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Abstract. In this paper, we introduce to certain class of sequence spaces of fuzzy numbers defined by a sequence
of modulii and study the topology that arises on the said spaces.
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1. Introduction

The fuzzy theory has emmerged as the most active area of research in many branches of
science and engineering. Among various developments of the theory of fuzzy sets[16] a pro-
gressive development has been made to find the fuzzy analogues of the classical set theory. In
fact the fuzzy theory has become an area of active research for the last 50 years. It has a wide
range of applications in the field of science and engineering, e.g. application of fuzzy topolo-

gy in quantum particle physics, elecronic engineering, chaos control, computer programming,
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electrical engineering, nonlinear dynamical system, population dynamics and biological engi-

neering etc.

In [9], Nanda studied the spaces of bounded and convergent sequences of fuzzy numbers and
shown that they are complete metric spaces with the metric
d(X,Y)= sup d(X*Y%).
0<a<l
By using the metric , many spaces of fuzzy sequences have been built and published in famous
math journals. By reviewing the literature, one can reach them easily,

(e. g., see, [1-6], [9], [10], [12-16] and the references there in.) Here we give the preliminaries.

Let D denote the set of all closed bounded intervals A=[A , A] on the real line R.

For A, B € D define A< Biff A< Band A <B,

d(A,B) = max(|A— BJ,|A - BJ)

It is easy to see that d defines a metric on D and (D, d) is a complete metric space. Also < is a
partial order on D.

A fuzzy number is a fuzzy subset of the real line R which is bounded, convex and normal. Let
L(R) denote the set of all fuzzy numbers which are upper semicontinuous and have compact

support. In other words, if X€L(R) then for any a €[0,1] X is compact where

o t:X(t)>a, ifac(0,1],
X% =
t:X(t) >0, ifa=0.

Define amap d : L(R) x L(R) =R by d(X,Y) = sup d(X% Y%).
0<a<l

For X, Y € L(R) define X<Y iff X* <Y for any o €[0, 1].

Now we quote the following definitions which will be needed in the sequel
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Definition 1.1. A sequence X={X;} of fuzzy numbers is a function X from the set N of all
positive integers into L(R). The fuzzy number {X;} denotes the value of the function at k € N

and is called the k' term of the sequence.

Definition 1.2. A sequence X={X;} of fuzzy numbers is said to be convergent to a fuzzy

number /, if for every € > 0 there exists a positive integer ng such that

d(Xy,1) < € for all k > ny.

Definition 1.3. A sequence X={X;} of fuzzy numbers is said to be Cauchy if for every € > 0

there exists a positive integer ng such that

d(Xy, Xm) < € for all k,m > ny.

By C(F) we denote the set of all Cauchy sequences of fuzzy numbers.

Let C(R") = {A C R": Ais compact and convex}. The space C(R") has a linear structure

induced by the operations
A+B={a+b,acAbecB}

HA = {pa,pu € R}

where A,B € C(R") and u € R.

The Hausdorff distance between A and B is defined as
0w (A, B) = max{sup inf ||a — b||,sup inf ||a — b|| }

where the ||.|| denotes the usual Euclidean norm in R”. It is known that (C(R"), ) is a complete
metric space.

A fuzzy number is a fuzzy subset of the real line R, i.e., a mapping
X :R"—[0,1]

which is bounded, convex, normal, upper semicontinuous and have compact support. Let L(R")

denote the the set of all fuzzy numbers. The linear structure of L(R") induces addition X+Y and
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scalar multiplication uX, t € R in terms of «-level sets, by

X +Y]% =[X]*+[¥]”

and
[uX]* = plx]*

Clearly dwo(X,Y) = sup 6.(X%,Y?%) is a mertic on L(R") and moreover (L(R"),d) is a
0<a<l

complete metric space.
By o(F), we denote the set of all sequences of fuzzy numbers.

By lu(F), c(F), co(F) and ¢,(F) we denote the set of all bounded, convergent, null and

absolutely p-summable sequences of fuzzy numbers respectively.

leo( F) = {(X1) € O(F): 2211361(&, 0) < e},
C(F) = {(Xk) < (D(F) klgrolog(Xk,l) = 0}7

o(F) = {(X¢) € o(F) : lim d(x,,0) =0},

0(F) = {(X) € O(F) : Y d(X,0)” < o).
k

Here we give a brief account of the recent developments in this direction.

Talo and Basar[12-14] used the idea of modulus function f to define the following fuzzy

sequence spaces

le(F, ) = {X = (Xi) € ©(F) rzleljgf[ﬁ(Xkﬁ)] < oo},

c(F,f) ={X = (Xi) € @(F) : lim fld(X,1)] =0},
co(F,f) ={X = (Xi) € o(F) igggcf[ﬁ(Xkaﬁ)] =0},

EP(F7f7) {X Z{f Xk? ]} <°°}.
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Hazarika[6] used the Orlicz function M and A = (%) a sequence of non zero scalars to define

the following fuzzy sequence spaces

A (VeXk, Xo)

cF(M,A) ={(X) € @ - M( ) = 0and M

(p<Ykik’X0))—>0ask—>oo},

A (Ykaa 6)

cEM,A) ={(X) € @ - M( ) = 0and M

(p<’}/kli(k70)>_>0ask_>oo}’

X,0 X,0
EM,A) ={(X) € o : supM(M) < oo and supM(W) <o}
k k
for some u > 0. Here A(X, Y)= sup Ag(X% Y% and p(X, Y)= sup pqo(X%, Y%).
0<a<l 0<a<l

Recently Mursaleen and Noman[7-8] introduced the notion of A-convergent sequences. Let
o be the set of all complex sequences x = (x;) and A = (A);_, be a strictly increasing sequence
of positive real numbers tending to infinity.
A sequence x = (x;) € @ is A-convergent to the number L called the A-limit of x if A, (x) — L
as m — oo, where

l m

)Lmkz,(lk—lk 1)Xk

It is well known that if lim,, x,, = a in the ordinary sense of convergence, then

Ap(x) =

m
hm— Z A,k—lk ] |xk—a|)=
m k=1

This implies that
m
lim | Ay, (x) — a|—hm—|Z (A —A—1)(xx —a)| = 0.
m :

Let C denotes the space whose elements are the sets of distinct positive integers. Given any
element o of C, we denote by c(o) the sequence {c,(0)} such that

cn(o)=1ifn € 0, cy(0) = 0 otherwise.
={oeC: Z cn(0) <s}
Sargent[11] defined the sequence space

m(g) = {r=(x) € @ sup sup (¥ Ju]) < .

s>10eCs ¥S keo
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where { ¢y} is a real sequence.

Alotaibi, Mursaleen, Sharma and Mohiuddine[1] used the Musielak-Orlicz function M= (M)
, p = (px) a bounded sequence of positive real numbers and ¢ one- to- one mapping from the
set of positive integers into it self such that 6¥(n) = o(c*~!(n)) to define the following fuzzy

sequence spaces

gi(M,A,G,p) = {X = (Xk> € (D(F) : Sup[Mk(w

Pk < oo ,
k,n P ) I

d(AX gk (), 0)

(1 (M,A,0,p) = {X = (X)) € 0(F) : sup L My(———> =) < e
no g
d(AX, .0
mf (MA,0.0.p) = {X = (X) € @(F) :sup sup — ¥ [M( ot LX) O) 1y oy
n s>1,0eC Ps jco p

2. Main results

In this article we introduce the following classes of sequences of fuzzy numbers using the

sequence of modulii F = (f;)
la(F.A0,p) = {X = (X) € 0(F): Slllp[fk(d(AkXck(n)aﬁ))]pk < oo},

(L (F,A,0,p) = {X = (Xi) € ©(F) : sup ) [fi(d(AX (), 0))]P¥ < o0},
n T

1 _
mF(F;A7(p567p) = {X = (Xk) € (I)(F) sup sup — Z [fk(d<AkX0'k(n)70)>]pk < oo}
n s>1,0eC Vs jco

When o(n) = o(n+ 1) we obtain the following classes of sequences of fuzzy numbers

gi(F,A,p) = {X = (Xk> € (D(F) : Sl:lp[fk(d(AkaJrnvG))]pk < 00},
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G(FA0,p) = {X = (X) € O(F) : sup Y [fi(d(AXiesn, 0))]7 < oo},
nok

1
m" (F,A,9,0,p) = {X = (X;) € ©(F) : Sup sup ak;y[fk(d(Aka,o))]pk@o}.

If p = (pr) = 1 then we have the following classes of sequences of fuzzy numbers

LE(F,A,0,p) ={X = (X;) € o(F) : S]?P[fk(d(/\kxak(nyﬁ))] < oo},

0 (F,A,0,p) ={X = (X;) € o(F): S‘ip;[fk<d(AkXck(n)76))] < oo},

m (FA,,0,p) = {X = (X) € 0(F):sup_sup — Y fild(AeX g (),0))] < e}

n s>1,0eC Ps jco

Theorem 2.1. /L (F,A,0,p), k' (F,A,0,p) and m" (F,A, @, 0, p) are linear spaces over the
1

field C of complex numbers.

Proof. We prove the result for m* (F,A, ¢, 0, p).
Let X = (X;),Y = (Y;) € m' (F,A,¢,0,p)and a, 8 € C

Then we have
1 N2
sup sup  — Y [fi(d(AiXgk (), 0))]PF < oo;
n s>1,0eC Ps co
and
! oNe
sup  sup  — Y [fi(d(Ar¥x(n), 0))]7F < co.
n s>1,0eC Ps co

Since F = (f) is non decreasing and continuous, we have

sup sup — ¥ [fld(AL(@X gty + BV i), 0]

n s>1,0eC Ps jco

1 _ _
<sup sup  — Y [fi(0d(AiX i (), 0) + Bd(AY (), 0))]P*

n s>1,06eC s jco
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< asup sup Z[fk (AX k() ,0))]Px

n s>1,0eCs Qs kco

+psup sup — Z[fk( (AkYgt(n); 0))]7* < o0

n SZLGECY S keo

. Hence mf (F,A,@,0,p) is a linear space. Similarly we can prove that /L (F,A,o,p) and

(¥ (F,A, 0,p) are linear spaces.

Theorem 2.2. Let F = (f}) be a sequence of modulii and p = (py) be a bounded sequence
of positive real numbers, then the sequence space m’ (F,A, ¢, , p) is a complete metric space,

with the metric defined by

g(X,Y)=sup sup _Z[fk(( KXok (n) Yok (n))))]*

n s>1,0eC Ps jco

Proof. Let (X') be a Cauchy sequence in m’ (F,A, ¢, o, p). Then,

. 1 . .
g(X X ) =sup sup — Y [fuld(Ap(Xhe) X))t = Oas i, j— oo
n s>1,0e€Cy s keo " o*(n)

Hence
[ (AR(X ey X Ly DI = O s j = oo, for all n.

Therefore (X') is a Cauchy sequence in L(R"). Since L(R") is complete, it is convergent so
that lim X} i = X, for each k € N. since (X') is a Cauchy sequence for each £ > 0, there exists
i—$oo

ng = ng(€) such that

g(X',X7) < g for all i, j > ng

So we have

1 . .
limsup sup — Y [fi(d(Ax( (I;k(n)vxék(n))))]pk

I n s>1,0eC Ps jco

—sup sup — Y [ld(Ax(Xiy Kot

n s>1,0eC Ps jco

< g forall i > ng.

This implies that g(X',X) < & forall i > ng i.e X' — X as i — oo,

Since
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sup sup Y [ld (ALK ) o))

n s>1,0eC Vs jco

1
<su su _ d(A (X" X ) P
B ﬂpszlppecs O kg(’).[fk( ( k< ok(n)? ok ))))]

tsup sup — B [ld(A(Xt Xo)))

n s>1,06eC Ps eo
Thus we obtain X = (X;) € m’ (F,A, 9,0, p).

Hence m" (F,A,@,0,p) is a complete metric space.

Theorem 2.3. Let F = (f;) be a sequence of modulii and p = (py) be a bounded sequence
of positive real numbers, then the sequence space

(a) Ef (F,A,0,p) is a complete metric space, with the metric defined by

8(X,Y) = S%pzk:[fk(d(/\k(xck(n)7Y6k(n))))]pk

(b)E(F,A, 0, p) is a complete metric space, with the metric defined by

g8(X,Y) = S]?P[fk(d(/\k(xck(n)aYak(n))))]pk

Proof. The proof is analogous to Theorem 2.2, so we omit the details.

Theorem 2.4. Let F = (f;) be a sequence of modulii and p = (py) be a bounded sequence
of positive real numbers, then mF(F,A7 ¢0,0,p) C mF(F, A,y,0,p) if and only if sup % < o0
s>1 s

Proof. Let sup% < ooand (X;) € m'(F,A,@,0,p) Then,
s>1 s

1 —
sup sup — ) [fie(d(AX gk (), 0))] 7 < o0
n s>1,0eC Ps jco

This implies that
sup sup oo X [fi(d(AX gy, 0))]

n s>1,66C, ' keo
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< fsupPysup sup — ¥ [ld(AXoin, 0] < oo

s>1 ¥s™ n s>1,0eC Ps feo

Therefore (X;) € m" (F,A, v, 0, p). Hence m' (F,A,@,0,p) C m" (F,A,v,0,p).

Conversely, let m! (F,A,@,0,p) C m' (F,A,y,0,p). Suppose that sup% = oo, then there
s>1 s

exists a sequence of natural numbers (s;) such that lim & = co
i—so0 Vsi

Let (X;) € mf'(F,A, 9,0, p) Then,

sup sup - Y [fild(AiK iy 0)))% < oo

n s>1,06€C Ps feo

We have
sup sup b ¥ [fild(AXg (). 0))
n s>1,06€C; €0

ST 1 N
> fsupihsup sup  — Y [fi(d(ArX i), 0))]7 = oo

i>1 Wsi® n i>1,06C Psi pco

Therefore (X;) ¢ m" (F,A, w, o, p) which is a contradiction. Therefore sup £ < oo,

s>1 Vs

This completes the proof of the theorem.

Theorem 2.5. Let F = (f;) be a sequence of modulii and p = (py) be a bounded sequence of
positive real numbers, then m” (F,A, ¢, o, p) = m' (F,A, y, o, p) if and only if sup% < oo and
s>1 s
¥
sup = < oo
=1

Proof. The proof follows from Theorem 2.4

Theorem 2.6. Let F = (f;) be a sequence of modulii and p = (py) be a bounded sequence

of positive real numbers, then

¢ (F,A,0,p) C mF' (F,A,@,0,p) C LL(F,A,0,p)
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Proof. Let (X;) € ¢f (F,A, o, p) then we have
1
sup ) [fi(d(AXgt(n),0))]P < oo.
nok

Since (¢,) is monotonic increasing, so we have

Hence

sup sup - Y [fild(AiK iy 0))) < oo

n s>1,0eC Ps jeo

Thus (X;) € mf (F,A, 9,0, p). Therefore ¢§ (F,A,0,p) Cmf'(F,A, ¢,0,p)

Next let (Xk) € mF<F1A7q)767p)

Then we have

sup sup — ¥ [feld(AK i, 0))]* < oo

n s>1,0eCy s keo

Thus
1 _
sup o Z [fie(d(AeX gk (), 0))]7* < oo, (on taking cardinality of ¢ to be 1).
k,i’l 1 keo

Therefore (X;) € (L (F,A,0,p)
Hence m! (F,A, ¢,0,p) C {L(F,A,0,p).

Therefore we have
¢ (F,A,0,p) Cm" (F,A,9,0,p) C tL(F,A,0,p)
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