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Abstract: Topological structures on a set are considered generalized flexible mathematical models for non-
quantities real life problems. In many real life problems, medical investigation and teaching for example, the
repetition of cases affect the process of decisions making, and so the multiset is suitable theory for modeling such
cases. In this paper comparison between power whole and power full multiset topologies are presented. Classes of
closure and interior operators in the two multiset topologies are initiated. Properties of the suggested operators are
obtained. Also, boundary operators are defined and investigated. The concepts of Yager fuzzy intersection and union
are generalized to multiset context. Examples and counter examples are given. The suggested operator can help in
the process of approximation in information system.
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1. Introduction

Many fields of modern mathematics have emerged by violating a basic principle of a
given theory of traditional mathematics. Traditional mathematics implicitly assumes that all
mathematical objects occur without repetition. Thus there is only one number four, one field of
complex numbers, etc. So the only possible relation between two mathematical objects is either

they are equal or they are different. The situation in science and in ordinary life is not like this. In
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the physical world it is observed that is enormous cases for repetition [2, 5-7, 13, 16, 18, 20]. For
instance, there are many hydrogen atoms, many water molecules, many strands of DNA, etc. In
classical set theory, a set is a well-defined collection of distinct objects. If repeated occurrences
of any object is allowed in a set, then a mathematical structure, that is known as multiset (mset or
bag, for short).

A multiset is a finite set in which each element assigned by positive integer called
number of repeated so, to represent a multiset we use a finite sequence of letters or objects. Some
chemical terminology form by multiset as chemical soup of molecules and communication is
viewed as a chemical reaction between molecules [1]. Multiset used in some type of graph
transformation and used in DNA computing. if we replace tubes of molecules by rules of
applications we can study DNA by using multiset concepts [12]. The important property of
multiset is the repetition of its element which is not found in classical set theory, since the
possible relation between elements in classical set is either they are equal or they are different
which is ideal less applicable in our ordinary life.

Topology is one of the most active areas in science and engineering application since it
studies the phenomena in different views. The concept of topological structure [9, 19] and there
generalizations is very useful not only in theoretical studies but also in practical applications, it is
one of the most powerful notions in mathematical analysis. Many works have appeared recently
for example in structural analysis [15], in chemistry [17], and physics [10]. The purpose of the
present work is to put a starting point for the multiset topology and the applications of abstract
topology in multiset theory, granular computing [21] and fuzzy multiset theory. Also, we will
integrate some ideas in terms of concepts in topological multiset theory and uncertainty. In fact,
topological structure is generalized methods for measuring similarity and dissimilarity between
objects in the universes. [8, 14]

This paper is organized in the following way we first begin with the introduction to
multiset and M- topology in section 2. Moreover we discuss properties of topology on multiset
and relation between interior and closure between different types of M- topology in section 3.
Also we define a sub M- topology and finer topology and relation between closure and interior
on them in section 4. In addition we define a general class of intersection and union for multiset

and define parameter for degree of dependent between two submset in section 5. Several
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examples are given to indicate these definitions. At last, some conclusion is presented in section
6.
2. Preliminaries

Multiset is an unordered collection of objects, like a set but which may contain copies or
duplicate (Brink [4] prefers to call it multiple)
In this section, we introduce a review of some basic concepts of multiset and multiset topology.
2.1. Multiset
In this subsection, a brief survey of the notion of msets introduced by Yager [20].
Definition 2.1[13] An mset M drawn from the set X is represented by a function Count M or

C,,defined as C,, : X— N where N represents the set of nonnegative integers.

In Definition 2.1, C,, (x) is the number of occurrences of the element x in the mset M. However
those elements which are not included in the mset M have zero count.
Example 2.1: Let X = {a,b,c} then M = {3/a,5/b,1/c} represents an mset drawn from X.
Definition2.2 [13] Let M and N be two msets drawn from a set X. then, the following are defined

(i)  The support set M* = {x € X: Cy;(x) > 0}, and it is also called a root set.

(ii) M=Nif Cy(x) =Cy(x) forall x €X.

(iii) McN if Cyx) <Cy(x) forall x € X.

ivy’ P=MUN if Cp(x) = max{Cy(x), Cy(x)} forall x € X.

v) P=MnN if Cp(x) =min{Cy(x), Cy(x)} forall x € X.

(vi)  The cardinality of M is denoted by Card (M) or |M| and is given by

Card(M) = Z Co ()

XEM

Let M be an mset drawn from a set, the support set of M denoted by M*is a subset of X and M* =
{x € X: Cy(x) > 0} i.e. M* is an ordinary set and it is also called root set

The cardinality of an mset M drawn from a set X is denoted by Card (M) or|M| and is given by
Card M = Yyex Cy (X)

An mset M is called an empty mset if Cp(X) = OVx € X

Definition 2.3[13] A domain X is defined as a set of elements from which msets are constructed.
The mset space [X]™ is the set of all msets whose elements are in X such that no element in the

mset occurs more than m times.
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Definition 2.4[13 | Let X be a support set and [X]™ be the mset space defined over X. Then for
any mset M € [X]™, the complement M€ of M in [X]™ is an element of [X]™ such that Cy;(x) =
m— Cy(x) Vx € X.

Moreover, the following types of submset of M and collection of submset from the mset space
[X]™ are defined.

In multisets the number of occurrences of each element is allowed to be more than one which
leads to generalization of the definition of subsets in classical set theory. So, in contrast to
classical set theory, there are different types of subsets in multiset theory.

The following types of submset of M and collection of submset from the mset space[X]™ can be

defined

Definition 2.5 (Whole submset) [3]. A submset N of M is a whole submset of M with each
element in N having full multiplicity as in M, i.e.

Cy(x) = Cy(x) foreveryxinN*.
Definition 2.6(Partial Whole submset) [3]. A submset N of M is a partial whole submset of M
with at least one element in N having full multiplicity as in M .i.e.

Cy(x) = Cy(x) for some xin N*.
Definition 2.7(Full submset) [3]. Submset N of M is a full submset of M if each element in M is
an element in N with the same or lesser non- zero multiplicity as in M, i.e.

M* = N* with Cy(x) =< Cy(x) for every xin N*.

Example 2.2. LetM = {%,E,g} be an mset, the following are the some of the submset of M

which are whole submset, partial whole submset and full submset.

e A submset {%, %} is a whole submset and partial whole submset of M.

e A submset {%, 5, S} is a partial whole and full submset of M.

e A submset {i, S} is a partial whole submset of M.

As various subset relations exist in multiset theory, the concept of power mset can also be

generalized as follow:



404
MULTISET CLASSIFICATIONS AND INCLUSION PARAMETERS

Definition 2.8 (Power whole Mset)[3]. Let M € [X]™ be an mset. The power whole mset of M
denoted by PW (M) is defined as the set of all the whole submset of M The cardinality of
PW (M) is 2™ where n is the cardinality of the support set of M.
Empty set ¢ is a whole submset of every mset but it is neither a full submset nor a partial whole
submset of any nonempty mset M and the power whole multiset of any multiset is an M —
topology
Definition 2.9 (Power full Mset)[3]. Let M € [X]™ be an mset. The power full mset of M
denoted by PF (M) is defined as the set of all the full submset of M .The cardinality of PF (M) is
the product of the count of the element in M.
Definition 2.10 (Power Mset)[13]. Let M € [X]™ be an mset. The power mset of M denoted by
P(M) is defined as the set of all the submset of M, i.e.

) , the

(M1,

N € P(M) if and only if Nc M
m m!
|[M]z ) - (Tl) - nl(m-n)!

The power set of an mset is the support set of the power mset and is denoted byP*(M).

|[M]
|[M]

z

If =@thenN € 'P(M);and if N #+ @,then N € “P(M) , where k = 1‘[Z<

z

product IT _ is taken over by distinct elements of z of the mset N and

=miffz€e"M,|[N].

|[M].

=niffz€ "N ,then ]_[Z<

Theorem 2.1 [13] Let P (M) be a power mset drawn from the mset M =

{my/x;,my/x,, ..., my, /x,}and P*(M).be the power set of an mset M. Then the card P*(M) =
i=1(1+my).

Example 2.3. Let M = {2/x,3/y} be an mset. The collection

PW (M) = {{2/x},{3/y}, M, 0}

PF(M) = {{2/x,2/y}.(2/x,1/y},{1/x,3/y},{1/x,2/y}{1/x,1/y}, M, }

P*(M) = {M, 0,{2/x,1/y}{2/x,2/y}{1/x,1/y},{1/x,2/y},{1/x,3/y}, {Z/X}}
A3/y3A1/x3,{1/y}3 {2/ y}

Definition 2.11 (Multiset topology)[11]. Let M € [X]™and t € P*(M), then 7 is called a
multiset topology if 7 satisfies the following properties:
1. @and M are in T.

2. The union of the elements of any sub collection of 7 is in .
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3. The intersection of the elements of any finite sub collection of T is in 7.
Note: The collection consisting of only M and @ is an M-topology called indiscrete M-topology
Note: If M is any mset, then the collection PW (M) is an M-topology on M
Note: The collection PF(M)is not an M-topology on M, because @ does not belong to PF(M)but
PF(M) U @ is an M-topology on M.
Definition 2.12 [11] Closure: Given a submset 4 of an M-topological space M , the closure of an
mset 4 is defined as the intersection of all closed msets containing 4 and is denoted by
cl(4) .i.e.CL(A) =N {K € M:K is closed mset and A € K} and C¢ya)(x) = Min{Cx(x):A S
K}
Definition 2.13 [11] Closed mset: A sub mset N of an M-topological space M is said to be
closed if the mset M © N is open.
Definition 2.14 [11] Interior: Given a submset 4 of an M-topological space M, the interior of an
mset is defined as the union of all open msets contained in 4 and is denoted by Int(4) i.e.
Int(A) =U{G € M:G is open mset and G € A} and Cpp(a)(x) = Max{C;(x): G S A}
3. New view for topological properties on multiset
In this section, we introduce the concept of exterior and boundary in multiset topological
space and we discuss relationships between the concepts of boundary, closure, exterior and
interior of an mset and study the relation between them on power whole and power full topology.
Definition 3.1: Let A be a submset of an mset M, then BND(A) = CI(A) n CI(M — A) s called
the boundary of A. The set Int(M — A) is called the exterior of a submset A and is denoted by
ext(A)
Example 3.1: let X = {a, b} then M = {2/a,3/b},{M,0,{1/a},{2/b},{1/a,2/b}}if A=
{1/a,3/b}
ext(A) ={1/a}
We introduce some properties of closure, interior, boundary and exterior on multiset.
Proposition 3.1: Let M be an mset space and A, B < M, then the following properties are defined:
i. ACSB-Cl(A) cClB)

ii. Cl(M—A)=M—Int(A)

iii. BND(A) = CIL(A) — Int(A)

iv. BNDA)NnInt(4A) =0
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v.  CI(A) = BND(A) U Int(4)
vi. CI(AUB) = Cl(A) U CI(B)
vii.  {Int(A),BND(A), ext(A)} is a partition of M

Proof:
(ii)since E c Aiff M — A € M — E and E be open mset and the complement of open
mset is closed mset, K = M — E D M — A thus Cl(M — A) =N {M — E: E opennE c A} =
M —U {E: E opennE c A} then CI(M — A) = M — Int(A)
(iil)BND(A) = CI(A) n CL(M — A) = CL(A) n (M — Int(A))
= (Cl(A) n M) — (CL(A) — Int(A)) = BND(A) = Cl(A) — Int(A)
Example 3.2:
Let X ={a,b,c,d}and M ={5/a,3/b,5/c,5/d} we consider the topology T =
{M,0,{1/a,2/b,3/c,2/d},{1/a,3/c},{2/b,5/d},{1/a,2/b,3/c,5/d},{2/b,2/d}}
on M then for any set A = {3/a,3/b,3/c,3/d} we have CI(A) = M and CI(M — A) =
{4/a,1/b,2/c,3/d}, BND(A) ={4/a,1/b,2/c,3/d}
The next example shows the interior of power whole and power full and the relation between
them:
Example 3.3: Let M = {2/a,3/b} be an mset, the collection 7py, (M) = {M, (Z),{Z/a},{3/b}}
tor (M) = {M,0,{2/a,1/b},{2/a,2/b},{1/a,3/b},{1/a,2/b},{1/a,1/b}
i. IfA={2/a} Intpr(A) =@
ii. IfA={1/a} Intpy,(4) =0
iii. IfA=1{2/a,1/b} Intpr(A) ={2/a,1/b} Intpy, (A) ={2/a}
Proposition 3.2: Let 7p and 7py, be a power full and power whole topology respectively then
the following properties are satisfied:
1.  Let 7pr be a power full topology on a mset M , then if the support set A not equal any
support of open set in Tpp then Intpp(A) = @i.e. if A* # G*,G € Tpp then Intpp(A) =
1)
ii. Lettpy be a power whole topology on a mset M, then Intpy, (A) = @ if the submset A
not contain at least one element has the same count on M

iii.  If the submset A satisfies two conditions above then Intpy, (A) € Intpr(A)
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Proof:
i. Letx € Intpp(A) — x € G,G is open power full mset, C;(x) < C4(x)Vx € Intpr(4),
G* = M* = A" this is contradiction
ii. Let x € Intpy (A),G open power whole mset, C;(x) = Cy(x) = C4(x)Vx so if all
element in A contain element such that C,(x) < Cp,(x) then Intpy, (A) = @

-
TppAGpp,X € Gpp, Gpp = M* = A" 50 Gpy, C Gpr and Intpy, (A) € Intpp(A)
Example 3.4 let M = {2/x,2/y,2/z} the collection Tpy, (M) =
{M,0,(2/x},(2/y}2/23.(2/x, 2/y}.A2/x, 2/ 2}, (2/y , 2/ 23}
tpr(M) ={M,0,{2/x,2/y,1/2},{2/x,1/y,2/z},{1/x,2/y,2/2},{1/x,1/y,2/z},
{1/x,2/y,1/2},(2/x,1/y,1/2},{1/x,1/y, 1/2}}
i. IfA={1/x,1/y,1/z}then Clpy(A) =M
ii. IfA={1/x,2/y}thenClpp(A) =M
iii. IfA={1/x,1/z}then Clpr(A) ={1/x,1/z},Clpy, (A) = {2/x,2/2}
Proposition 3.3: Let 7pr and tpy, be a power full and power whole topology respectively then
the following properties are satisfied:
i.  Let 7py, be a power whole topology on a mset M, then if the support of a submset A equal
the support of a mset M then Clpy, (A) = Mi.e. if M* = A*then Clpy, (A) = M.
ii.  Let 7pr be a power full topology on an mset M, then if A contain any element with the
same count in M then Clpr(4) = M.
iii.  Ifasubmset A not satisfies two conditions above then Clpr(4) € Clpy, (A)
Proof:
i. Let G*# M*xeClpy(A)3aKetTs, , ACK,Ci(x)<Ci(x) , Cyxlx)=
Cy(x)Vx € K sincer is a power whole topology and quasi-discrete topology, K* #
M* # A*so if A* = M™ there is no closed set contain A except the set M.
ii. Let Abeasubmset,x € Clpr(A)3K € 155, A € K, Cx(x) = m — Cg(x) where m
is the count of x in the mset M and Vx € Gpp, C;(x) < Cy(x),G* = M so each

closed set not contain any element with the same count in M .
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iii. Letx € Clpr(A)IK € Tfp, x € K, Cy(x) < Cx(x)Vx € Aand, Cy,,(x) C
Cu(X)Vx € Kpp but in Ty, Cy,,,, () = Cyy(x)VX € Kpyy, IKpy € Ty, X €
Kpy so xeClpy, (A) and Clpp(A) € Clpy, (A)
Note: The power whole topology is quasi discrete topology but the power full topology isn't
quasi discrete topology except some open set is also closed set and it called closed power full
(CPF)
Proposition 3.4: The closure of a Power Full set A is the multiset M or the set A
Proof:
Let A be a CPF seti.e. Ais closed CI(A) = A
If Aisn't CPF i.e.C4(x) < Cy(x),VK € 15:Cx(x) < Cy(x) and there is no closed mset
contain the power full set A except M and Clpr(A) = M

Theorem 3.1: Let M be a mset and Cy,(x) is the number of occurrences of the element x in the

mset M, C; = min,eyC;(x),C, = max,eyCi(x),C = %

and M, ={x/m:x e M\,m > C}
then
i M,cM,,cM;_,cCc --CM.
. Tpw (M) € tpw(Mc—1) € Tpw(Mc—2) © -+ C Tpyw (M).
. Trpw(Mc) € Trpw (Mc-1) € Trpw (Mc—2) € -+ C Trpw (M).
Proof:(iii)We obtain tgzpy, (M) by M: N 0,0 € Tpy (Mc_1), M € M,_, and we obtain
Tpw (Mc-1)by My N U, U € Tpyy (M¢_3),M¢c_1 € M¢_3 50 O C U,
Trew (Mc) © Trpw (Mc-1) € Trpw (Mc-2) © -+ C Trpw (M).
Example 3.5: Let M ={1/x,2/y,3/z} then M;=1{3/z},Mc_; =1{2/y,3/z} then
Tpw (M) © Tpyw (Mc_1) © Tpyw (M), Tpw (M) © Trpw (Mc_1).
4. New result on M-topology
In this section we define a submset topology and study the relation between the closure and
interior on it and study the finer and coarser topology and their impact on closure and interior.
Definition 4.1: The topology 7’ called submset topology of T if VG, € T'3Gy € T3 Gy C Gy
Proposition 4.1: Let 7’ be a submset topology of T then the following properties are defined:
i. Cl;(A) cCly(A)
ii.  Inty(A) € Int.(4)

Proof:
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i. Let m/x€Cl,(A)IK et m/x €K and 3IK' € T KcK' so m/x €K',m/x €
Cl,/(A), Cl,(A) € Cl(A).
ii. Let m/x€nty(4)3IG' et , m/xeT’ and G cGGEeT SO m/x €
Int;(A), Int(A) S Int (A)
Proposition 4.2: Let 7’ and 7 be two M — topologies on an mset M such that t’ is contained in T
then the following properties are defined:
i. Cl;(A) € Cly(4).
ii.  Inty(A) € Int.(4)
Proof:

i,  Letm/x € CL,(A)3K € 1€, m/x € K and '° < 7€ there are two cases: K € T'° so

m/x € Cl(A),Cl,(A) € Cl(A) or there is exist another closed set K’ € ' contain A
and

K c K',m/x € ClLi(A), Cl,(A) S Cl,i(A).

ii. Let m/x € Inty(A)AG' c ', m/x €G',7' c 1~ G ct,m/x € Int,(A) and
Int(A) € Int.(A)
5. New classes of multi set:
In this section we use Yager fuzzy intersection and union to define multi intersection and
union to multi set and obtain M-basis and M-topologies.
A general class of intersection and union are presented for multi sets. Example of this class is
explained in comparison to ordinary intersection and union.
Definition 5.1: Let M be a multi set such that no element in the mset occurs more than m times
and a,b two elements in M has count C(a) and C(b) respectively then multi union can be

obtained by

W\ a’' b

Example 5.1: Let M = {3/a,4/b,2/c,5/d}, m = 5 and sub M-basis § =

Sk (C(a) @> = min[m, (C(@)¥ + C(H)")V"],0 < W < 0

{{3 /a,2/d},{2/a},{2/b,2/ C}} the M-topology by ordinary intersection and union is T =
{M,0,{2/a},{3/a,2/d},{2/b,2/c},{2/a,2/b,2/c},{(3/a,2/b,2/c,2/d}} we can obtain
the M- topology at w = 2 by
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Sy <C(aa) ,¥> = min[m, (C(@)¥ + C(H)")"],0 < W < 0
B ={M,8,{2/a},{3/a,2/d},{2/b,2/c}} thent =

{M, 0,{2/a},{3/a,2/d},{2/b,2/c},{4/a,2/d},{2/a,2/Db,2/c}, {3/a.2/b,2/c.2/d}.}
{4/a,2/b,2/c,2/d}

At w = 3 we can also obtain the M- topology
t={M,0,{2/a},{3/a,2/d},{2/b,2/c},{2/a,2/b,2/c},{3/a,2/b,2/c,2/d}}
The topology varies depending on w

Definition 5.2: Let M be a multi set such that no element in the mset occurs more than m times

and a, b two elements in M has count C(a) and C(b) respectively then multi intersection can be

obtained by
C c(
tiht < ia)’%> =m — min[m, ((m — a)¥ + (m — H)W)VY],0 < W < 0

Example 5.2: Let M = {3/a,4/b,2/c,5/d}, m = 5 and sub M-basis § =

{{3 /a,2/d},{2/a},{2/b,2/ c}} the M-topology by ordinary intersection and union is T =
{M,0,{2/a},{3/a,2/d},{2/b,2/c},{2/a,2/b,2/c},{3/a,2/b,2/c,2/d}} we can obtain
the M- topology at w = 2 by

o (2.0

i 5 ):m—min[m,((m—a)w+(m—b)W)l/W],O<W<oo

g ={M0,2/a},{(3/a,2/d},{2/b,2/c},{1/a}} then < =
{M,0,{2/a},{1/a},{3/a,2/d},{2/b,2/c},{2/a,2/b,2/c},{1/a,2/b,2/c},{3/a,2/b,2/c,2/d}}
At w = 3 we can also obtain the M- topology
t={M,0,{2/a},{3/a,2/d},{2/b,2/c},{2/a,2/b,2/c},{3/a,2/b,2/c,2/d}}

The topology varies depending on w

Proposition 5.1: Let § be M-basis and we obtain M-topology by

S (%,%) = min|[m, (C(a)¥ + C(H)")/"],0 < W < o if w; < w, then 7, C 7, where

7, and 1, are the M- topology obtained byw; and w, respectively.

Proof: a class § is M-basis for 7, and 7, so, each open set G;,i € I (i.e. member of 7, and 7,) is

the union of B, G = U, B; and we obtain the union by Sy (%a),%b)) = min[m, C(@)"™ +
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c(b)W)Y/ W] ,0 < W < oo then the count of element by using w,is less than or equal the count
of element at wy =~ 7, € 14

Example 5.3: Let M = {3/a,4/b,2/c,5/d}, m = 5 and sub M-basis § =

{{3/(1 ,3/b},{4/d}, {Z/a}} then § = {M, ®,{3/a,3/b},{4/d}, {Z/a}} we can obtain the M-
topology at w = 2 by

sk <Cia) ,%) = min|m, (C(@)¥ + C(H)")V"],0 < W < 0

then 7;

= {M,0,{2/a},{4/d},{3/a,3/b},(3/a,3/b,4/d},{4/a,3/b},{2/a,4/d},{4/a,3/b,4/d}}
Atw =5 we can also obtain the M- topology

1, ={M,0,{2/a},{4/d},{3/a,3/b},{3/a,3/b,4/d},{2/a,4/d}} we observe that 1, C T,
Proposition 5.2

Let 5 be M-basis and we obtain M-topology by

Sit (%,%) = min[m, Cc(@)v + C(b)W)l/W] ,0<W < wand1, €1, where 7, and 7, are
the M- topology obtained by w,and w, then

i. Cl; (A) € Cl,,(A)

ii. Int; (A) € Int,(A)
Proof: Is obvious

Definition 5.3: Let M be a multiset and A, B be two submset from M then we can define degree

|mte, ()nimt, (B)|
of dependent by Dy, = - -

. 1 - M .
‘Cl‘ri(A)UCl‘ri(B)| where 7; is a M-topology generated by Sy, at w;

In the following proposition we discuss the properties of this parameter
Proposition 5.2:
Let A and B be two submset from M and Dy, be the degree of dependent then the following
properties satisfy
i. 0<D<1

ii.  Ifw; <w,then Dy, = Dy,

iii. ifANB=@thenD =0

iv. D =1if A= B and be open mset and the topology is power whole topology

Proof: Is obvious.
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6. Conclusion:

The operator suggested for power whole and power full multiset topologies can be used in the

approximation of uncertain concepts in information systems in which repetition of case is

significant such as cases of food preparation and medical investigation. Considering the accounts

of objects in the process of measuring approximation and accuracy depending on the new

operators will help in decision making process. Also these results can be applied in the

modification of topological graph theory.
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