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Abstract. In this paper, the concepts of (L, M)-fuzzy soft topological spaces, (L, M)-fuzzy soft base and (L, M)-
fuzzy soft filter spaces were introduced and their properties were studied, where L be a completely distributive
lattice with 0 and 1 elements and M be a strictly two-sided, commutative quantale lattice. Also, the relationships

between these concepts were investigated.

Keywords: (L, M)-fuzzy soft topological spaces; (L, M)-fuzzy soft base; (L, M)-fuzzy soft filter spaces.

2010 AMS Subject Classification: 54A40, 03E72, 03G10, 06A15.

1. Introduction

In 1999, D. Molodtsov [29] initiated the theory of soft sets as a new mathematical tool for
dealing with uncertainties. Also, he applied this theory to several directions (see, for example,
[301,[31],[32]). The soft set theory has been applied to many different fields (see, for exam-
ple, [11,[2],[6],[7],[10],[11], [21],[27],[33],[44],[39],[45]). Later, some researchers (see, for
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example, [3], [8], [19], [20], [28], [34], [40], [46]) introduced and studied the notion of soft
topological spaces.

Sostak introduced a new definition of fuzzy topology in 1985 [41], which we will call”fuzzy
topology on Sostak sense.” According to Sostak [41], these definitions, a fuzzy topology is a
crisp subfamily of family of fuzzy sets and fuzziness in the concept of openness of a fuzzy set
has not been considered, which seems to be a drawback in the process of fuzzification of the
concept of topological spaces.

In this paper, we introduce the concepts of (L, M)-fuzzy soft topological spaces and (L, M)-
fuzzy soft filter spaces in Sostak sense. We study their properties and discuss the relationships

between these concepts.
2. Preliminaries

Definition 2.1 [13]. Let (L, <) be a poset.

(1) L is called a lattice, if aVb € L,aAb € L for any a,b € L.

(2) L is called a complete lattice, if VS € L,AS € L forany S C L.

(3) L is called distributive, if aV (bAc) = (aVb)A(aVe), aN(bVc)= (anb)V (aAc) for
any a,b,c € L.

(4) L is called a complete distributive lattice (resp. a distributive lattice), if L is a complete

lattice (resp. a lattice) and distributive.

Definition 2.2 [13]. Let L be a lattice with top element 1; and bottom element Oz and let
a,b € L. Then b is called a complement element of a, if aVb = 1,,aAb=0r. If a € L has a

complement element, then it is unique. We denote the complement element of a by '

Definition 2.3 [13]. Let (L, <) be a poset. Then

(1) L is called a Boolean lattice, if (i) L is a distributive lattice; (ii) L has Oy and 1;; (iii) each
a € L has the complement @’ € L.

(2) L is called a complete Boolean lattice, if (i) L is a complete distributive lattice; (ii) L has

0z and 1;; (iii) each a € L has the complement a’ € L.
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Definition 2.4 [14],[15],[35],[42]. A triple (L,<,®) is called a strictly two-sided commuta-
tive quantale ( stsc-quantale, for short) if and only if it satisfies the following conditions:

(L1) (L,<,V, A, 1,0) is a completely distributive lattice where 1 is the universal upper bound
and O is the universal lower bound.

(L2) (L,®) is a commutative semigroup.

(L3)x=x®1foreachx € L.

(L4) ® is distributive over arbitrary joins, i.e.(\/;crai) ©b = Vicr(a; ©b).

Let (L, <,®) be a stsc-quantale. Then for each x,y € L we define (xOy) <z<=x < (y—2).

The it satisfies Galois correspondence. i.e. (x®y) < zif and only if x < (y — z).

Definition 2.5 [37]. Let E be a set of parameters, X be an initial universe. A pair (f,E) is
called a fuzzy soft set over X, if f is a mapping given by f : E — IX. We also denote (f,E) by
fE- The set of all fuzzy soft set is denoted by FS(X,E).

Definition 2.6 [26]. A fuzzy soft set fg on X is called a null fuzzy soft set and denoted by
0if f, =0, foreache € E.

Definition 2.7 [4]. A fuzzy soft set fr on X is called an absolute fuzzy soft set and denoted by
1if f,=1, foreache € E.

Definition 2.8 [25]. Let E be a set of parameters, X be an initial universe, L be a complete

Boolean lattice and A C E. An L-fuzzy soft set f4 over (X,E) is a mapping f4 : E — LX such
that f4(e) =0 for all e & A. The set of all L-fuzzy soft set over (X, E) is denoted by L-FS(X , E).

In other words, an L-fuzzy soft set fg over X is a parameterized family of L-fuzzy sets in the

universe X. If L = [0, 1], then every L-fuzzy soft set is a fuzzy soft set.

Definition 2.9 [25]. Let f4,gp € L-FS(X,E). Then
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(1) f4 is said to by fuzzy soft subset of gg, denoted by f4 T gp if f4(e) C gp(e) forall e € E,
that is fa(e)(x) < gp(e)(x) forall e € E, and for all x € X.

Two L-fuzzy soft sets f4 and gp over (X,E) are said to be equal, denoted by fy = gp if
faCgpand gp C fa.

(2) The union of f4 and gp is also L-fuzzy soft set ¢, defined by hc(e) = fa(e) V gg(e) for
all e € E, where C = AU B. Here we write hc = f4 L gp.

(3) The intersection of f4 and gp is also L-fuzzy soft set h¢, defined by hc(e) = fa(e) Agp(e)

for all e € E, where C = AN B. Here we write hc = fA1gp.

Definition 2.10 [38]. The fuzzy soft set fy € FS(X,E) is called fuzzy soft pointif A = {e} CE
and f4(e) is a fuzzy point in X i.e. there exists x € X such that f4(e)(x) =7 (0 <z < 1) and
fa(e)(y) =0forall y € X\ {x}. We denote this fuzzy soft point f4 = ¢, = {(e,x;)} and the set
of all fuzzy soft point by SPf (X ,E).

Definition 2.11 [38]. Let €/, f € FS(X,E). we say that ¢’.€ f4 read as €', belongs to the fuzzy

soft set fy if for the element e € A1 < fu(e)(x).

Definition 2.12 [5]. Let (X,E) and (Y,E™) be classes of fuzzy soft sets over X and Y with
attributes from E and E* respectively. Let p : X — Y and y : E — E* be mapping. Then a fuzzy
soft mapping f = (p,y) : (X,E) — (Y,E*) would be defined as follows
For a fuzzy soft set Fy in (X,E), f(Fy) is a fuzzy soft set in (Y,E*) obtained as follows: for
Bey(E)CE andy€Y,

Viep-1() (Vaey-1(8) Fa(@)) (x),
F(EA)(B)(y) = if p~'(y)# 0, v '(B)#9,

0, if otherwise.

f(Fy) is called fuzzy soft image of the fuzzy soft set Fj.

Definition 2.13 [5]. Let (X,E) and (Y,E*) be classes of fuzzy soft sets over X and Y with

attributes from E and E* respectively. Let p : X — Y, v : E — E* be mappings and [ = (p, y¥) :



284 0. R. SAYED, E. ELSANOUSY, Y. H. RAGHP, YONG CHAN KIM
(X,E) — (Y,E*) a fuzzy soft mapping. Then for a fuzzy soft set gz in (Y,E*) f~!(gp) is a

fuzzy soft set in (X, E) obtained as follows: for « € y~!(E*) CE and x € E,

£ (88) (@) (x) = gp(w(a))(p(x)).

f~'(g) is called a fuzzy soft inverse image of the fuzzy soft set gp.
3. (L,M)-fuzzy soft topological spaces

Let L be a completely distributive lattice with 0 and 1 elements and M be a strictly two-sided,
commutative quantale lattice.
Definition 3.1. A map .7 : L-FS(X,E) — M is called an (L, M )-fuzzy soft topology on (X,E)
if it satisfies the following conditions:

(LSO1) 7(0)=7(1) =1.

(LSO2) 7 (fa, M fay) = T (fa,) @ T (fa,), for all fi,, fa, € L-FS(X,E).

(LSO3) 7 (Liea fa, = Niea) 7 (fa,), for all f5, € L-FS(X E).
The triple (X,E,.7) is called (L, M)-fuzzy soft topological space.

Let 7] and .7 be (L, M)-fuzzy soft topologies on (X, E). We say that .7] is finer than % (7
is coarser than .77 ), denoted by .7 C 77, if 7 (fa) < Z1(fa), forall f4 € L-FS(X,E).

Let (X,E,71) and (Y,E*, %) be (L,M)-fuzzy soft topological spaces. A soft map ¢ :
(X,E, ) — (Y,E*,Z) is called LFS-continuous if and only if % (fs) < Z1(¢(fa)), for
all f, € L-FS(Y,E®).

Remark 3.2. (1) If (L =[0,1],A) and M = {0, 1}, (L, M)-fuzzy soft topological space is fuzzy
soft topological space [37].
Q) If (L=M =[0,1],® = A) then (L, M)-fuzzy soft topological space is fuzzy soft topolog-

ical space [4].
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Definition 3.3. A map .% : L-FS(X,E) — M is called an (L,M)-fuzzy soft filter on (X,E)
if it satisfies the following conditions:

(LSF1) .Z(0) = 0 and .7 (1) = 1.

(LSF2) Z (fa, M fa,) > F (fa,) ©.F (fa,), for all fa,, fa, € L-FS(X,E).

(LSF3) If fu, C fa, we have F (fa,) < F (fa,)-

-fuzzy soft filter space.

y
The triple (X,E,.%) is called an (L,M)
Theorem 3.4. Let (X,E,.%) be an (L,M)-fuzzy soft filter space. We define a mapping Jz : L-
FS(X,E) — M as follows:

F(fa), if f4 20,

Tz (fa) = -
1 if £,220.

Then (X,E, Zz) is an (L,M)-fuzzy soft topological space.

Proof. We show the condition (LSO3). For fs, € L-FS(X,E), since fa, T | J;cr fa, for all
i €T, wehave F(fa,) < .Z (Uier fa,), so
N\ Tz (fa) < Tz (|| far)-
il il
Definition 3.5. A map % : L-FS(X,E) — M is called an (L, M)-fuzzy soft base on (X,E) if it
satisfies the following conditions:
(LSB1) #(0) = (1) = 1.
(LSB2) B(fa, M fa,) > B(fa,) © B(fa,), forall fu,, fa, € L-FS(X,E).

Theorem 3.6. Let 8 be an (L, M )-fuzzy soft base on (X, E). Define amap Jz : L-FS(X,E) —

M as follows:
<j‘%’(fA) = \/{/\ @(fAi) tfa= |_|fAi}'
iel’ iel’
Then 7 is the coarsest (L, M)-fuzzy soft topology on (X, E) such that T(fs) > B(fa) for
all £, € L-FS(X,E).
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Proof. (1) It is trivial from the definition of 7.

(2) For all families {f, : fa = Llica fa;} and {g; : g8 = ||;cr&s;} there exists a family
{fa; |_|g3j} such that:

fAﬂgB:(I_IfAi)ﬂ(ngBi): |_| (fAirlgBi)'
iEA jer ieA, jell
It implies

Ta(fanigs) > \ B(faNgs)

i€, jer

> N (B(fa) © % (gs,)) (by Definition 3.5 (LSB2))

i€A,jel
> (N B(fa) © (\ HB(gs,))-
i€A jer

By definition 2.4 (L4) we have T»(faMgp) > T%(fa) © T»(gs)-

(3) Let #; be the collection of all index sets K; such that { fa, € L-FS(X,E): fa, =lkek; fa; }
with fx = Licr fa; = Uier Ukex; fa,, - For each i € I' and each y € ITicr #; with (i) = K; we

have

(1) Ta(fa) > NN\ B(fa,)-

icl’ kek;

Put a; ;) = /\keKi%(fAik). From (3.1) we have

Ta(fy) = V (Naiye)

yeElljer i€l

(Since L is a completely distributive lattice,)

= /\( \/ ai7Ml.)= /\( \/ ( /\ @(fAim)))
icl’ Mie 7 i€l M;e _7; meM;
= /\ y%(fAz)

iel’

Thus 75 is a (L,M)-fuzzy soft topology on X.
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If 7 > % for every fa = lica fa, We have

T(fa) = N\ T (fa) = \ B(fa,)-

i€A i€A
Thus 7 | ygg

From Theorem 3.6, we can easily prove the following lemma.

Lemma 3.7. Let .7 be an (L,M)-fuzzy soft topology on (X,E) and % be an (L,M)-fuzzy
soft base on (Y,E*). Then amap ¢ : (X,E,.7) — (Y,E*, J4) is LF S-continuous if and only if
T (97 (fa)) = B(fa) for each fy € L-FS(Y,E”).

Theorem 3.8. Let {(X;,E;,.7;) : i € I'} be a family of (L,M)-fuzzy soft topological spaces,
X a set, E be a set of parameters and for each i € ', ¢; : (X,E) — (X;,E;) a fuzzy soft map.
Define a map % : L-FS(X,E) — M on (X,E) by:

B(fa) = {21, (88,,)  fa = TTj21 04 (88,)}

where \/ is taken over all finite subsets K = {kj,...,k,} CT.
Then: (1) £ is an (L,M)-fuzzy soft base on (X, E).
(2) The (L,M)-fuzzy soft topology 7z generated by £ is the coarsest (L,M)-fuzzy soft

topology on (X, E) for which all ¢;,i € T" are LF S-continuous maps.
Proof. (1)(LSB1)Since f4 = ¢/ (f4) for each f4 € {0,1} we have 2(0) = Z(1) = 1.
(LSB2) For all finite subsets K = {ky,...,k,} and J = {1, ...j,} of I" such that

fa= Hszl(blé?(fAki)’ 8B = H?:]¢j7(g3ji)7

we have

faNge = (ML ¢ (fa, )L 05 (g8;,)-

Furthermore, we have for each k € KNJ,

& (fa) M (g8,) = ¢ (fa, Mgs,)-
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Put faMgp = Mmekus Py, (he,,) Where

S if mje K—(KNJ),
e, =N 8Bu, if mjeJ—(KNJ),
S 8By, if mpeKnNJ.

We have

PB(faNgp) > ©jexusTi(hc;)
> (Omiek—knt Imi(fa,,) © (©i=1 Tmes—kri(88,,))

O (Omekry Tm(fa,, 1188,,.))

i

> (011 75 (fan) © (OL, T5(25,)-

By Definition 2.4 (L4) we have Z(fagp) > B(fa) © B(gp).
(2) For each fy, € L-FS(X;,E;), one family {¢;"(f4,)} and i € I" we have

Tp(0; (fa) 2 B0 (fa))) = Ti(fay)-

Thus, for each i € T, ¢; : (X,E, Z5) — (X;,E;,.7,) is LFS-continuous. Let ¢; : (X,E,.7°) —
(Xi,E;, 7;) is LF S-continuous, that is for each i € T and fa, € L-FS(X;,E;), T°(¢: (fa,)) >
Ji(fa,;)- For all finite subsets K = {ky,...k,} of I" such that f4 = @?:1@21._ (fAk,-) we have

TOfa) 2O T (far)) = O T fa,)-

It implies .70 (f4) > %(f) for each f4 € L-FS(X,E). By Theorem 3.6 .70 > 7.

Example 3.9. Let X = {x,y} be a set, E = {e],ep,e3} be a set of parameters and L = M =
[0,1] a completely distributive lattice. Define a binary operation ® on M = [0,1] by x©y =
max{0,x+y— 1}. Then ([0,1],<,®) is a stsc-quantale. Let gp,hc € L-FS(X,E) be defined as

follows:

ge ={g(e1) ={(x,0.6),(y,0.3)}, g(e2) =0, g(ez) =0}

hc :{h(el) = {(X,O.S), (y70'7)}a h(€2) = 67 h<62> :6}
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Then we have

geMhc ={(gsMhc)(er) = {(x,0.5),(y,0.3)},

(g8Mhc)(e2) =0,(gpMhc)(e2) =0}

g8 Uhe ={(gsUhc)(er) ={(x,0.6),(y,0.7)},

(gB l—th) (62) = 0, (gB |_|hc) (62) = 6}
We define an (L, M)-fuzzy soft topology 7 : L-FS(X, E) — [0, 1] as follows:

(1, if fi=0o0rl,
0.8,  if f1=gs,
04,  if fu=he,
0.6,  if f1=gzUhc,
0.2,  if fu=gpMhc,

0, otherwise.
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