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Abstract. In this paper, using (CLR) property and the Common (E.A) property common fixed point results for
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1. Introduction

In 2011, Azam et al. [1] introduced the notion of complex valued metric space which is a
generalization of the classical metric space and proved a unique common fixed point theorems
for two self-mappings satisfying a rational type inequality. Though complex valued metric
spaces form a special class of cone metric space, yet this idea is intended to define rational
expressions which are not meaningful in cone metric spaces and thus many results of analysis
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cannot be generalized to cone metric spaces. However, in complex valued metric spaces, we
can study improvements of a host of results of analysis involving division. Bhatt et al. [7]
initiated the concept of weakly compatible maps to study common fixed point theorem for
weakly compatible maps in complex valued metric spaces.

In 2013, Abbas et al. [2] introduced the notion of complex valued generalized metric space.
They replaced the triangular inequality in the complex valued metric by the rectangular in-
equality involving four points and extended the concept of complex valued metric spaces. They
proved fixed point theorems involving the rational type contractive conditions for weakly con-
tractive mappings in these spaces. The fixed point theorems in complex valued generalized
metric space were obtained by many mathematicians (e.g. [2,3,8]).

In 2002, Branciari [9] proved fixed point theorems for two self-maps under contractive con-
dition of integral type in metric space. In 2013, Manro et al. [10] extended and generalized
the theorem of Branciari [9] for a pair of weakly compatible mappings satisfying a general
contractive condition of integral type in complex valued metric space.

The aim of this paper is to prove common fixed point theorems for integral type contractive

condition in complex valued generalized metric spaces.

2. Preliminaries

The following definitions and lemmas will be used in the sequel. Let C be the set of complex
numbers and z;,z, € C. We define a partial order 3 on C as follows:z; = 2o, iff Re(z1) < Re(z2)
and Im(z;) < Im(z2).

As a result, we can say that z; = z; if one of the following conditions is satisfied:

(D Re(z1) = Re(z2),Im(z1) < Im(z3);

(IT) Re(z1) < Re(z2),Im(z1) = Im(z2);

(D) Re(z1) < Re(z2),Im(z1) < Im(z2);

(IV) Re(z1) = Re(z2),Im(z1) = Im(z2).

In particular, we can write z; = z2 if 21 # z2 and one of (I)-(III) is satisfied. Also we will write
71 < 2o if only (III) holds.

We can also prove these results:
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(DziZnand0<reR=ru32;
)02 21 F 2= |u| < |zl;
3)z1 S zpand 73 < 73 = 71 < z3.
Definition 2.1. [1] Let X be a nonempty set. If the mapping d : X x X — C satisfies the following
axioms:
(i) 0 2 d(x,y), forall x,y € X and d(x,y) = 0 if and only if x = y;
(ii) d(x,y) = d(y,x) , for all x,y € X;
(iii) d(x,y) 2 d(x,z) +d(z,y) . forall x,y,z € X.
Then d is called a complex valued metric on X and (X,d) is called a complex valued metric
space.

Example 2.1. Let X = C, define the mapping d : X x X — C by

d(x,y) = 2ilx =y,

where x,y € X. Then (X,d) is a complex valued metric space.
Definition 2.2. [2] Let X be a nonempty set. If the mapping d : X x X — C satisfies the following
axioms:
(1) 0 2 d(x,y), for all x,y € X and d(x,y) = 0 if and only if x = y;
(i) d(x,y) = d(y,x) , for all x,y € X;
(iii) d(x,y) = d(x,u) +d(u,v) +d(v,y), for all x,y € X and all distinct u,v € X, each one is
different from x and y.
Then d is called a complex valued generalized metric on X and (X, d) is called a complex valued
generalized metric space.
Example 2.2. Let X = {—2,—1,1,2} and define the complex valued generalized metric on
d:XxX—Cas
d(-2,2)=d(2,-2)=d(-1,2)=d(2,-1)=d(1,2)= d(2,1)=0.4i
d(-2,-1)=d(-1,-2)=d(-1,1)=d(1,-1)=0.2i
d(-2,1)=d(1,-2)=0.51
d(-2,-2)=d(-1,-1)=d(1,1)=d(2,2)=0
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We can prove that (X,d) is a complex valued generalized metric space but it is not a com-
plex valued metric space since it does not satisfy triangular inequality, d(—2,1) = 0.5{ >
d(—2,—1)+d(—1,1) =0.2i+0.2i = 0.4i.

Let X be a complex valued generalized metric space and A C X. A point x € X is called an
interior point of a set A whenever there exists 0 < r € C such that B(x,r) = {y € X : d(x,y) <
r} CA. A subset A in X is called open whenever each point of A is an interior point of A. The
family F = {B(x,r) : x € X,0 < r} is a sub-basis for a Hausdorff topology 7 on X.

A point x € X is called a limit point of A whenever for every 0 < r € C, B(x,r)[((A\ x) # 0.
A subset B C X is called closed whenever each limit point of B belongs to B.

Definition 2.3. [2] Let {x,} be a sequence in complex valued generalized metric space (X,d)
and x € X. Then

(1) x is called the limit of {x, } if for every @ € C with 0 < @ there is ng € N such that d (x,,x) <
o for all n > ng and we write lim,,_.. X, = X.

(2) {x,} is called a Cauchy sequence if for every @ € C with 0 < ® there is ny € N such that
d(xn,%p) < @ for all n,m > ny.

(3) (X,d) is said to be a complete complex valued generalized metric space if every Cauchy
sequence is convergent in (X,d).

Lemma 2.1. [2] Let (X,d) be a complex valued generalized metric space. Then a sequence
{x,} in X converges to x if and only if |d(x,,x)| — 0 as n — oo.

Lemma 2.2. [2] Let (X,d) be a complex valued generalized metric space. Then a sequence
{x,} in X is a Cauchy sequence if and only if |d(x,, X, )| — 0 as n,m — oo.

Lemma 2.3. [11]d(x,,y) — d(x,y) and d(x,x,) — d(x,a) whenever {x,} is a sequence in X
with x,, — x.

Definition 2.4. [3] Let f and g be two self-mapping on a nonempty set X. Then

(D) x € X is called to be fixed point of f if fx = x.

(IT) x € X is called to be a coincidence point of f and g if fx = gx.

(IIT) x € X is called to be a common fixed point of f and g if fx = gx = x.
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Definition 2.5. [3] Let (X,d) be a complex valued generalized metric space. Then two self-

mapping f and g are said to be weakly compatible if they commute at their coincidence points,i.e.

x € X with fx = gx implies that fgx = gfx.
Definition 2.6. [4]Let (X,d) be a complex valued generalized metric space. Then two self-
mapping f and g are said to satisfy the common limit in the range of g property (CLR,) if there
exists a sequence {x,} in X, x,, # x;, if n # m such that
lim;, e fx;, = im0 X, = gX

for some x € X.
Definition 2.7. [5] Let (X,d) be a complex valued generalized metric space. Then two pairs of
self maps (S, f) and (T,g) are said to satisfy the Common (E,A) property if there exists two
sequence {x,} and {y,} in X x, # x,, and y, # y,, if n # m such that

lim,, 0o Sx;, = limy, o0 fXy, = liMy e Ty, = limy, 00 gV =2

for some z € X.
3. Main results

In this section, we will prove the existence of fixed points for mappings f and g defined on
a complex valued generalized metric space (X,d) satisfying a contractive condition of integral
type.

Let®={¢:¢:[0,00) — [0,0) is a Lebesgue-integrable mapping which is summable on each
compact subset of [0, ), non-negative, non-decreasing and such that for each € = 0, [ ¢ ()dt -
0}.

For any z1,z0 € C, define

z1,22] = {r(s) € C:r(s) =z1 +s(z2 —z1) for some s € [0,1]}.
(z1,22] ={r(s) € C:r(s) =z1 +s(za —21) for some s € (0,1]}.
Define ¢ : [z1,22] — C as follow:
Cetiv) = 91(0) + i0a(y).

where x + iy € [z1,22] and ¢y, ¢ € D.

We denote the set of all complex integrable function { : [z1,22] — C by I'([z1,22],C).

-
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Lemma 3.1. [6] Suppose § € T'!([zy,22], C) and {z,} be a sequence in C.;, then lim, e 3" § (s)ds =
(0,0) if and only if z, — (0,0), as n — oo,

Definition 3.1. [6] A complex valued function ¢ : R" — C is measurable if both its real and
imaginary parts are measurable.

In 2016, Sarwar Muhammad defined the lebesgue integral of f to be

Jef=JgRe(f)+i[gIm(f) = (JgRe(f), [gIm(f)),
provided that Re(f) and Im( f) are Lebesgue integrables and defined all complex valued lebesgue
integrable functions by I'' (E,C), where E C R" be a measurable set.

We define ¥ = {¢@ : R" — C as a complex valued Lebesgue-integrable mapping(i.e.,¢ €
I''(E,C)), which is summable and non-vanishing on each measurable subset of R", such that
for each € = 0, [ @(¢)dt = 0}

Theorem 3.1. Let f and g be two self-mapping of a complex valued generalized metric space
(X ,d) which satisfy the following conditions:
(I) the pairs (f,g) is weakly compatible,

(1I) the pairs (f,g) satisfy (CLR,) property,
(IlIl) Vx,y € X, there exists

u(x,y) € M(x,y)

such that
d(fx,fy) u(x,y)
/ o(t)dr < oc/ o(t)dt (3.1)
0 0

where o0 nonnegative real such that ¢ < 1 and ¢ €Y,

M(x,y) ={d(gx,gy),d(8y, fy),d(gx, fy),d(8y, fx)}. then f and g have a unique common fixed

point in X.

Proof. Since the mappings f and g satisfy the (CLR,) property, then there exists sequence {x, }

such that

lim fx, = lim gx,, = gx
n_mfn n_mgn 8X,

for some x € X. We now show that fx = gx. Suppose not, i.e., fx # gx.
From (3.1)

d(fxn,fx) u(x,%)
/ o(t)dt < a/ o(t)dt (3.2)
0 0
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where

u(xp,x) € M(x,,x)

M (xp,x) = {d(8%n,8x),d(gXn, fXn),d(gx, x),d(8%n, fx),d(gx, fxn) }

Two cases arises:

If
(X, x) = d(gxn, 8x),d(gxn, fxn) or d(gx, fxn)

Taking limit as n — oo, then (3.2) and lem (3.8) implies

d(gx.fx) d(gx,gx)
/ Q(t)dt < oc/ o(t)dt =0
0 0

Which is a contradiction.

2)If
u(xp,x) = d(gx, fx) or d(gxn, fx)

Taking limit as n — oo, then (3.2) and lem (3.8) implies

d(gx.fx) d(gx.fx)
/ o(t)dr < a/ o(t)dt
0 0

Since o < 1, which is a contradiction.

745

Hence, from all cases, fx = gx. Now let z = fx = gx. Since (f,g) is weakly compatible,

fex=gfx, 1e. fz=gz

Next we show that fz = z. Suppose it is not, then

d(fz,z) d(fz,fx) u(z,x)
/ o(t)dt :/ o(t)dr < a/ o(t)dt
0 0 0

where
u(z,x) € M(z,x)
M(z,x) = {d(gz,8x),d(gz, fz),d(gx, fx),d(8z, fx),d(gx, f2) }
={d(f2,2),0,0,d(fz,2),d(z, f2)}
={d(fz,2),0}

(3.3)
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Two cases arises:

1) If u(z,x) = d(fz,z), then by (3.3), we have

d(fz,2) d(fz,2)
/ o(t)dt < oc/ o(t)dt
0 0

Since o < 1, which is a contradiction.

2) If u(z,x) = 0, then by (3.3), we have

d(fz,2)
/ o(r)dt <0
0

which is a contradiction.

Thus, fz=gz=2z.

Hence, z is a common fixed point of f and g.

To show that the fixed point is unique, suppose 7' is another fixed point of f and g, i.e. f7' =
gd =17

From (3.3), we have

d(z,7) d(fz,f7) u(z,7')
/ (p(t)dt:/ o(r)dt < oc/ o(r)dt
0 0 0

where

u(z,7) € M(z,7)

M(z,7) = {d(gz,87),d(gz, fz),d (g7, 2),d(gz, f2),d (g7, f2)}
={d(z,7),0,0,d(z,7),d(<,2)}

={d(z,7),0}
Two possible cases arises:
1) If u(z,7') = d(z,7/), then by (3.3), we have
d(z,7)

d(z,2)
/ o(t)dt < oc/ o(t)dt
0

0

Since o < 1, which is a contradiction.

2) If u(z,7') = 0, then by (3.46), we have

d(z,2)
/ o(t)dt <0
0
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which is a contradiction.

Hence, z =7 i.e., f and g have a unique common fixed point in X. This completes the proof.

Theorem 3.2. Let S, T, f and g be four self-mapping of a complete complex valued generalized
metric space (X ,d) which satisfy the following conditions:

(1) S(X) € g(X) and T(X) € f(X),

(Il) the pairs (S, f) and (T, g) are weakly compatible,

(I1I) the subspace f(X) or g(X) is closed,

(IV)Vx,y € X,

d(Sx,Ty) d(fx.gy) d(fx,Sx) d(gy.Ty)
/O o(1)di 3 (a+c) /O o(1)di +b /0 o(1)dt + (b+¢) /0 o(1)di (3.4)

where a, b and c are nonnegative reals such that a+2b+2c <1 and ¢ € ¥, then S, T, f and g

have a unique common fixed point in X .

Proof.We construct a sequence {y,} in X such that,

Yon = SX2n = gX2n+1

and
Yol = Txopq1 = fXop42,n >0 (3.5)

where {x,,} is another sequence in X. Using (3.4), we have,

d(y2n:y2n+1) d(Sx2,,TX2n1 1) d(fxon,8%n+1)
/ ol = [ o)t 3 (ate) [ o(1)d
0 0 0

/d (gx2n+1,Tx2n41)

d(fx20,5%2n)
+b /0 o()dt + (b+c) o(0)dt

d(y2n—1,Y2n) d(y2n—1:Y2n)
— (a+c) /O o(1)di +b /0 o(1)dr

d(Yzm)’an)
+(b+c)/0 ©(t)dt

0 (3.6)

Hence,

d(yan:yon+1) b d(yon—1,Y2n)
[ ewan 30 | o(1)d
0 1—-b—c.Jo

Therefore,

d(y2n7y2n+l) d(y2n717y2n)
| o(1d 35 o(1)ds
0 0
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a+b+c

where 6 = < 1, since a+2b+2c < 1. Proceeding in a similar way we have,

d(Y2n,Y2n+1) d(Yon—1,Y21)
/ o(1)d 35 | o(1)di
0 0

d(y n—2Y2n— )
552/ " o) (3.7)
0

Finally we conclude that

d(ynYn+1) d(yo.1)
[ emar s e [T par
0 0

Taking limit as n — oo, we get

d(Yn:ynt1)
lim (t)dt=0 (3.8)

n—oo J(

Hence from lem(3.3), we get d(yn,ynt1) — 0, as n — oo,
We now show that {y,} is Cauchy. Suppose that it is not. Then there exists an € > 0 and

subsequences {2m} and {2n} such that 2n > 2m > ng with

d(yom,y2n) 2 € ,d(YamsYan—1) < € (3.9)

Now from rectangular inequality,

d(yom—1,Y2n—1) 2 dYom—1,Y2m) +dY2m,y2n—2) +d(Y2n—2,Y20-1) (3.10)

Therefore, from (3.7), (3.9) and (3.10), we have,

€ y2m 7y2n y2m 1:Y2n— )
/(p dz</ o(1) Ha/ o(1)dr
0

(Y2m—1,Y2m) (Y2m:Y2n—2)
<5 / o(1)di + 6 / o(1)dt
0 0

d(Y2n—-2,Y2n—1) €
45 / o(1)dr < 5 / o(1)dr
0 0
d(Yan—1,Y2m) d(yan—2,Y21—1)
+5 / o(1)di +6 / o(1)dt
0 0

Taking the limit as n,m — oo, from (3.8) we have,

/0€ o(t)dt < 5/08qo(t)dt
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which is a contraction. Therefore {y,} is Cauchy sequence in X. Since X is complete, there

exists point z in X such that,
lim Sx,, = lim gx = lim Txp,+1 = lim fxp,472 =2

Assuming f(X) is closed, z € f(X) and z = fu for some u € X. We claim that Su = fu = z.

Using the rectangular inequality[Definition 2.2(iii)] we get,
d(Su,z) 3 d(Su, Txont1) +d(Tx2n41,8%m+1) +d(8X2n+1,2) (3.11)

Therefore from (3.11),

d(SM,Z) d(suvTXZrH—l) d(Tx2n+l 7gx2n+l) d(gx2n+l 7Z)
| ewarz | o+ | pwdr+ [ plrdr

d(fuagx2n+l ) /d(gXZrH-l 7Tx2n+l )

< <a+c)/0 pl)di+(b+0) [

d(fu,Su) d(Tx2n+1,8%2n+1) d(gxan+1,2)
+b/0 (p(t)dt+/0 (p(t)dt+/0 o(t)dt

o(t)dt

As n — oo, we get,
d(Su,z) d(z,2) d(z,2)
/0 o(1)dt < (a+c) /0 o(1)di + (b+¢) /0 o(1)dt
d(z,5u) d(z,2) d(z,2)
+b/0 (p(t)dt+/0 (p(t)dt+/0 o(t)dt

d(z,Su)
=b / @(t)dt
0

Asb <1, f:(z’su) @(t)dt = 0 implies that Su =z i.e. fu = Su =z and u is a coincidence point
of fand S. Since S(X) C g(X), Su = gv for some v € X. Hence fu = Su = gv=z. We claim
that Tv = z. By the inequality (3.4),

a(e,Tv) a(suTv) d(fugv) a(fusu)
/ o(1)dr = / o(1)dr =< (a+c) / o(1)di +b / o(1)dr
0 0 0 0

d(gv,Tv) d(z,2)
+(b+c)/0 o(t)dt = (a+b+c)/0 o(t)dt
d(z,Tv) d(z,Tv)

+(b+c) /0 o(1)dt = (b+c) /0 o(1)dt

z,Tv

Since b+ ¢ < l,fod( )(p(t)dt = 0 implies that Tv =z, hence Su = fu=Tv=gv=1z As S

and f are weakly compatible, Sfu = fSui.e. Sz = fz. We now prove that Sz = z, suppose not,
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Sz # z, then by (3.4),

d(Sz,2) d(Sz,Tv) d(fz,gv) (fz,Sz)
/ o(t)dt =/ o(t)dr 3 (a+c)/ ot dt+b/ o(t)dt
0 0 0

d(gv,Tv) d(Sz,z) (fz,52)

4 (bto) /0 o(1)dt = (a+2¢) /O o(1)dt +b /0 o(1)dt
d(z,2) (Sz,2)

+(b+c)/0 o(t)dt = (a+2€)/0 o(t)dt

(Sz,2)

Since a+2c¢ < 1, fo @(t)dt implies that Sz = zi.e. Sz= fz = z. Thus z s a fixed point of §
and f. Also since T and g are weakly compatible, 7gv = gTv i.e. Tz = gz. We now prove that

Tz = z, suppose not, Tz # z, then by (3.4) again,

d(z,Tz) d(Sz,Tz) d(fz,82) d(fz,52)
/ o(1)dt = / o(1)dr = (a+c) / o(1)d +b / o(1)dt
0 0 0 0
d(gz,Tz) d(Tz,z) d(z,2)
+(b+o) /O o()dt = (a+¢) /O o(1)di + b /0 o(t)dt

d(gz,T7) d(Tz,2)
+b/ o(t)dt = (a+c)/0 o(t)dt

Since a+c¢ < 1, fo (T22)

(p(t)dt implies that Tz = z and Sz = fz = Tz = gz =z, z is a common
fixed point of S, 7', f and g. To show that the fixed point is unique, suppose that there is another
point w € X such that Sw =Tw = fw =gw =w.

From (3.4), we have,

d(w,2) d(Sw,Tz) d(fw,gz) (fw,Sw)
/ o(1)dt = / o(1)di = (a+c) / o(1)di +b / o(t)d
0 0 0

d(gz,Tz) d(w. (w,w)
+(b+c)/0 (p(t)dtz(a+c)/0 dt+b/

d(z,2) d(w,z)
+ (b+c)/0 o(1)dt = (a—l—c)/o o(1)di
Therefore fod (w3) @(t)dt =0 as a+c < 1 and w = z which proves the uniqueness of the fixed
point. Similar argument holds if g(X) is assumed to be closed. Hence S, T, f and g have a

unique common fixed point in X. This completes the proof.

By putting ¢ = 0, in Theorem 3.2 above, we get the following corollary.
Corollary 3.3. Let S, T, f and g be four self-mapping of a complete complex valued generalized

metric space (X ,d) which satisfy the following conditions:

() S(X) C g(X) and T(X) C f(X),
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(Il) the pairs (S, f) and (T, g) are weakly compatible,
(I11) the subspace f(X) or g(X) is closed,
(IV)Vx,y € X,

d(Sx,Ty) d(fx,gy) d(fx,Sx) d(gy,Ty)
/O o(t)dt < a /O o(t)dt + b /0 o(t)dt + /0 o(t)dr)

where a and b are nonnegative reals such that a+2b <1 and ¢ € ¥, then S, T, f and g have a

unique common fixed point in X.

If weput7T =S and g = f, b = c =0 in Theorem 3.2 above, we get the following corollary.
Corollary 3.4. Let S and f be two mappings of a complete complex valued generalized metric
space (X,d) which satisfy the following conditions:

() S(X) € f(X)

(Il) the pair (S, f) is weakly compatible,
(I11) the subspace f(X) is closed,
(IV)Vx,y € X,

d(Sx,Ty) d(fx,gy)
[ edrsa [
0 0

where a is nonnegative real such that a < 1 and ¢ € ¥, then S and f have a unique common
fixed point in X.

Theorem 3.5. Let S, T, f and g be four self-mapping of a complex valued generalized metric
space (X,d) which satisfy the following condition:

(I) the pairs (S, f) and (T, g) are weakly compatible;

(Il) the pairs (S, f) and (T, g) satisfy the Common property (E,A);

(I11) the subspaces f(X) and g(X) are closed;

(IV)Vx,y € X,

d(Sx,Ty) d(fx,gy) d(fx,Sx) d(gy,Ty)
/O o(t)dt S a /O o(1)dt + b( /O o(1)dt + /O o(1)dr)

d(fx,Ty) d(gy,Sx)
—|—c(/0 <p(t)dt+/0 @(t)dr)

where a, b and c are nonnegative reals such that a+2b+2c < 1and ¢ €\, then S, T, f and g

(3.12)

have a unique common fixed point in X.
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Proof. Since the pairs (S, f) and (7,g) satisfy the common property (E,A), there exists two

sequences {x,} and {y,} in X such that

lim Sx, = lim fx, = lim Ty, = lim gy, =z
n—soo n—co Nn—oo n—oo

for some z € X. Since f(X) is closed and z € f(X), there exists u € X such that z = fu. We

claim that Su = fu = z. From (3.12) we have,

d(Su,Ty,) d(fu.gyn) d(fu,Su) d(gyn,Tyn)
/O o(t)dt S a /0 o()di +b( /O o(t)dt + /0 o(1)dr)

d(fu,Tyn) d(gyn,Su)
de( o+ [ gl
Asn — oo,
d(Su.z) d(fu,Su) d(z,Su)
/ o(1)dt < b / o(1)dt +c / o(1)dt
0 0 0

Asb+c<1,d(Su,z) =0and Su=zi.e. Su= fu=z Since S and f are weakly compatible,
Sfu= fSu and Sz = fzi.e. z is a coincidence point of S and f. Also since g(X) is closed and

z€g(X),z=gvforsomev € X. Hence Su= fu = gv=z. We prove that Tv = gv = z. Consider

from (3.12),
d(z,Tv) d(Su,Tv) d(fu,gv)
[ ewar= [ ewarza [T gtyar
0 0 0

d(fu,Su) d(gv,Tv)
wb([ 7 pdi+ [ g0

d(fu,Tv) d(gv,Su)
+c(/0 (p(t)dt+/0 Q(t)dt

d(z,Tv)
=+a) [ ol
Hence d(z,Tv) =0as b+c < 1. Therefore Tv = gv = z. Since T and g are weakly compatible,
we have Tgv = gTvi.e. Tz = gz and z is a coincidence point of 7" and g. To show that z is a

fixed point, we claim that Sz = z. By (3.12),

d(Sz,2) d(Sz,Tv) d(fz,gv)
| ewai= [ emarsa [ etryar
0 0 0



COMMON FIXED POINT THEOREMS IN COMPLEX VALUED GENERALIZED METRIC SPACES 753

Since a +2¢ < 1, d(Sz,z) = 0 and Sz = z. Hence Sz = fz = z. Similarly we can show that

Tz = gz =1z Thus we have Sz = fz =Tz = gz =z and z is a common fixed point of S, T, f and
ginX.

Uniqueness. let 7’ be another fixed point of S,T, f and g, i.e. S7 =T7 = f7 = g7 = 7. From

(3.12), we have

d(fz,5z) d(g7 \T7)
+b(/0 (p(t)dl—l—/o o(t)dt)

d(fz,T7) d(g7',52)
be([ 7 et [T pladr
d(z,7)
— (a+2¢) / o(1)dt
0
thus
d(z,2)
(1 —a—ZC)/ o(1)dt <0
0

Since 1 —a—2c¢ > 0, which is a contradiction, unless z = 7. Hence z is a unique common fixed

point of S, T, f and g in X. This completes the proof.
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