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Abstract: In this paper, we prove a general theorem on trilateral generating functions involving Laguerre, Jacobi
and the two-parameter Srivastava polynomials of one variable. Some applications of these theorems lead us to
derive certain trilinear and trilateral generating functions involving Laguerre and Jacobi polynomials of one variable.
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1. Introduction

In 1972, Srivastava [7] introduced the following family of polynomials:

[2]
Sf(x)zZ%An,kxk (neN,=NU{0};NeN), (1.1)
k=0 .

where N is the set of positive integers, {An,k }:O ., 1s a bounded double sequence of real or

complex numbers, [a] denotes the greatest integer in a € R and (1), denotes the

Pochhammer symbol defined by [6]

_ I'A+n)

, A#0,-1-2,-- (1.2)
(1)

(4),

Afterwards, Gonzalez at al. [1] extended the Srivastava polynomials S (x) as follows:
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[£]
SV (x): ('n)NkA

n,m k' n+m,k x
k=0 .

(n,meNy; NeN). (1.3)

In 2013, Kaanoglu and Ozarslan [2] introduced the following family of two-parameter one-

variable Srivastava polynomials:

n
S (x Z( )i g Aygingi X (D@ k €NY), (1.4)

where {An’ k} is a bounded double sequence of real or complex numbers.

Also the following remarks are given in [2]:

Remark 1.1 Choosing 4, , =(-a—m), (m,neN;) in (1.4), we get

SP4(2)= (1) (a+p+n+1), i ) L(“”’)() (1.5)

X

where L'*(x) is the classical Laguerre polynomials defined by [8]

1 =0, [—n - n,—,_—l} (1.6

X

@+ B+, (-f-m),
" (o D), (—a—f-2m),

§79(2)= (a+B+1);,0040,B—p—q—n),(1+a+S+2p+q),
noA (a+B+1),, . (—a—B=2p=2q—2n) (I+a+B+2p+q),,

nlE) B ()

Remark 1.2 Choosing 4

(m,neN,) in (1.4), we get

__ GAtutltptgtn),,,. (-r-p-q-n),
(I+A+u+2p+q+n),(-A—pu-2p-2q-2n),

xnl(Z ) B (x), (1.7)

n

where P‘*#)(x) is the classical Jacobi polynomials defined by [4]

PP (x) :(Mﬁﬂj((l”)}nzﬁ {—n,—ﬂ—n;—a—ﬁ—%@;i} : (1.8)
n

2 1+x

The general triple hypergeometric series F®'[x, y,z] is defined as follows [8] :

(@)::(0); (B3 (0") ()3 ()5 (") Z}

F® [x,y, ] F(3)|: , ,
(©)::(2):(8):(&": () () (h;
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y" ozt
Z A(m, n p)— et (1.9)

m,n,p=0

where

H( )"1+”+P H (b ')m+n jl'_lzl(b'j )’7+p jl__[:l(b”/_ )P+m

1 Jj=1 /

A(m,n,p) - é: G G' G
jl:[l(ej )m+n+p ]l:[l(gj)m+n jl:['l(g'j )n+p ]’1:11 (g”j )p+m
C C' c"
[1(c)), I1(c'), I1(c")),
= = o= (1.10)
[1Cr, L0, TG,

(a) abbreviates the array of 4 parameters %> "">%4 with similar interpretation for

(b), (b"), (") et cetera.

The Lauricella’s function £ is defined as follows [8]

3) . .
F. (a,b 5C15Cy ,c3,x1,x2,x3)

_ c (a)m1+m2+m3 (b)m1+m2+m3 lel x;"z X;nS
= 2 (1.11)
my, my ,my=0 (Cl)ml (Cz)mz (Cg,)m3 ml ' m2 ' m3 '
1/2 1/2 1/2
|x1| +|x2| +|x3| <1

2. Main Results

In this section, we prove the following two theorems on trilateral generating functions involving
Laguerre, Jacobi and the two-parameter Srivastava polynomials of one variable:

Theorem 2.1 The following family of trilateral generating functions holds true:

N [(n+p+g)'T L@ ” (- t) W v
Vl,;—o (a + 1)Vl+p+q (ﬁ + 1)n+p+q n+p+q (X)Ln+p+q (y) S ( ) p q '
(u—1)" (v+zt)? | on

[(p+!T 1@ #)
- + ( )L + (J/)A +q,
p;o(a+1)p+q(ﬁ+l)p+q ptq ptq p*q.q9 p'
Theorem 2.2 The following family of trilateral generating functions holds true:
(- t) u’ v’
g

q!

i [(”+p+q)!]2 peh (x)P(M) (y) §74(z)——

+p+ +p+
n.p-4=0 (y+1)n+p+q(5+1)n+p+q Frepes e
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(u—1)" (v+zt)!

c [(p+!T plah) (9)
(OP, (WA, ., ol .l

p,9=0 (y + 1)p+q (5 + 1)p+q p+q .

Proof of (2.1): Denoting the left hand side of (2.1) by S, expressing S/?(z) as in (1.4) and

2.2)

using the following identity [§]

(l)n

(-n), = (—k)'

<n, 2.3)

we obtain

o0

g = z [(n+p+q)!T O (x)LP) )

+pH +p+
n.0g=0 (a+1)n+,]+q(ﬂ+1)w+q Lrprg (DL

(=t") u?” v?

pr n+p+q,q+k (n _k)'_' ; (24)
Using the following result [8]:
D> A(k,n) = ZZA(k n+k), (2.5)
n=0 k=0 n=0 k=0
we get
S [(n+p+q+i)T 7@ Y.
S= n+++(x)L+++(y)
n,p%{—O (a+ 1)n+p+q+k (ﬂ+1)n+p+q+k prak prak
_ A" D q k
n+p+q+k,q+k ( t) u_ V_ﬂ (26)
’ n! p! q! k!
Now, in (2.6) using the following results [8]:
DD Alk,n) =Y A(k,n—k), (2.7)
n=0 k=0 n=0 k=0
we have
2 (p+g+0T »)
S= ek (DL, 0 (V)
Z () (1) g
u” vt (z Z !
Ap+q+k gtk p C]' ! ! ( j (28)
Using the result [8]
) xn »
2]@w;=ﬂ—ﬂ , (2.9)

n=0
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we have
= [(p+q+k)T It (w—1)" v* (zt)
= 2 L) COLY) (D) Ay gty — (2.10)
P-q:k=0 (a+1)p+q+k (ﬂ+1)p+q+k p! q! k!
Using the result (2.7) again, we have
2 2 LU k
Up+d) Ty ()L (A4, w=t)" COCZV oy

p,9=0 (0C + 1)p+q (ﬁ 1)p+q p+q

Finally, using (2.9), we easily arrive at the right-hand side of (2.1). This completes the proof of

p! q!k:O k!

Theorem 2.1. By similar manner as in proof of Theorem 2.1, we can prove the Theorem 2.2.
Remark 2.1 On taking u =¢ in (2.1) and (2.2), we deduce the following interesting corollaries:

Corollary 2.1.

00

n+p+ !t y 0" " v
> ANy o, mspee S
n,p,q=0 (OC +1)n+p+q (IB+1)n+p+q p q

D (a+1), (ﬁm A, LY (L) () (v+21)" (2.12)

Corollary 2.2.

o0

n+p+q)'T . —t t” v"
> PPN pen (pg, sy T
n,p,q=0 (y+1)n+p+q(5+1)n+p+q pq:

— q ! 4 P(a,/f) _p()’ﬁ) q 2
= X v+ zt 13
q=0 (} - 1)q (5 - 1)51 e ( ) ! (y) ( ) ( )

Remark 2.2 On taking v=0 in (2.12) and (2.13), we deduce the following trilateral generating

functions involving the extended Srivastava polynomials S, , (z) :

Corollary 2.3

> DTy i s, O

n,p:O (a+1)n+p(ﬁ+1)n+p n+p n+p p!

o0

qz (a+1), (ﬁ+1) Aug

L;“)(x)L(qﬁ) (¥) (zt)? (2.14)
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Corollary 2.4

N [(”+p)!]2 pleh) (.0 | (- l‘) tp
n;0 (V+1)n+p(5+l)n+p n+p (X)P"+p (y) Sn p( ) p'

Z (0+1), (5_'_1) A Pq(a’ﬁ)(x)Pq(M)(y)(Zt)q (2.15)

q=0

3. Applications

(a+p+l),,(-u—m),

I. In(2.12) choosing A =(—u—m), , A
(2.12) g 4,,=@u-—m, (0 gt 1), (ca—pi—2m),

, using (1.5) and (1.7)

mon

respectively, we get :

o0 2 §
Z [(l’l+p+6[)'] (1+,U+p+n) (a) (X)L(ﬂ) (y)L(/”P)(Z) L ﬁﬁ
i a+ + L z !
n,p,q=0 ( 1)n+p+q (ﬁ 1)”+P+q . n '

> +1),q!
q=0 q q
and
i [(n+p+!T (a+u+l+p+qg+n),,, . (-u-p—q-n),

n.pa=0 (a+1)n+p+q(ﬂ+1)n+p+q (1+0c+,u+2p+q+n)n(—0c—,u—2p—2q—2n)q

2t ' (=)" v
(a) (B) (a+p+q,u+p) e
L (OL . (V) P, (z )(sz T

_ i (u+1),q!
i (a+D, (B+]),
Now, in (3.1) and (3.2) using the generating function [6] (see also [8 ])
N (A,n!
o (a+1),(f+1),

—i= A5 = ta—A+1; ;-
t—1 —u—;p+La+l: - == 1—t t—1 (1-1)

L)L () (v=2t/(1+ 2))* (3.2)

LY ()L () t"

we obtain respectively the following trilinear and trilateral generating functions:

”tp Vq

p! q'

2
[(n+p+ )T A+ pu+ptn), L9 (x)LP . (y)["*P(z) (ij
n,p,q=0 (OC + 1)n+p+q (ﬁ + 1)n+p+q n+p+q n+p+q n -
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—n—su+l; — a—u;—;—;
=(1-u)"" 1exp( ke JF@) ~ “h e ) - ) xyu2 (3.4)
-1 —u—p+La+l: — 5= = 1-u u—-1 (1-u)
and

00

3 [(n+p+ '] (a+u+l+p+q+n),. . (-p—p—q-n),
npg-o @+, (B+D),, ., (a+tu+l+2p+q+n), (-a—pn-2p-2q-2n),

2t \' (=) v’
(a) (B (a+p+q,u+p) .
Ly L, (D, (= )(1 + Zj p! q!

=(1—w)71exp( xw jF(S) —umsptly = ta—ps == aw , yw ’ xXyw . (39)
w—1 —u—f+lLia+l: — = = l-ww=1"(1-w)’

t
where u=v+— and w=v-2t/(1+2) .
z

Further, if we take v=0 in (3.4) and (3.5) , then we obtain

o0

[(n+ )T’ 1@ ) wm A[2) 1
n;o (a+D),,,(B+D,,, By (e )1 (Z)(Z j p!

—n—su+l; - a—u;— -
—(1- t/z)”lexp( ’jF@) “ aH MM D (36
z —i—sp+la+l: — ;- 5—z—t t—z (z—1)

and

> [(n+p)!T(a+B+1+p+n), @ (“*”“’)z( jn(—t)”
2 @eh, e, @RS A\ivz)

l+z+20)"" 2xt
= —- exp| ——
1+z 1+z+2t

F®) —u—sutly - ta—ps— - —2xt 2yt =2xyt(1+z) (3.7)
—u— s f+la+l: — = = l4z+2t 14242t (1+2z+21)° '

Setting ¢ = f in (3.6) and (3.7), we get respectively the following trilinear and trilateral

generating functions in the following form:

< [(n+ )T’ 1@ ) By L) L
n’ZO ((X+1)n+p(ﬁ+1)n+p n+p( )Ln+p(y)Ln (Z)(Zj p'

o p1 (x+y)t xt xyzt
=(-t/2) exp(—t_z ) [ i (z t)} (3.9)

ntp
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and

(="
p!

[(n+p)!]2(0c+,8+1+p+n)p
et (a+D),,,(B+D),,,

=(1+Z+2tjﬂlexp(2(x+y)tj [ Bl —2xt —nyt(1+z)} (3.9)

I+z 1+z+2¢ N4+z+2t (1+z+21)°

s

.m$(>ﬁﬁmweﬁwﬁWanELJ
1+z

where @, is Humbert’s function of two variables defined by [8].

_ Qo+ D), (a-p-m),

II. In (2.13) choosing A4, 6 =(-a—pf-m),, A,, d usi
n (2.13) choosing 4, ,=(-a—p-m), "= Qat fil), (-2a—f—2m) and using
(1.5), (1.7) respectively, we get :
[(n+p+ )T (A+a+B+p+n), . ; g "t v
n(+pﬂ+)q (X)F)n(i)p?q (y)L(n ﬂ p) (Z) '
n,p,q=0 (y+]')n+p+q(§+1)n+p+q zZ p q
2 (a+p+1
=§j( P pre () 0 3 (v1) 2 (3.10)

o (7D, (0+1),

and

i [(n+p+!T Qa+p+1+p+q+n),,, (-a-f-p—qg—n),
n.pa=0 (y+1)n+p+q(5+l)n+p+q (20c+ﬁ+1+2p+q+n)n(—20c—,B—Zp—Zq—Zn)q

2t ' (=)” v
(a,8) (7,9) (a+p+q,a+p+p) e
Bl (P ()P, (z )(sz ST

© (a+,[)’+1) q!
qZ::? (y+1,(0+1D),

Now, in (3.10) and (3.11) using the generating function [§]

PP (x)P7 (p) (v=2t/(1+2))" . (3.11)

ety

—a—p-1
_[ >+l FY a+,3+1,a+1;a+1,y+1,5+1;x 1,(y JRCARYL , (3.12)
2 x+1 x+1 x+1

we obtain respectively the following trilateral and trilinear generating functions:

[(n+p+q)P(1+a+f+p+n), Pl

7 vt
Py (P, () L (Z)( j
n,p,q=0 (y+1)n+p+q(5+]‘)n+p+q o e z ]9 C]'
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—a—p-1
:("_”j EQ|a+B+l,a+la+Ly+1,0+1; > 1,(y Du (y+Du (3.13)
2 x+1 x+1 x+1

and

o0

3 [(n+p+q)!T Qa+p+1+p+q+n),,, (-a-f-p—qg—n),
n,p,q=0 (y+1)n+p+q(5+l)n+p+q (2a+ﬁ+1+2p+q+n)n(_2a_ﬁ_2p_2q_2n)q

) 2t " (_t)p Vi
. pla.p) (7,0) (a+p+q,a+p+p)
By OB, O E, (Z)(1+Zj p! q!

—a—p-1
(2 B0l gt prtasliat Lyl a+1; Tt GTDWOEDWE g
2 x+1 x+1 x+1

where u=v+t/z and w=v-2t/(1+z) .

Further, if we take v=0 in (3.13) and (3.14) , then we obtain

S [+ )T “ y wrpr 1)t
> A PR o)z G| L)
n,p:O y+ )n+p( + )n+p z p'

—a—f-1
:(X_“] FO o+ prlatliatly+1,o41; 2t QZDE@FEDE © g5
2 x+1 (x+Dz (x+1)z

and

© [(n+p)!]2(20c+,8+1+p+n)
et (y+D,,,(0+D),.,

2. pah) () P09 (1) Pt () 2t ' (=1)"
n+p n+p n 1+ 2 p'

—a-p-1
:(x_ﬂj FOla+p+lLa+lia+ly+15+1; > L Ay=li =20y +1)
2 x+1 (x+D(z+1) (x+1)(z+1)

(3.16)
respectively.

Setting y=a, 0 = f in (3.15) and (3.16) and using the hypergeometric transformation
[5] ,(see also [3])

FC<3>[a+ﬁ+1,ﬁ+1;a+1,ﬁ+l,ﬁ+l; x,y,z]z(1+x—y—z)*"‘*ﬁ*1

4x 4yz
Flia+p+D,L(a+B+2);0+1, B +1; , ,  (3.17
4{2( peba(erf2) p (I+x-y-2z)° (1+x—y—z)2} (5-17)

we get respectively the following trilateral and trilinear generating functions :
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and

M
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n+p

[(l’l-l-p)']z (a/f) (a,) (a+B+p) L ni _ —apel
,,g“o(aﬂ)w(ﬁﬂ)w )RS (v) L, (z)(zj p =(1+1/z)

(1=-x)A=y)t (I+x)(1+ y)t
4{2(a+,[)’+1),2(a+,[)’+2) o+1,p5+1; z(1+z/t) ’z(1+z/t) } (3.18)

[(n+p)!]2(20c+,8+1+p+n) pes)

()PP () PP (2 )(sz (_;),

n,p=0 (0(+1)n+p (ﬁ +1)n+p n+17
l+z-2:t """
:(—Ti——] FL(a+p+1),L(a+B+2);a+1,B+1; X,Y], (3.19)
+z

(1]

(2]

(3]

(4]

(5]

(6]

(7]
(8]

where F, is Appell double hypergeometric function defined by [8] and

_- 2t(1-x)(1-y)1+2) yo= 2t(1+x)(1+ y)(1+ z)

(1+z-2t) (1+2z-2¢)
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