ2

∫ T

S
Eq
∫ L

0
ϕz1 (x,1, t)dxdt

+µ̃1

∫ T

S
Eq
∫ L

0
wtwdxdt + µ̃2

∫ T

S
Eq
∫ L

0
wz2 (x,1, t)dxdt

+ρ1

∫ T

S
Eq
∫ L

0
ϕ

∫
τ2

τ1

µ(s)z(x,1, t,s)dsdxdt.(46)

Similarly, we multiply the equation of (17) by Eqe−2ρz(x,ρ, t,s) and get

0 =
∫ T

S
Eq
∫ L

0

∫ 1

0
e−2ρz(szt + zρ)dρdxdt

=

[
s
2

Eq
∫ L

0

∫ 1

0
e−2ρz2dρdx

]T

S

− s
2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2ρz2dρdxdt

+
∫ T

S
Eq
∫ L

0

∫ 1

0

e−2ρ

2
d

dρ
(z2)dρdxdt(47)

0 =

[
s
2

Eq
∫ L

0

∫ 1

0
e−2ρz2dρdx

]T

S

− s
2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2ρz2dρdxdt

+
1
2

∫ T

S
Eq
∫ L

0

∫ 1

0

[
d

dρ

(
e−2ρz2)+2e−2ρz2

]
dρdxdt



BRESSE SYSTEM WITH INTERNAL DISTRIBUTED DELAY 113

0 =

[
s
2

Eq
∫ L

0

∫ 1

0
e−2ρz2dρdx

]T

S

− s
2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2ρz2dρdxdt

+
1
2

∫ T

S
Eq
∫ L

0

[
e−2z2 (x,1, t)− z2 (x,1, t)

]
dxdt

+
∫ T

S

∫ L

0

∫ 1

0
e−2ρz2dρdxdt

And also multiplying the equation of (16) by Eqξie−2τiρzi(x,ρ, t) we get

0 =
∫ T

S
Eq
∫ L

0

∫ 1

0
e−2τiρξizi(τizit + ziρ)dρdxdt

=

[
1
2

ξiτiEq
∫ L

0

∫ 1

0
e−2τiρz2

i dρdx
]T

S

−τiξi

2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+
∫ T

S
Eq

ξi

∫ L

0

∫ 1

0

e−2τiρ

2
d

dρ
(z2

i )dρdxdt,(48)

0 =

[
1
2

ξiτiEq
∫ L

0

∫ 1

0
e−2τiρz2

i dρdx
]T

S

−τiξi

2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+
ξi

2

∫ T

S
Eq
∫ L

0

∫ 1

0

[
d

dρ

(
e−2τiρz2

i
)
+2τie−2τiρz2

i

]
dρdxdt,

0 =

[
1
2

ξiτiEq
∫ L

0

∫ 1

0
e−2τiρz2

i dρdx
]T

S

−τiξi

2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

+
ξi

2

∫ T

S
Eq
∫ L

0

[
e−2τiz2

i (x,1, t)− z2
i (x,1, t)

]
dxdt

+ξiτi

∫ T

S

∫ L

0

∫ 1

0
e−2τiρz2

i dρdxdt

Recalling the de definition of E and from (46), (47),and (48) we get
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A
∫ T

S
Eq+1dt ≤ −

[
ρ1Eq

∫ L

0
ϕϕtdx

]T

S
−
[

ρ2Eq
∫ L

0
ψψtdx

]T

S
−
[

ρ1Eq
∫ L

0
wwtdx

]T

S

+
∫ T

S
qE ′Eq−1

∫ L

0
(ρ1ϕϕt +ρ2ψψt +ρ1wwt)dxdt

+2
∫ T

S
Eq
(

ρ1 ‖ϕt‖2
2 +ρ2 ‖ψt‖2

2 +ρ1 ‖wt‖2
2

)
dt

−µ0

∫ T

S
Eq
∫ L

0
ψψtdxdt +ρ2

∫ T

S
Eq
∫ L

0
ψ

∫
τ2

τ1

µ(s)z(x,1, t,s)dsdxdt

−
[

1
2

Eq
∫ L

0

∫ 1

0
e−2ρz2dρdx

]T

S

+
1
2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2ρz2dρdxdt

−1
2

∫ T

S
Eqe−2

∫ L

0
z2 (x,1, t)dxdt

+
1
2

∫ T

S

∥∥z2 (x,0, t)
∥∥2

2 dt

−µ1

∫ T

S
Eq
∫ L

0
ϕtϕdxdt−µ2

∫ T

S
Eq
∫ L

0
ϕz1 (x,1, t)dxdt

−µ̃1

∫ T

S
Eq
∫ L

0
wtwdxdt− µ̃2

∫ T

S
Eq
∫ L

0
wz2 (x,1, t)dxdt

−
2

∑
i=1

[
ξiτi

2
Eq
∫ L

0

∫ 1

0
e−2τiρz2

i dρdx
]T

S

+
2

∑
i=1

ξiτi

2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2τiρz2

i dρdx

−
2

∑
i=1

ξi

2

∫ T

S
Eqe−2τi

∫ L

0
z2

i (x,1, t)dxdt

+
2

∑
i=1

ξi

2

∫ T

S
Eq ‖zi(x,0, t)‖2

2 dt

where A = 2min
{

1,e−2,2τ1e−2τ1,2τ2e−2τ2}. Using the Young and Sobolev- Poincare in-

equalities and Lemma , we find that

[
Eq
∫ L

0
ϕϕtdx

]T

S
= Eq(S)(S)

∫ L

0
ϕ(S)ϕt(S)dx−Eq(T )

∫ L

0
ϕ(T )ϕt(T )dx

≤ CEq+1(S)
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∣∣∣∣∫ T

S

(
qE ′Eq−1)∫ L

0
(ρ1ϕϕt +ρ2ψψt +ρwwt)dxdt

∣∣∣∣ ≤ c
∫ T

S
(−E ′)Eqdt

≤ cEq+1(S)

∣∣∣∣12ξiτiEq
∫ L

0

∫ 1

0
e−2τiρz2

i dxdρ

∣∣∣∣≤ cEq+1(S),∀t ≥ s,

∫ T

S
Eq
∫ L

0
ϕ

2
t dxdt ≤ c

∫ T

S
(−E ′)Eqdt ≤ cEq+1(S)

∫ T

S
Eq

ξi

∫ L

0
e−2τiz2

i (x,1, t)dxdt ≤ c
∫ T

S
(−E ′)Eqdt ≤ cEq+1(S)

1
2

∫ T

S
Eq

ξi

∫ L

0
z2

i (x,0, t)dxdt =
∫ T

S
Eq

ξi

∫ L

0
ϕ
′2dxdt ≤ cEq+1(S)

(49)
∣∣∣∣τiξi

2

∫ T

S
qEq−1E ′

∫ L

0

∫ 1

0
e−2τiρz2

i dxdρdt
∣∣∣∣≤ c

∫ T

S
(−E ′)Eqdt ≤ cEq+1(S)

∣∣∣∣∫ T

S
Eq
∫ L

0
ϕϕtdxdt

∣∣∣∣ ≤ ε1

∫ T

S
Eq
∫ L

0
ϕ

2dxdt + c(ε1)
∫ T

S
Eq
∫ L

0
ϕ

2
t dxdt

≤ ε1c
∫ T

S
Eq+1dt + c(ε1)

∫ T

S
Eq
∫ L

0
ϕ

2
t dxdt

≤ ε1c
∫ T

S
Eq+1dt + c(ε1)

∫ T

S
Eq (−E ′

)
dt

≤ ε1c
∫ T

S
Eq+1dt + c(ε1)Eq+1(S)(50)
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and∣∣∣∣∫ T

S
Eq
∫ L

0
ϕz1(x,1, t)dxdt

∣∣∣∣ ≤ ε2

∫ T

S
Eq
∫ L

0
ϕ

2dxdt + c(ε2)
∫ T

S
Eq
∫ L

0
z1(x,1, t)2dxdt

≤ ε2c
∫ T

S
Eq+1dt + c(ε2)

∫ T

S
Eq
∫ L

0
z1(x,1, t)2dxdt

≤ ε2c
∫ T

S
Eq+1dt + c(ε2)

∫ T

S
Eq (−E ′

)
dt

≤ ε2c
∫ T

S
Eq+1dt + c(ε2)Eq+1(S).(51)

(52)
∣∣∣∣∫ T

S
Eq
∫ L

0
ψψtdxdt

∣∣∣∣≤ ε
′
1c
∫ T

S
Eq+1dt + c(ε ′1)E

q+1(S),

(53)
∣∣∣∣∫ T

S
Eq
∫ L

0
wwtdxdt

∣∣∣∣≤ ε
′
2c
∫ T

S
Eq+1dt + c(ε ′2)E

q+1(S),

∣∣∣∣∫ T

S
Eq
∫ L

0
wz2(x,1, t)dxdt

∣∣∣∣ ≤ ε3

∫ T

S
Eq
∫ L

0
w2dxdt + c(ε3)

∫ T

S
Eq
∫ L

0
z2(x,1, t)2dxdt

≤ ε3c
∫ T

S
Eq+1dt + c(ε3)

∫ T

S
Eq
∫ L

0
z2(x,1, t)2dxdt

≤ ε3c
∫ T

S
Eq+1dt + c(ε3)

∫ T

S
Eq (−E ′

)
dt

≤ ε3c
∫ T

S
Eq+1dt + c(ε3)Eq+1(S).

Using (23) we obtain

∣∣∣∣∫ T

S
Eq
∫ L

0
ϕ

∫
τ2

τ1

µ(s)z(x,1, t,s)dsdxdt
∣∣∣∣ ≤ ε

′
3c
∫ T

S
Eq(−E ′)dt

≤ ε
′
3cEq+1(S).(54)

Choosing ε1,ε
′
1,ε2,ε

′
2,ε3 and ε ′3 small enough, we deduce from (49), (50), (51), (52), (53)

and (54) that ∫ T

S
Eq+1dt ≤ cEq+1(S)
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where c is a positive constant independent of E(0). We choose q = 0. Hence, we deduce from

Lemma that

E(t)≤ cE(0)e−κt , t ≥ 0.
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