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1. Introduction

Cone metric spaces were introduced as a generalization of normal metric spaces by Huang
and Zhang in [1]. They presented the notion of convergence of sequences in cone metric spaces
and proved some fixed point theorems. Then after, many authors established the equivalence
between some fixed point results in metric and in cone metric spaces see [4-6]. But some
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authors appealed to the equivalence of some metric and cone metric fixed point results (see[6-
9]) Recently, Liu and Xu [2] introduced the concept of cone metric apace over Banach algebras,
replacing Banach spaces by Banach algebras as the underlying spaces of cone metric spaces.
They abstain some fixed point theorems of generalized Lipschitz mappings. Moreover they give
an example to illustrate that are more useful than the standard results in cone metric spaces.

Bhashkar and Lashmikantham in[4] introduced the concept of coupled fixed point of a map-
pings F : XX X — X and investigated some fixed point theorems in partially ordered sets.Sabetghadam
et al. in[6] introduced this concept in cone metric spaces.Then after, Lakshmikantham and Ciric
in[12] proved coupled coincidence and coupled common fixed point theorems for nonlinear
contractive mappings in partially ordered complete metric space. Further, M.Abbas and M.Ali
Khan[5] introduce the concept of a w-compatible mappings to obtain couple coincidence point
and couple point of coincidence for nonlinear contractive mappings in cone metric space with
a cone having non-empty interior.

In this paper, we establish the existence of coupled coincidence point and prove coinci-
dence point theorem for nonlinear contractive mappings in cone metric space over Banach al-
gebras.Our results generalize some known results in cone metric space. Moreover, we verify

the T-stability of iteration sequence.Our results greatly extend the main work of [4-13].

2. Preliminaries

In this section, we give some necessary preliminaries on the Caputo derivative, which will be

used in the sequel.

Definition 2.1. (see[1]) Let ‘A always be a Banach algebra.That is, A is a real Banach space
in which an operation of multiplication is defined, subject to the following properties, for all
x,y,2€ A,a e R:

1. (xy)z = x(y2);

2. x(y+2) = xy+xz;

3. a(xy) = (ax)y = x(ay);

4. [l < [Ixl[l[yll



508 XIAOYE YANG, QING YUAN
Definition 2.2. (see[1]) Nonempty closed convex subset K of A is called a cone, if for alld,;u >0
1. (B,e) C K,
2. K2 =KKCK,
3KN(K)=,
4. AK+uK cK

On this basic, we define a partial ordering < with respect to K by x <y if and only ify—x €
K.We shall write x <y to indicate that x <y but x #y, while x < y will indicate that y— x € intX,
where intK stands for the interior of K.A cone K is called normal if there is a number M > 0
such that for all x,y € A, <x=<yimplies ||x|| <||y|l. The least positive number satisfying above
is called the normal constant of K. In the following we always suppose that ‘A is a Banach

algebra with a unit e, K is a solid cone in A, and < is a partial ordering with respect to K.

Definition 2.3. (see[1])Let X be a non-empty set and A a Banach algebra.Suppose that the
mappings d : X X X — A satisfies: 1. 0 <d(x,y) for allx,y € X with d(x,y) = 0 if and only if
x=y; 2. d(x,y) =d(y,x) for all x,y € X; 3. d(x,y) <d(x,z)+d(z,y)for all x,y,z€ X. Thend is

called a cone metric on X, and (X,d) is called a cone metric space over Banach algebra.

Definition 2.4. (see[17])Let (X,d) be a cone metric space, x € X and x,, is a sequence in X.

1. x, converges to x whenever for every c > 0 there is a natural number N such that
d(xp,x) > c for all n > N.we denote this by nh_)nc}o Xy = X or X, — x(n —x);

2. x, is a Cauchy sequence whenever for every c > 0 there is a natural number N such that

d(xp,xp) > c foralln,m> N;

3. (X,d) is a complete cone metric space if every Cauchy sequence is convergent.

Definition 2.5. (see[5])An element (x,y) € X X X is called a coupled fixed point of mappings
F:XxX—->Xifx=F(x,y)andy = F(y,x)

Definition 2.6. (see[5])An element (x,y) € X X X is called

(1)a coupled coincidence point of mappings F : XXX — X and g : X — X if g(x) = F(x,y) and
gy) = F(y,x), and (gx,gy) is called coupled point of coincidence;

(2)a common coupled fixed point of mappings F : XXX - Xand g: X = X if x=g(x) = F(x,y)

andy = g(y) = F(y,x).
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Proposition 2.7. (see[18])Let A be a Banach algebra with a unite e, and x € A.If the spectral

radius p(x) of x is less than 1, i.e.
. 1 . 1
px) = T [ = in fo 27117 < 1.

then e — x is invertible. Actually,

n

(e—x)"'= in.

i=0

Lemma 2.8. (see[19]) Let u,v,w € A, ifu <vandv <w, then u < w.

Lemma 2.9. (see[19])Let A be a Banach algebra and a,, is a sequence in A.If a,, — 0(n —x),

then for any ¢ > 0, there exists N such that for all n)N, one has a,, < c.

Lemma 2.10. (see[18])A be a Banach algebra with a unit e, x € A, then the limit lim ||x”||%
n—-00

exist and the spectral radius p(x) satisfies:
. 1 . 1
p() = Tim [ = in izl < 1.

If p(x) < |A|, then de — x is invertible in A, moreover,
-1 _ — xi
(/le - X) = Z F
i=0
Lemma 2.11. (see[18])A be a Banach algebra with a unit e, a,b € A.If a commutes with b,
then

pla+b) < p(a)+p(b); p(ab) < p(a)p(b).

Lemma 2.12. A be a Banach algebra with a unit e, x,, is a sequence in A. If there exist x in A

have lim x" = x, where x,, commutes with x, for any n > 0, then

n—oo
lim p(x") = p(x).
n—oo
Proof: by lemma 2.11, we have

p(xn) —p(x) = p(xn — x + x) — p(x) < p(xp — x) + p(x) — p(x) = p(xn — X).

ll0Cxn) = POl < p(xn = x) < [lx = x]l.



510 XIAOYE YANG, QING YUAN

Because X, converges to x when x — o, SO

lloCxn) = p(O)I| = 0(n — o).

that is

P(xXn) = p(x)(n — oo).

Lemma 2.13. A be a Banach algebra and x € A. If p(x) < 1, then lim ||x"|| = 0.
n—>o00
Proof: Since p(x) = im ||x"||# = infus1 [IX||7 < 1, there exist a > 0, such that lim ||¥"||7 < a <
n—oo n—oo
1. When n is enough big, we have ||x"||% <a, then |xX"|| < a". because a < 1, so a* — 0(n — o),

then lim ||x"|| = 0.
n—oo

3. Main Results

Theorem 3.1. Let (X,Y) be a cone metric space over Banach algebra ‘A and K be a solid cone
in A.Suppose that the mappings F : X — X and g : X — X satisfies the following contractive

condition:

d(F(x,y), F(u,v)) < k1d(gx, gu) + kod(F(x,y), gx) + k3d(gu,gv)

+kad(F(u,v), gu) + ksd(F(u,v), gu) + ked(F(u,v), gx)

for all x,y,u,v € X, where kj € K(i=1,---,6) are generalized Lipschitz constants with p(ky) +
p(k3)+p(ky + kg + ks + ko) < 1, if ki, ks commutes with ky + kg + ks + ke, then there exists two se-
quence gx,, gyn in X such that they are two Cauchy sequence.Moreover, if d(gx,,gxm) + d(gVn,&Vm)
converges to some non-zero element in A, for any two different Cauchy sequence gxn,gy,, then

A is a non-normal cone.

Proof: Let xy,yo be any two arbitrary in X, set g(x1) = F(xo,y0) and g(y1) = F(y0, X0),
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8(xn+1) = F(xp,yn) and g(yu+1) = F(Yn, xp), then we have

d(8Xn,8Xn+1)

d(F(Xn-1,Yn-1); F (Xn, yn))

IA

k1d(gxn-1,8%n) +kod(F(xn-1,Yn-1),8Xn-1) + k3d(8yn-1,8Yn)

+  kad(F(xp,yn),8%n) + ksd(F (Xp-1,Yn-1), 8%n) + ke d(F (xn,yn), §Xn-1)
= kid(gxn-1,8%n) + kod(gxn, gXn—1) + k3d(gYn—1,8Yn)

+  kad(gXn+1,8%n) + ksd(gxn, 8xn) + ked(gXn+1,8Xn—1)

< kid(gxn-1,8%n) + kod(gxn, 8xn—1) +k3d(gyn-1,8Yn)

+  kad(gxn+1,8%n) + ked(gXn+1,8%n) + ked(8Xn, 8Xn-1)

= (ki +ky+ke)d(gxn—1,8%n) +k3d(gyn—1,8yn) + (k4 + ke)d(gXn, 8Xn+1)-

From which it follows

G (I —ks—ke)d(8xn,8Xn+1) < (k1 + k2 + ke)d(gXn—1,8%n) + k3d(gYn-1,8Yn)-

Similarly

(3.2) (1 — ks —ke)d(8Yn,8yn+1) < (k1 + ko + ke)d(gVn—-1,8Yn) + k3d(gxn-1,8%n)-

We also have

d(gxn+1 ,8Xn)

IA

d(F(xn,yn), F(Xn-1,Yn-1))

k1d(gxn, 8xn-1) + kod(F (Xn,yn), 8Xn-1) + k3d(gYn, g¥n-1)

kad(F (Xp-1,Yn-1), 8Xn-1) + ksd(F (X, Yn), 8Xn-1) + ked(F (Xp-1,Yn-1), §%n)
k1d(gxn, 8Xn-1) + kod(gxn+1,8Xn) + k3d(8yn, g¥n-1)

kad(gxn, gxn-1) + ksd(gXn+1,8%n-1) + ked(8Xn, §Xn)

k1d(gxn,8Xn-1) + kod(gxn+1,8Xn) + k3d(8yn, g¥n-1)

kad(gxn, gxn-1) +ksd(gxn+1,8%n) + ksd(gxn, gXn-1)

(k1 + kg + ks)d(gxn, gxn-1) + k3d(gyn, gyn-1) + (k2 + ke)d(gXxpn+1,8%n).
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that is

(3.3) (I —ko—ks)d(gxn+1,8%n) < (ki +ka +ks)d(gXn—1,8%n) +k3d(8Yn, gYn-1)-
Similarly

B4 (I —k2—ks)d(gyn+1,8yn) < (ki +ka +ks5)d(yn—1,8Yn) + k3d(gxn, gXn—1).
Let &, = d(gxy, 8Xn+1) + d(gVn,&Vn+1), now, from (3.1) and (3.2), we obtain

(3.5) (1 —ks4 —ke)Op < (k1 + ko + k3 +kg)Oy—1.

Respectively (3.3) and (3.4)

(3.6) (1-ky —k5)6n <(kj+ks+ky +k5)6n_1.
So we have
(3.7) (2 —ky — kg — k5 - k6)6n < (2k1 + 2k3 +ko +kg+ k5 + k6)6n_1.

In (3.7) put k = ky + kg + ks + ke, then
(3.8) (2e —k)d,, < k1 +2k3 +k)d,_1.

Since p(k) < p(k1) +p(kz)+p(k) < 1 <2, then by LemmaZ2.10, it follows that (2e — k) is invertible.

Furthermore

(o)

_ K
et =3 K

i=0

By multiplying in both side of (3.8) by 2e —k)™!, we arrive at
On < (2e = k)71 (2ky +2k3 +k)Sp-1 .
Denote h = (2e — k)~ (2k; + 2ks + k), then by (3.7)we get
On < hdy_t < h*8y <+ <H"3y.

by lemma?2.10, we conclude that

k i
,O(Z 2z+1 Z 21+1 ) - Z [p2(1+2] ’
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which implies by lemma 2.12 that

Since ki commutes with k, it follows that

(2e —k) 1 (2ky + 2k + k)

that is to say, (2e — k)~ commutes with (2ky + 2k + k), then by lemma 2.11, we gain

p(h)

IA

IA

o0
i=0

2 —

1
p(k)

= (Z S )(2k1 +2k3 +k)

(o]

i=0

(2k; +2k;3 + k)(z )

(k) +2k3 +k)(2e — k)7L

0((2e — k)" (2ky +2k3 + k)

P 5200k +2p(k) + p(k)]
i=0

lo(k))’

St L2ptkn) +2p(ks) +p(k)]

[20(k1) +2p(k3) + p(k)] < 1.

Which establishes that e — h is invertible and ||h"*|| = 0(n — o). We have

(39) d(gxm’ gxn) < d(gxm’ 8Xm—-1 )+ d(gxm—l ’gxm—Z) +oe
and
(3.10) d(gym,>&Yn) < d(gYm>&Vm-1) + d(gYm-1,8Ym-2) + -+

2(2 2+1)k1 +2(Z 2+1)k3 Z y

i+1

2i+1

+d(8Xn+1,8%n).

+d(8Yn+1,8Yn)-

513
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Therefore
d(gxma 8Xxn)+ d(gym,gyn) < Op-1+0pm2+--+0,
< (W VR4 1D
= ("R 4 bt )RS
= () HHN"dg = (e~ h)~'i"dg.
i=0
Owing to

lI(e =R~ RSl < ite = B) A" 1Soll(n — o).

We have (e —h)"'h"*dg — 0,(n — ), so by using lemma 2.8, 2.9

d(8xn, 8Xn+1)+d(8yn,&yn+1) is a Cauchy sequence. Since d(gxm,8gxn) < d(8Xm,&xn) +d(gYm,8Yn)
and d(gym,gyn) < d(gXm,8Xn) +d(gym,8yn), then again by (ps), gx, and gy, are Cauchy se-
quences in g(X).

Since gx, and gy, are Cauchy sequences, there is N such that d(gx,,gx,) < C and d(gy,,gym) <K

C, for all n,m > N, it is clear that

d(gxn,8yn) < d(8Xn, 8Xm) + d(8Xim. 8Ym) + d(&Ym, 8Yn) < d(8Xm,&Ym) +2C.

d(gXm, &ym) < d(8Xxm,&xn) + d(gXn, 8Vn) + d(gYVn, &Vm) < d(gxn,gyn) + 2C.

d(8%Xm>8Ym) +2C — d(gXn, 8yn) < d(8Xn, gyn) +2C +2C — d(gxn, gyn) = 4C.
by virtue of the normality of K, then we have
lld(gxm, gym) +2C — d(gxn, gyn)ll < 4M|IC]I.

Hence, it ensures us that

ld(gxm,gym) — d(gxn, gyl < 11(8Xm,&Ym) +2C —d(gx,, gyn)ll - 112C||

IA

(4M +2)|IC|| < e.

Which implies that d(gx,, gy,)is Cauchy sequence and hence convergent. Next, set lim d(gx,,gy,) =
n—oo

a, it is evident that 0 < a. Finally, we claim that a = 0. Actually, if there exists no € N such that
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Xny = Yny» the claim is clear. Whithout loss of generality, we supposed that gx, # gy, for all

n € N. Notice that

d(8Xn+1,8Yn+1) d(F(xn,Y0), F(Yns X))

IA

kld(gxn,gyn)+k2d(F(xn,)’n)agxn)+k3d(gynagxn)
+ k4d(F(yn,xn)»gyn)+k5d(F(xn,yn)’gyn)+k6d(F(men)’gxn)
= (ki +k3)d(gxn,8yn) + kod(8Xn+1,8%n) + kad(gyn+1,8Yn)

+  ksd(gxns1,8Yn+1) +ksd(gyn+1,8Vn) + ked(8Yn+1,8Xn+1) + ked(gXn11,8%n)

IA

(k1 +k3)d(gxn, gyn) + (ka2 + ke )d(gxn+1,8%n) + (kg + ks)d(gyn+1,8Yn)

+ (ks +ke)d(8Xn+1,8Yn+1)-
Taking the limit as n — oo, we obtain that
a<(ky+ks+ks+kga.
set A = k1 + k3 + ks + ke, then it follows that
a<la<a<---<Aa.

Because A < k| +k3+klead to 1" < (k1 + k3 + k)"
moreover, by lemma 2.13, p(ky + k3 +k) < p(k1) + p(kz) + p(k) < 1 lead to (ki + k3 +k)" —
0(n — o0). We claim that for each C > 0, there exists no(C) such that I < C, such that for all

n > ny(C).Consequently, a = 0, so we obtain a contradiction. The proof is completed.

Theorem 3.2. Let (X,Y) be a cone metric space over Banach algebra ‘A and K be a solid cone
in A.Suppose that the mappings F : X — X and g : X — X satisfies the following contractive

condition:
d(F(x,y), F(u,v)) < kid(gx, gu) + kod(F(x,y),gx) + k3d(gu, gv)

+k4d(F(u,v), gu) + ksd(F(u,v), gu) + ked(F(u,v), gx)

for all x,y,u,v € X, where kj € K(i=1,---,6) are generalized Lipschitz constants with p(k) +

p(k3) + plky + kg + ks + ke) < 1, if ki,k3 commutes with ky + ks + ks + ke, then F and g have
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a couple coincidence point in X.Moreover, for arbitrary x,y € X, iterative sequence F"(x,y)
converges to the fixed point.Further, F has a property P.

Proof: by using Theorem 3.1, we known gx, and gy, are two Cauchy sequences in g(X), so
there exists x and y in X such that gx,, — gx and gy, — gy.Now, we prove that F(x,y) = gx and

F(y,x) = gy.For that we have

d(F(x,y),gx) < d(F(x,y),8%n+1) +d(gxn+1,8%) = d(F(x,y), F (X, yn)) + d(gXp+1,8%)
< kid(gx,8xn) + kod(F(x,y), 8x) + k3d(8y, &yn) + kad(F (xn, yn), §Xn)
+  ksd(F(x,y),8xn) + ked(F (Xn,yn), 8X) + d(§Xn+1,8%)
= kid(gx,8xn) + kod(F(x,y), 8X) + k3d(8y, 8Yn) + kad(gXp+1,8%n)
+  ksd(F(x,y),8xn) +ked(8Xn+1,8X) + d(gXn+1,8%)
< kid(gx,gxn) +kod(F(x,y),8X) + k3d(gy, &yn) + kad(gXn+1,8X) + kad(gx, gxn)

+ ksd(F(x,y),gx) +ksd(gx,gxn) +ked(gxy+1,8%) +d(gXp41,8%).

which implies that

B.11) (e—ka—ks)d(F(x,y),gx) < (ki +ks+ks)d(gxn,gx)+ (e+ks+ke)d(gXn+1,8X)

+  k3d(gyn.gy).

On the other hand, we have

d(F(x,y),gx)

IA

d(gxn+1,F(x,y)) +d(gxns1,8%) = d(F (X, yn), F(x,y)) + d(gXn+1,8%)

IA

kid(gxn, x) + kad(F (xn,yn), §%n) + k3d(gyn,8y) + kad(F (x,y),gx)

+  ksd(F(xp,yn),8x) + ked(F(x,Y), gxn) + d(gXn+1,8%)

= k1d(gxn,8x) + kod(gxn+1,8%n) + k3d(gyn, 8y) + kad(F(x,y), 8x)

+  ksd(gxn+1,8%) + ked(F(x,y),8xn) + d(gxp+1,8%)

< kid(gxp, %) + kod(gxn+1,8X) + kod(gx,8xy) + k3d(gyn, 8y) + kad(F (x,y), g x)

+  ksd(gx+1,8%) +ked(F(x,y),8x) + ked(gx, gx,) + d(gxn+1,8X).
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which implies that

(3.12) (e—ky—ke)d(F(x,y),gx) < (k1 +k2+ke)d(gxn,gx)+(e+ka+ks)d(gxn+1,8%)
+  k3d(gyn, 8Y)-

Combining (3.11) and (3.12) yields that

(328% ky — k4 — ks —ke)d(F(x,y),8x) < (2ki +ka + kg + ks + ke)d(8xn, 8X)

+ Qe+ky+ky+ +ks+ke)d(gxns1,8%) +2k3d(gyn, gY)-
Put k =ky+ kg + +ks + ke, then

(2e-k)d(F(x,y),8x) < (2ki +k)d(gxn,gx) + (2e +k)d(8Xn+1,8%) +2k3d(gyn, 8Y)-

Consequently, we obtain that

d(F(x,y),8%) < (2e—k) "' (2ki +k)d(gxn, gx) + (2e —k) "' (2e + k)d(gx1+1,8%)

+ Qe—k)2k3d(gyn, gy).

In view of gx, — gx,gy, — gy(n — ), then for each C > 0, there exists Ny,,(m = 1,2,3) such

2e—k 2e—k)C 2e—k)C
that for all n > Ny, have d(gx,, gx) < é(zek Jzk),d(gxnﬂ,gx) < (3(3e+)k) and d(gx,+1,8%) < (3i2k)) ,

for all n > minN1, N>, N3, thus

d(F(x,y),gx) < =C.

L»°I<'3

C
3

w|Q

It follows that d(F(x,y),gx) = 0, and hence F(x,y) = gx.Similarly, F(y,x) = gy.Hence (x,y) is
coupled coincidence point of the mappings F and g. In the following we shall show the couple
coincidence point is unique.Suppose that (x,y),(x*,y*) € X X X with g(x) = F(x,y),g(y) = F(y, x)
and g(x*) = F(x*,y*),g(y") = F(*,x"), then

d(F(x,), F(x",y"))

d(gx,gx")

IA

kid(gx,gx") + kad(F(x,y),8x) + k3d(gy,gy")
+  kad(F(x",y"),8x") + ksd(F(x,y),gx") + ked(F(x",y"), gx)

= (ki +ks+ke)d(gx,gx™) +k3d(gy,gy").
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similarly

d(gy,gy") < (ki + ks +ke)d(gy,gy") + k3d(gx, gx").

Thus

d(gx,gx")+d(gy,gy") < (ki + k3 + ks + ke)[d(gx,gx™) + d(gy,gy")].

Denote h = k1 + k3 + ks + kg, then

(3.14d(gx,8x") +d(gy,gy") < hld(gx,gx") +d(gy,gy" )] < --- < h'd(gx,gx™) +d(gy,gy").

By the proof of Theorem 3.1, we claim that, for each ¢ > 6, there exists N such that h"* < c for

all n > N. Consequently, d(gx,gx*)+d(gy,gy*) =0, that is x = x*,y = y*.

Theorem 3.3. Let (X,Y) be a cone metric space over Banach algebra ‘A and K be a solid cone
in A.Suppose that the mappings F : X — X and g : X — X satisfies the following contractive

condition:

d(F(x,y), F(u,v)) < k1d(gx, gu) + kad(F(x,y), gx) + k3d(gu,gv)

+kad(F(u,v), gu) + ksd(F (u,v), gu) + ked(F (u,v), gx)

for all x,y,u,v € X, where ki € K(i=1,---,6) are generalized Lipschitz constants with p(ky) +
p(k3)+p(ko + kg + ks +ke) < 1, if k1, k3 commutes with ky + kg + ks + ke, then Picards iteration is
T-stable.

Proof:by utilizing Theorem 3.1 and 3.2, we obtain that F and g have a couple coincidence

point u and v in X.Assume that gx, satisfies the following condition:for each c > 0, there exists
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N such that for all n > N, d(F) < c. we have

d(8Xn+1,8%)

from which it follows

IA

IA

d(F (xp,yn), F(x,y))

k1d(gxn,8x) + kod(F (xp,yn), 8%n) + k3d(gyn,&Y)

kad(F (x,),8x) + ksd(F (xp,yn), 8%) + ked(F (x,y), §Xn)
kid(gxn, 8x) + kod(gXn+1,8Xn) + k3d(gyn, 8y)

kad(gx, gx) + ksd(gxn+1,8%) + ked(gx, gxn)

k1d(gxn,8x) + kod(gXn+1,8%) + kod(gx, gxn) + k3d(gyn, 8y)
kad(gx,gx) + ksd(gxn+1,8%) + ked(gx, 8Xn)

(k1 + ko + ke)d(gx,,8x) + (ko + ks)d(gxu+1,8x) + k3d(gy, g&yn).

(3.15) (e —ky —ks)d(gxn+1,8%) < (ki +kz + ke)d(8Xp, gx) + k3d(gYn, 8Y)-

Similarly,

d(gxn+1 9 g-x)

from which it follows

IA

IA

IA

d(F(x,y), F(Xn,yn))

kid(gx,gxp) + kod(F(x,y), gx) + k3d(gy, gyn)

kad(F (xn,yn),8x) + ksd(F(x,y), 8xn) + ked(F (xn,yn), §)
k1d(gx,8xy) + kad(gx,gx) + k3d(gy, gyn)

kad(8xn+1,8%n) + ksd(gx,8xn) + ked(8Xn+1), 8X)
kid(gx,gxn) + k3d(gy, gyn) + kad(gxn+1,8x)

kad(gx,8xn) +ksd(gx,8xn) + ked(gXn+1),8X)

(k1 + ks +ks)d(gx,, 8x) + (k4 + ke)d(gXn+1,8%) + k3d(gy, g&yn).

(3.16) (e —ks —ke)d(gxn+1,8%) < (ki + ks + ks)d(gxn, gx) + k3d(gyn, 8Y)-

519
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Add up (3.15) and (3.16) yields that
(3.029 — ky — ks — ka — k)d(gxXn+1,8%) < (2k1 + ka + ks + ko + ke )d(8xn, 8X) + 2k3d(8yn. 8Y)-
Put k = k4 + ks + ko + k¢, then
(2e —k)d(gxn+1,8%) < 2k + k)d(gxn, 8x) + 2k3d(8yn. 8Y)
Based on the proof of Theorem 3.1, it is not hard to obtain that
d(8Xn+1,8%) < hd(gxy,8x) +2md(gyn, gy)-

where h = 2e — k) '(2k; + k),m = 2e — k) k3, and p(h) <1 Setting a,, = d(gxp+1,8X%),¢n =
d(gyn,gy), we can obtain that

a1 < ha, + mcy,

for each . > 0, there exists N such that for all n > N, ¢, = d(gyn,gy) < 5. Then making the

Lemma 2.10, we have a, < c.That is to proof, the iteration is T-stable.The proof is over.

Corollary 3.4. Let (X,d) be a cone metric space over Banach algebra A and K be a solid cone

in A.Suppose that the mappings F : X — X and g : X — X satisfies the following contractive
condition:
d(F(x,y),F(u,v)) < ald(gx,gu)+d(F(x,y),gx)]+pBld(gu,gv)+d(F(u,v),gu)]
+ yld(F(u,v),gu) +d(F(u,v),8x)]
for all x,y,u,v € X, where a,f,y are generalized Lipschitz constants, then then F and g have

a unique couple coincidence point in X.Moreover, for arbitrary x,y € X, iterative sequence

F"(x,y) converges to the fixed point.Further, the iteration sequence is T-stable.

Corollary 3.5. Let (X,Y) be a cone metric space over Banach algebra ‘A and K be a solid cone

in A.Suppose that the mappings F : X — X and g : X — X satisfies the following contractive

condition:

d(F(x,y),F(u,v)) < ad(F(x,y),x)+Bd(F(u,v),u)
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for all x,y,u,v € X, where a,f are generalized Lipschitz constants with p(a)+ p(B) < 1, then
then F and g have a unique couple coincidence point in X.Moreover, for arbitrary x,y € X, it-

erative sequence F"'(x,y) converges to the fixed point. Further, the iteration sequence is T-stable.
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