Available online at http://scik.org
J. Math. Comput. Sci. 7 (2017), No. 3, 456-467
ISSN: 1927-5307

STABILITY AND BOUNDEDNESS OF SOLUTIONS OF CERTAIN NONLINEAR
DELAY DIFFERENTIAL EQUATIONS OF SECOND ORDER

A.L. OLUTIMO ™, EO. AKINWOLE?

'Department of Mathematics, Lagos State University, Ojo, Lagos State, Nigeria

2Department of Mathematics, Western New England University, Springfield, MA, USA

Copyright © 2017 A.L. Olutimo and F.O. Akinwole. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we give some sufficient conditions to guarantee the asymptotic stability and uniform
boundedness of certain vector second-order nonlinear delay differential equations with a continuous deviating

argument by using a Lyapunov function as basic tool. In doing so we extends some of the existing results in the

literature.
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1. Introduction

This paper consider the following second-order nonlinear delay differential equations

(LD X +@X)+HX(t—r(t)) = P@t.X.X(t—r(1),X())
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where 0 < r(t) < p, F(t) <1n,0<n <1, p and 1 are some positive constants and p will be
determined later, X : R - R", ®: R" —» R", H € ¢'(R") and P € € (R") where ¢’ (R") is the
set of all continuous function differentiable once on R” and ¢’ (R") is the set of all continuous
function on R”. Let R denote the real line —co <t < oo and R" denote the real n-dimensional
Euclidean space equipped with the usual Euclidean norm which will be represented throughout
the sequel by ||.||. Moreover, the existence and uniqueness of solutions of (1.1) will be assumed.
( See Picard-Lindelof theorem in [10]).
This paper is mainly concerned with the stability and boundedness of solutions of (1.1). For
the special case in which (1.1) is a scalar equation (so that n = 1) with zero delay, a number of
boundedness, stability and convergence of solutions results have been established by [4], [7],
[12] and others. The conditions obtained in each of these previous investigations are general-
izations in some form or the other of the conditions:

a > 0 and b > 0 for the scalar equation

i+ ax+bx=p(t)

with a,b constants, which conditions ensure the ultimate boundedness and convergence of all
solutions if p is bounded.

In a series of papers [1, 5-6, 15-16], many authors have obtained n-dimensional analogue of
some of the results reviewed in Ressig et al [11]. However, results for the second-order vec-
tor differential equations have appeared only rarely (see Afuwape and Omeike [2], Omeike et
al [9] and Tejumola [14]). The Lyapunov’s direct method was used with the aid of suitable
differentiable auxiliary functions throughout the mentioned papers. Of recent there has been
growing interest in the application of Lyapunov’s direct method to systems of second-order or-
dinary differential equations with time lags, after effect, deviating argument, coupled circuits
and oscillations that are of importance for certain technical problems. (See [8] and [14]). Conse-
quently, this paper seeks to obtain an analogous result for second-order vector delay differential

equation (1.1) by extending the arguments used in some of the papers mentioned above.
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2. Notations and definitions

Given any X,Y € R” the symbol (X,Y) will be used to denote the usual scalar product in R”,
thatis (X,Y) = Y*_, x;y;; thus || X||?> = (X, X). The matrix A is said to be positive definite when
(AX,X) > 0 for all nonzero X in R".

The following notations will be useful in subsequent sections. For x € R”, |x| is the norm of x.

For a given r > 0, t; € R,

Cti)={¢:[t1 —nrty]) > R" /¢ is continuous}.

In particular, C = C(0) denotes the space of continuous functions mapping the interval [—r, 0]
into R” and for ¢ € C, ||@|| = Sup_,<g<0|¢(0)|. Ca will denote the set of ¢ such that ||¢| < H.
For any continuous function x(u) defined on —h <u <A, A > 0, and any fixed t, 0 < < A, the
symbol x; will be denote the restriction of x(u) to the interval [r — r,¢], that is, x; is an element

of C defined by x,(0) =x(t+0), —r < 6 <0.

3. Some preliminary results
We shall state for completeness, some standard results needed in the proofs of our results.

Lemma 1. Let D be a real symmetric n x n matrices. Then for any X € R".
S| X|I* < (DX, X) < AgX|
where 8; and Ay are the least and greatest eigenvalues of D, respectively.

Proof of lemma 1. see [1,6].

Secondly, we require the following lemma.

Lemma 2. Let Q,D be real symmetric commuting n X n matrices. Then;

(i): the eigenvalues A;(QD),(i = 1,2,...,n) of the product matrix QD are all real and

satisfy

min AJ(Q)/AL]((D) S)q(QD) < max AJ(Q>A]<(D)

1<jk<n - 1<jk<n
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(ii): the eigenvalues A;(Q+ D), (i = 1,2,...,n) of the sum of Q and D are all real and

satisfy
{]§r1]171krl§n?tj(Q)+]§rl}71krl§n7Lk(D)} <A(Q+D) < {lir}i)inlj(Q) +12}i§nlk(D)}

where A;(Q) and Ay (D) are respectively the eigenvalues of Q and D.

Proof of lemma 2. see [1,6].

Now, we will state the stability criteria for the general autonomous delay differential system.

We consider:
3.1 x=f(x), %(0)=x(t+60) —r<0<0,t>0,
where f : Cg — R" is a continuous mapping,
f(0)=0,Cu:={¢ € (C[-r,0},R") : [[¢]| <H}
and for H; < H, there exists L(H;) > 0, with
1f(9)| < L(H1) when |¢] <Hj.
Here, %' ([—r,0],R") is the family of all vector functions mapping [—r,0] into R".

Definition 3.0.1. (/3,13]) An element y € C is in the @-limit set of ¢, say, Q(¢), if x(¢,0,¢)
is defined on [0,0) and there is a sequence {t,}, t, — oo as n — oo, with ||x; (¢) — y|| — 0 as
n — oo where

x1,(9) =x(tn +6,0,9) for —r<6<0.

x(t;0,9) is a motion of a system at t € R if and only if x(0) = ¢.

Definition 3.0.2. (/3,13]) A set Q € Cy is an invariant set if for any ¢ € Q, the solution of (3.1),
x(,0,9), is defined on [0,) and x;(9) € Q fort € [0,e0).

Lemma 3. (/3,13]) An element ¢ € Cy is such that the solution x;(9) of (3.1) with x,(¢) = ¢
is defined on [0,00) and ||x;(¢)|| < Hy < H for t € [0,00), then Q(¢) (the w-limit set of ¢) is a

non-empty, compact, invariant set and

dist(x;(¢),Q2(¢)) =0 as t— oo.
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Lemma 4. (/3,13]) Let V(9) : Cu — R be a continuous functional satisfying a local Lipschitz
condition. V(0) = 0, and such that:
@: W19(0)| <V(9) <W,||¢(0)|| where W(r), Wa(r) are wedges
(ii): V(371)(¢) < O0jfor ¢ € Cq.
Then the zero solution of (3.1) is uniformly stable. If we define Z = {¢ € Cy : V(3.1)(¢) =0},

then the zero solution of (3.1) is asymptotically stable provided that the largest invariant set in

Zis Q ={0}.
Next, is the Boundedness criteria for the general autonomous delay differential system.

Lemma 5. ([3]) Let V(t,¢) : R x Cg — R be continuous and locally Lipschitz in ¢. If
@: W(|x()]) <V(t,x) < Wl(\x(t)])+W2(ff_r(t) Wi(|x(s)|)ds) and
(ii): Vi3.1) < —Ws((|x(s)]) +M,

for some M > 0, where W (r), W;(i = 1,2,3) are wedges, then the solutions of (3.1) are uniformly

bounded and uniformly ultimately bounded for bound B.

It is convenient to consider equation(1.1) in equivalent system form

3.2) '
Y =-®Y)-HX)+ . (t)JH(X(S))Y(S)dS—i—P(t,X,X(t—r(t)),Y).

4. Statement of results

Throughout the sequel JH (X ) and J®(Y) are the Jacobian matrices <%> , <g—§l> correspond-
J J
ing to the continuous vector functions H(X),®(Y ), respectively.

The following will be our main stability result (when P = 0) for (3.2).

Theorem 1. Suppose that ®(0) = 0= H(0), and that

(i): The matrices JH(X) and J®(Y) for all X,Y in R" are symmetric and commute.
(ii): The matrices JH(X) and J®(Y) are positive definite and let 0y, 8,,Ay and Ay be
positive constants such that the eigenvalues 2;(JP(Y)),Li(JH(X))(i = 1,2,...,n) of
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JO(Y) and JH(X) respectively are continuous and satisfy
(4.1a) 0< 8y <HIDP(Y)) <Ay
(4.1b) 0< & < A(JH(X)) <Ay

Then the zero solution of (3.2) is asymptotically stable provided

2816, 5&84
Ay 20+ A,

p<min{

Proof:

Our main tool is the following Lyapunov functional V =V (X;,Y;) defined as

W(XLY) = (85X,80X)+2(8X,Y) +2(8,X,X) +2(Y,Y)

0 t
4.2) + oo / Y(8)Y (6)d6ds,
r(t) Jt+s

where A is a positive constant which will be determined later.

461

Using Lemma 1 and Lemma 2, the Lyapunov functional (4.2) can be arranged in the form

V(X Y) = (18X + Y|+ 281X > + [ |>

0 t
+ 2&/ Y(8)Y(6)d6ds.
r(t) Jt+s

Since ||8pX + Y ||> > 0 and 21 fro(t) S, Y(8)Y(68)d6ds is non-negative,

we have that
2V (X, Y;) > 28,|X|1* + [|Y|%.
Also, from (4.2), it is clear that

(85X, 8,X) < 821X |12,
28,(X,X) <28,||1X|%,

2(r,y) <2||y|?
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and by Schwartz’s inequality, the term

28¢(X,Y) < 8o (IXII* + [IY[]%).
Combining these estimates above gives

2V (X, Y;) < Da([IX [P + ([ Y [12).
Hence, there exist positive constants D > 0, D, > 0 such that
(4.3) Di(|IX|P*+1Y%) <2V (X, Y,) < Da(lIX >+ [|Y |%),
where D = min{26;,; 1} and D, = max{28;, + 8¢ (1 + 8¢ );2+ & }.

Also, we are to show that V(X;,Y;) satisfies the second condition of Lemma 4. Thus, using

the Lyapunov function (4.2), we get
(4.4) V(X,Y,) = Vi —Va—V3+Vy,
where

V= EUSXLHX) Y. {40(r) 25,7 ))
V= G5 X HX))+ B, {B(1) 2867 }) + (27, {H(X) - 5,x})

Vi = (38X HOX))+ G, (@) = 187 }) + (8, {8(1) ~ 8¥ )

Vi — lr(t)(Y,Y}—?L(l—r(t))/ (Y(6),Y(6))d0

t—r(t)
t t

b8, [ WH(X(5)),Y(s)ds) + (Y, / JH(X(5)),Y (s)ds),

t—r(t) t—r(t)

with &;,&/, (i = 1,2,3) are strictly positive constants such that

3 3
Yé&=1and Y & =1
i=1 i=1
For strictly positive constants i1, U, that will be chosen later, it is clear that

2Y,{H(X)—&X})



NONLINEAR DELAY DIFFERENTIAL EQUATIONS OF SECOND ORDER 463
1 D
= w2ty +2 g {HX) - §,X P - 2udY.Y)

— Q7'uH(X) — §,X,H(X) — 8.X)
and

(8pX, {®(Y)— 84Y })

= 8y +27 3 {() — Sy¥ P~ (8,43X.X)
— {8p2721, DY) = 8, Y, D(Y) - §yY).
In view of the assumptions of the Theorem 1, (4.1a) and (4.1b), we have
Vo > w23y +2 i {H(X) - §,X
+ B {O0) - 18,7} - 2uvY)

b B8 H0) — 7 PHX) - 5X, HX) — 1X)

That is,
Vo > w22y +27 2 HX) - 6X 2
v (a2 )P
+ (%@,5 —%ulz[Ah—&z]z)HX“z
Thus,
V,>0, V XY, e R",
if
ui < %%
with
5 > 4(Ap — 0p)

~ VEES
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Similarly,
1 1
Vi > (m8iX +27 "y 87 {@(Y) — Sy }?
3
b (S0t ad ) Ix1
5 5 — L2880 — 8512 ) 712
+ 7% — gt "0a[Ag = So]” | Y]
V>0, V XY €R",
if
28
Hy = 25h
with
2(Ap — 8y)°
&> ——
s

We are left with the estimates for V| and V4. From (4.4), we have

5&]
Vi > 515¢5hHXH2+715¢HYH2

and
Vi = Ar0ey) A0 =r) [ v(0).(0))a0
+ /tir(t)(3¢X,JH(X(S)Y(S)))ds+ tir(z)<Y’JH(X(S>Y(S))>dS'
Since
t 1 1 t
/tr(t)<5¢X,JH(X(S)Y(S))>dS < EAhr(Z‘)HXHZ—f— §5¢Ah /;r(t) <Y(S)Y(S)>ds
and

t 1 1 ;
Ly Y ) < MY P+ 580 [ V()7 (5)as.

It follows that
. 1 5 1
VOE) < (8008~ 58aur() ) IXIE - (368~ Ar) - 3000 ) Y2

+ (gomngm-20-ra)) [ wepe)a
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. 1 s (5., 1 s
V) < (&8 — 58emp ) IXIP— (SEI8 —Ar(r) — 500 ) Y]

v (g sa-at-m) [ wiewe)ae.

If we choose,

(5¢ + I)Ah
2(1-m)’

. 1 5 1
V%0 < (1008~ 3000 ) IXIE (318~ 2r) 300 ) Y

and choosing

. [2&16, 5&[6
p<mm{ A 2A4A S
We have
(4.5) V(X:,Y:) < —Ds(|I X[+ ||Y]%),

for some D3 > 0.

It is obvious that the largest invariant set in Z is Q = {0}, where

Z={¢ €Cu:V(¢)=0}.

It follows that V(X;,Y;) = 0 if and only if X; =Y, =0, V(¢) < 0 for ¢ € Cy and for V >
U(|¢(0)|) > 0. Thus, (4.3) and (4.5) and the last statement agreed with Lemma 4. This shows
that the trivial solution of (1.1) is uniformly asymptotically stable.

Hence, the proof of Theorem 1 is now complete.

5. Boundedness of Solutions

Theorem 2. We assume that all the assumption of Theorem 1 and

1P, X, X (1 = (1), V)| < A (|IX |2+ ¥ ]1P)?2,
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hold, where A, satisfies A, < € and € > 0 is a finite constant, then the solutions of (3.2) are

uniformly bounded and uniformly ultimately bounded provided p satisfies

2&15;,- 5(;:1/5¢
Ay 204N,

p<min{

Proof:
As in Theorem 1, the proof of of Theorem 2 depends on the scalar differentiable Lyapunov
function V(X;,Y;) defined in (4.2).
Since P # 0, in (1.1).
In view of (4.5),

V(X:,Y;) < Vi30)(Xe, Yo) + (S IX |+ Y DI P(, X, X (£ — (1)), Y) .
Since V(3_2) < 0forall¢,X,Y, thus

. 1
VX,Y) < =Ds((IX]7 Y 17) + (8 IX [+ 1Y DA (11X + (1Y ]])2
< =D3(IXIP+ Y1) + V28580 (IX 17 + 1Y [17)

< —(D3=Dabo)(IX [P +1IY ).

Let € be now fixed as: € = D3DZ1 > 0. Thus, A, satisfies A, < €, then there exists a constant

Ds > 0 such that
V(X Y) < =Ds(IIX|*+ Y [?).
The condition of (ii) of Lemma 5 is immediate if, provided A, < €.

This completes the proof of Theorem 2.
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