
________________ 

*Corresponding author 

E-mail address: wunichee@yahoo.com 

Received January 26, 2017; Published May 1, 2017 

 

      Available online at http://scik.org 

      J. Math. Comput. Sci. 7 (2017), No. 3, 564-582 

ISSN: 1927-5307 

 

 

UNSTEADY BOUNDARY LAYER FLOW PAST A VERTICAL PLATE IN THE 

PRESENCE OF TRANSVERSE MAGNETIC FIELD AND HEAT SOURCE 

EMBEDDED IN A POROUS MEDIUM 

M. SULEMANA1,*, Y.I. SEINI2, M.I. DAABO1 

1Faculty of Mathematical Sciences,  

University for Development Studies, Navrongo Campus, P. O. Box 1350, Tamale, Ghana 

2School of Engineering,  

University for Development Studies, Nyankpala Campus, P. O. Box 1350, Tamale, Ghana 

Copyright © 2017 M. Sulemana, Y.I. Seini and M.I. Daabo. This is an open access article distributed under the Creative Commons Attribution 

License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. 

Abstract: An investigation into the unsteady boundary layer flow past a vertical plate in the presence of transverse 

magnetic field and heat source embedded in a porous medium has been studied. The governing differential equation 

was transformed using suitable dimensionless parameters. The dimensionless equations were solved employing the 

Laplace transform techniques and results illustrated graphically for the velocity, temperature and concentration 

profiles as well as the Skin friction, Sherwood number and Nusselt number. The study concluded that all the 

controlling parameters had effects on the flow and can be used to control the flow kinematics. 

Keywords: heat transfer; mass transfer; incompressible fluid; porous medium; Laplace transform. 

2010 AMS Subject Classification: 35K05. 

 

1.    Introduction 

Heat and mass transfer processes occur naturally in almost all physical phenomena. Indeed, no 

meaningful work can be done without the transfer of heat or mass. In many practical situations, 

heat and mass transfers depend on time resulting in unsteady processes. Unsteady boundary layer 

flow research has become important in recent times due to the several applications in industrial 

and engineering systems. It is commonly encountered in problems involving flow over helicopter 
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in translation motion, flow over blades of turbines and compressors, flow over the aerodynamic 

surfaces of vehicles in manned flight, start-up processes, periodic fluid motion and in the area of 

convective heat and mass transfers.  

Unsteady boundary layer flow in the presence of magnetic field has applications in petroleum 

industries, geophysics, industrial and environmental processes, etc. In petroleum industries, it is 

applied in the exploration and thermal recovery of oil. In geophysics and astrophysics, its 

applications can be seen in the study of stellar and solar structures, radio-wave propagation etc. 

Industrial and environmental processes such as evaporation from open water reservoirs, heating 

and cooling processes, fossil fuel combustion and many other energy processes. Research in 

unsteady magnetohydrodynamics (MHD) through porous media is continuing due to its 

emerging industrial relevance. 

Gupta et al. (1979) employed the perturbation method to investigate the free convection flow 

past a linearly accelerated vertical plate in the presence of viscous dissipation with Kafousias and 

Raptis (1981) extending it to include mass transfer effects subject to variable suction. Lesnic et 

al. (1999) studied the free convection boundary layer flow along a vertical surface in a porous  

medium with Newtonian heating whilst Muthucumaraswamy and Janakiraman (2006)   

investigated the mass transfer effects on exponentially accelerated isothermal vertical 

plate.Chaudhary et al. (2006) studied the unsteady free convection boundary-layer flow past an 

impulsively started vertical surface with Newtonian heating using the Laplace transform 

techniques and observed that the increase of Prandtl number results in decrease in temperature 

distribution.  

Constatin et al. (2012) recently studied radiation and porosity effects on the 

magnetohydrodynamic flow past an oscillating vertical plate with uniform heat flux using 

Laplace transforms. It was observed that the radiation parameter reduces the temperature of the 

fluid. Bala et al. (2012) studied the radiation effects on MHD flow past an exponentially 

accelerated isothermal vertical plate embedded in porous medium in the presence of heat source 

and chemical reaction using Laplace transform methods. Their study established a direct 

correlation between the Grashof number, ܩ௥ and the velocity of the flow.  Rout and Pattanayak 

(2013) extended the problem to include variable temperature embedded in a porous medium 

using Laplace transform techniques and observed that the temperature of the fluid increases with 

increasing radiation parameters. Seini (2013) studied the flow over an unsteady stretching 
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surface with chemical reaction and non-uniform heat source using the Runge–Kutta–Fehlberg 

method with the shooting techniques and observed that heat and mass transfer rates as well as the 

skin friction coefficient increased as the unsteadiness parameter increases and decreased as the 

space-dependent and temperature-dependent parameters for heat source/sink increased.  

Seini and Makinde (2013) studied MHD boundary layer flow due to exponential stretching 

surface with radiation and chemical reaction. A nonlinear velocity term with MHD was present 

in the temperature equation. It was found that the rate of heat transfer at the surface decreases 

with increasing values of the transverse magnetic field and the radiation parameter. 

Ali et al. (2014) studied heat transfer boundary layer flow past an inclined stretching sheet in 

presence of magnetic field. A nonlinear velocity term with MHD was present in the temperature 

equation. It was found that velocity profile decreases due to increase of magnetic parameter, 

Prandtl number and Eckert number whilst velocity increases for increasing values of Grashof 

number. 

Chamkha et al. (2014) analyzed the unsteady MHD free convection flow past an exponentially 

accelerated vertical plate with mass transfer. Arthur et al. (2015) investigated the MHD 

convective boundary layer flow towards a vertical surface in a porous medium with radiation, 

chemical reaction and internal heat generation using the Newton Raphson shooting method 

alongside the Fourth-order Runge - Kutta algorithm and concluded that the magnetic parameter 

an32d all the controlling parameters identified directly influence the flow around the boundary 

and hence can be controlled to achieve desired product characteristics.  

Hussanan et. al. (2014) studied unsteady boundary layer flow and heat transfer of a Casson fluid 

past an oscillating vertical plate with Newtonian heating using laplace transform technique. It 

was observed that velocity decreases as casson parameters incresse and the thermal boundary 

layer thickness increases with increasing Newtonian heating parameter.                                                                                  

Hussanan et al. (2015)  also investigated Soret effects on unsteady MHD mixed convective heat 

and mass transfer flow in a porous medium with Newtonian heating using Laplace transform 

technique and observed that the fluid velocity and the concentration increase with increasing 

values of soret number. 

Hussanan et al. (2016) studied heat and mass transfer in a micropolar fluid with Newtonian 

heating. The plate executes cosine type oscillations. Exact solutions were obtained using Laplace 

transform technique. 
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To the best knowledge of the author, the unsteady boundary layer flow past a vertical plate in the 

presence of transverse magnetic field and heat source embedded in porous medium has not been 

documented. This study therefore attempts to investigate the problem using Laplace transform 

techniques.  

 

2.    Problem Formulation  

Consider the unsteady boundary layer flow past a vertical plate in the presence of transverse 

magnetic field and heat source embedded in a porous medium. A magnetic field of uniform 

strength ܤ଴ is applied transversely to the plate. Assuming the induced magnetic field produced by 

the motion of the electrically conducting fluid is negligible. The Reynolds number is also 

assumed to be very small since the induced magnetic field is negligible. The viscous dissipation 

is further assumed to be negligible. The flow is assumed to be in the ݔ∗ −  direction which is ݏ݅ݔܽ

taken along the vertical plate in the upward direction. The ݕ∗ −axis is taken to be normal to the 

plate. The temperature of the plate and the ambient fluid are ௪ܶ
∗ and ஶܶ (ݔ)

∗  respectively. Initially, 

the plate and the fluid are at the same temperature ஶܶ
∗   with concentration level ܥஶ

∗  at all points. 

At time ݐ∗ > 0, the plate is exponentially accelerated with a velocity  ݑ = ܷ଴݁௔∗௧∗
 in its own 

plane and the plate temperature is raised linearly with time ݐ and the level of concentration near 

the plate is raised to ܥ௪
∗ . The fluid under consideration is gray gas which absorbs or emits heat. 

The physical properties of the fluid such as the viscosity and thermal conductivity are assumed 

constant, while Boussinesq approximation invoked for the density variation in the body force 

term of the momentum equation. Under these assumptions, the boundary layer equations 

governing the unsteady flow process are:  
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With boundary conditions  
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∗ݑ = 0, ܶ∗ = ஶܶ
∗ ∗ܥ  = ஶܥ

∗ ,∗ݕ ݈݈ܽ ݎ݋݂  ∗ݐ ≤ 0 

ݑ ∗= ܷ଴݁௔∗௧∗, ܶ∗ = ஶܶ
∗ + ( ௪ܶ

∗ − ஶܶ
∗ ݐܣ( ∗, ∗ܥ = ௪ܥ

∗ ݕ ݐܽ   ∗= 0, ݐ ∗> 0 

∗ݑ → 0, ܶ∗ → ஶܶ
∗ , ∗ܥ → ஶܥ

∗ ݕ ݏܽ   ∗→ ∞, ݐ ∗> 0                                                           (5) 

where ݑ∗ and ݒ∗ are the horizontal and vertical velocity components; ܷ଴ is the velocity of the 

plate; ݕ∗ is the coordinate axis normal to the plate; ݐ∗  is time; ݒ is the kinematic viscosity;  ்ߚ is 

the thermal expansion coefficient; ߚ஼ is the concentration expansion co-efficient; ߩ is the fluid 

density; ܶ∗ is the fluid temperature near the plate; ௪ܶ
∗  is the fluid temperature at the plate surface; 

ஶܶ
∗  is the temperature of the free stream; ܥ∗  is the concentration in the fluid; ܥஶ

∗  is the 

concentration far away from the plate ; ௪ܥ 
∗  is the concentration at the plate surface; 

ܽ is the acceleration parameter ; D is the chemical molecular diffusivity; ∝  is the thermal 

diffusivity; ܥ௣ is the specific heat at constant pressure; ܭ௖
∗ is the rate of chemical reaction; k* is 

the permeability co-efficient of the porous medium, ݍ௥ is the radiation heat flux, ܳ is the heat 

source parameter. 

The following dimensionless variables and parameters as used in Rout and Pattanayak (2013) 

and Barik (2016) are introduced: 
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where ݕ is dimensionless coordinate axis normal to the plate surface; ݑ is the dimensionless 

velocity in ݔ  direction; ߠ is the  dimensionless temperature; ݐ  is dimensionless time; ݇  is 

dimensionless permeability of porous medium ;  is the radiation parameter; M is the magnetic ܨ  

parameter; H is the heat absorption parameter; A is a constant; ܤ଴  is the uniform external 

magnetic field; ߤ is the dynamic viscosity; ܵ଴ is the Soret number; ܵ௖  is the Schmidt number; ௥ܲ 

is the Prandtl number; Gr is the thermal Grashof number; Gc is the mass Grashof number;ܳ is 

the heat source parameter; ߪ is the electrical conductivity; ∅ is the dimensionless concentration 

in the fluid; ݃ is the acceleration due to gravity; ܭ is the thermal conductivity of the fluid; ܭ஼ is 

dimensionless rate of chemical reaction; ܧ௖ is the Eckert number 
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Using the Rosseland approximation  

డ௤ೝ

డ௬∗ = )ߪ∗4ܽ− ஶܶ
∗ସ − ܶ∗ସ)        (7) 

where ܽ∗ =Rosseland mean absorption co-efficient, ߪ =Stefan-Boltzmann constant and ݍ௥ = 

radiative heat flux. 

Assuming that the temperature differences with the flow are sufficiently small such that ܶ∗ସ is 

expressed as a linear function of the temperature. By Taylor series expansion and neglecting the 

higher order terms, ܶ∗ସ is expressed as a linear function of the temperature in the form 

    ܶ∗ସ ≈ 4 ஶܶ
∗ଷܶ∗ − 3 ஶܶ

∗ସ      (8) 

Substituting (8) into (7) results in  

డ௤ೝ

డ௬∗ = ߪ∗16ܽ− ஶܶ
∗ଷ( ஶܶ

∗ − ܶ∗)                                                              (9) 

Using (6) and (9), equations (2) to (4) are reduced to:  
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With the boundary conditions 

ݑ = 0, ߠ = 0, ∅ = ,ݕ   ݈݈ܽ ݎ݋݂   0 ݐ ≤ 0 

ݑ = ݁௔௧  , ߠ = 1, ∅ = ݕ   ݐܽ   1 = 0, ݐ > 0 

ݑ   → 0, ߠ → 0, ∅ → ݕ    ݏܽ     0 → ∞, ݐ > 0                           (13) 

 

3. Problem Solution 

The non-linear differential equations (10) to (12) with boundary conditions (13) are solved in 

exact form using the Laplace transform techniques: 

The Laplace transforms of (10) to (12) and the boundary conditions (13) are as follow:   

Thus,  ࢟)ࣂ, ൬1=(࢙ + ଵ
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           = ݁ିඥ௦௉ೝ ௬ +
ଵ
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Taking inverse Laplace transforms. The general solution becomes 
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Where ܨଵ = ܨ +  ܪ

Similarly, taking out the term  ܵ௢
డమఏ

డ௬మ from the dimensionless concentration equation (12), where  
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Taking inverse Laplace Transform,  

The general solution becomes 
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Also, from the dimensionless momentum equation, we write 
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The general solution is in the form: 
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Since ݕ)ݑ, (ݐ → ݕ    ݏܽ 0 → ∞, ݐ > ,ݕ)ܷ ⟹     0 (ݏ = 0 

From (34), (ݏ)ܤ = 0   

Now (34) reduces to   
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The general solution is 
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 For the velocity profile, the general solution is  
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Having obtained the temperature field, the rate of heat transfer coefficient at the vertical plate in 

terms of the Nusselt number can be studied. The effects of ݐ, ܽ, ,ܯ ,ܨ ,ܪ ௖  and ௥ܲܧ  on Nusselt 

number will be considered. In dimensionless form, the Nusselt number is given by 

௨ܰ = − డఏ

డ௬
ቚ

௬ୀ଴
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                    = − ඥ௉ೝ

ଶ√గ௧య + ଶ

√గ

ଵ

௉ೝ
ଵܨ − ଶ

√గ
 ௖(݁௔௧)ଶ       (26)ܧܯ

where ܨଵ = ܨ +  ܪ

Knowing the concentration field, the rate of mass transfer coefficient at the vertical plate in terms 

of the Sherwood number can be studied. The effects of ݐ, ܽ, ,ܯ ,ܨ ,ܪ ௖ܵ , ௥ܲ , ,௖ܧ ܵ଴  and ܭ௖ on 

Sherwood number will be examined. In dimensionless form, the Sherwood number is given by 

ℎݏ = − ቀడ∅

డ௬
ቁ

௬ୀ଴
  

     = ඥௌ೎

ଶ√గ௧య − ଶ

√గ
௖ܭ + ܵ଴

ඥ௉ೝ

ଶ√గ௧య − ଶ

√గ

ଵ

௉ೝ
ଵܵ଴ܨ + ଶ

√గ
 ௖(݁௔௧)ଶܵ଴    (27)ܧܯ

 

Also, having obtained the velocity field, it is significant to study changes in the skin friction due 

to the effects of the physical parameters ݐ, ܽ,  and ݇. In dimensionless form, the skin friction is ܯ

given by 

߬ =
ఛ∗

ఘ௎బ
మ = −

డ௨

డ௬
ቚ

௬ୀ଴
=

ଵ

ଶ√గ௧య ݁௔௧ −
ଶ

√గ
ଵ݁௔௧ܯ       (28) 

where ܯଵ = ܯ +
ଵ

௞
   

 

4. Results and Discussion 

In order to understand the physical dynamics of the problem, the effects of the controlling 

parameters on the Temperature (ߠ), Concentration(∅) and Velocity (ݑ) profiles are illustrated 

graphically.  

Fig. 1 illustrates the effects of Prandtl number (Pr) on the temperature profiles. Although smaller 

value of Pr means increasing of thermal conductivities which enables diffusion of more heat, 

however, when a magnetic field or MHD term is added to the energy equation the reverse 

process occur.  It is therefore, observed that increasing the Prandtl number (Pr) increases the 

temperature of the fluid.  Fig. 2 and 3 exhibit the effects of Heat absorption parameter (H) and 

Radiation Parameter (F) on the temperature profiles. It is observed that increase in either the 

Heat absorption parameter (H) or Radiation Parameter (F) decreases the temperature of the fluid 

flow. This is in good agreement with Rout and Pattanayak (2013) as well as Seini and Makinde 

(2013). 
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Fig. 1 Effects of Prandtl number (Pr) on the temperature profiles 

 

 

 

 Figure 2. Effect of H (Heat absorption parameter) on the temperature profiles 
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Figure 3. Effects of F (Radiation parameter) on the temperature profiles 

 

Fig. 4 shows the effects of Chemical reaction parameter (Kc) on the concentration profiles. It is 

observed that an increase in the chemical reaction parameter, Kc decreases the concentration.  

In Fig. 5 the effects of Soret number (ܵ଴ ) on the concentration profiles is considered. It is 

observed that an increase in Soret number (ܵ௢) increases the concentration of the flow. That is, it 

is observed that concentration distribution increases at all points of the flow field with increased 

in  ܵ଴ hence greater permeability of the porous medium. 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 
-10

-8

-6

-4

-2

0

2

y 

 ߠ

F=2, 4, 6, 8 t= 0.2   M=2 
K=1   H=2 
Pr=0.71   a=0.2 
Ec=2 



575                                                  UNSTEADY BOUNDARY LAYER FLOW 

 

Fig. 4  Effects of 
CK  (Chemical reaction parameter) on the concentration profiles. 

 

 

Fig. 5 Effects of Soret number (So) on the concentration profiles   

Fig. 6, 7 and 8 illustrate the effects of Mass Grashof number Gc, Grashof number (Gr) and 

Schmidt number (Sc) on the velocity profiles respectively. It is observed that an increase in Gc 

leads to decrease in the velocity of the fluid flow whilst an increase in Gr or Sc leads to increase 

in the velocity of the flow as depicted in the diagrams which is in good agreement with Ali et al. 

(2014). 
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 Fig. 6  Effects of Mass Grashof number ( CG ) on the velocity profiles 

 

 

 

Fig. 7 Effects of Grashof number (Gr) on the velocity profiles 

 

 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-5 

0

5

10

15

20

25

30

y

Gr=5, 10, 15, 25 

u 

t= 0.2    M=2 
K=1    kc=1 
Gc=5    F=1 
a=0.2    H=2 
Pr=0.71    So=1 
Sc=2.01    H=2 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
-20 

-10 

0

10

20

30

40

50

y

u

Gc=5, 10, 15, 25 

t= 0.2      M=2 
K=1      kc=1 
Gr=5      F=1 
a=0.2      H=2  
Pr=0.71      So=1 
Sc=2.01      H=2 
   



577                                                  UNSTEADY BOUNDARY LAYER FLOW 

 

  Fig. 8 Effects of Schmidt number (ܵ஼) on the velocity profiles 

 

Nusselt Number  

Fig. 9 and 10 show the effects of Prandtl number (Pr) and Eckert number (Ec) on the Nusselt 

number profiles respectively. It is observed that increase in Pr leads to decrease in the Nusselt 

number whilst increase in Ec leads to increase in the Nusselt number. 

 

  

Fig.  9 The effects of Pr on the Nusselt number  profiles 
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Fig.  10 The effects of Ec on the Nusselt number profiles 

Sherwood Number 

Fig. 11 and 12 show the effects of Schmidt number (Sc) and Heat absorption parameter (H) on 

the Sherwood number profiles respectively. It is observed that an increase in Sc results in 

increase in the Sherwood Number whilst increase in H decreases the Sherwood number. 

Fig. 11 Effects of Sc on the Sherwood number profiles 
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Fig. 12 Effects of H on the Sherwood number profiles 

 

Skin Friction Fig. 13 and 14 show the effects of Magnetic parameter (M) and permeability of 

porous medium (K) on the Skin Friction coefficient respectively. It is noticed that an increase in 

M results in decrease in the Skin Friction coefficient whilst increase in K results in increase in 

the Skin Friction coefficient. 

 
Fig. 13 Effects of M on the Skin Friction coefficient 
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Fig. 14 Effects of K on the Skin Friction coefficient profiles 

Conclusion 

The MHD unsteady boundary layer flow in the presence heat generation in porous medium 

haven been investigated. The non-linear partial differential equations have been modeled and 

transformed to appropriate ordinary differential equations using similarity variables. The Laplace 

transform techniques were employed to solve the resulting ODE’s directly and results illustrated 

graphically. From the results obtained, the following conclusions can be drawn: 

1. The thermal boundary layer thickness diminishes with the heat absorption parameter (H) 

or radiation parameter (F) but increases with the Prandtl number (Pr). 

2. The concentration boundary layer thickness increases with the Soret number (ܵ଴) whilst 

the Chemical reaction parameter (ܭ௖) causes a reduction in the species concentration in 

the fluid. 

3. The velocity of flow decreases with increase in Mass Grashof number (Gc) but increases 

with an increase in Grashof number (Gr) and Schmidt number (Sc). 

4. The Nusselt number decreases with increase in Prandtl number (Pr) but increases with 

increase in Eckert number (Ec). 

5.  The Sherwood number decreases with increase in Heat absorption parameter (H)  but 

increases with increase in Schmidt number (Sc).    

6. The Skin Friction coefficient decreases with increase in Magnetic parameter (M) but 

increases with increase in permeability of porous medium (K). 
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