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Abstract. In this paper a stage-structured predator-prey model (stage structure on predators) with two discrete
time delays has been discussed. It is assumed that immature predators are raised by their parents in the sense that
they cannot catch the prey and their foods are provided by parents. We suppose that the growth is of logistic type.
The two discrete time delays occur due to gestation delay and maturation delay. Linear stability analysis for both
non delays and as well as with delays reveals that certain thresholds have to be maintained for coexistence. We
analyzed the global stability of the interior equilibrium and the boundary equilibrium points by using a suitable
Lyapunov function. In addition, the normal form of the Hopf bifurcation arising in the system is determined to
investigate the direction and the stability of periodic solutions bifurcating from these Hopf bifurcations. We present

some numerical examples to illustrate our analytical works.
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Differential equation models for interactions between species are one of the classical applica-
tion of Mathematics to Biology. In the natural world, there are many species whose individuals
have a life history that take them through two stages, immature and mature, where immature
predators are raised by their parents and the rate they attack at prey and the reproductive rate
can be ignored. Stage structured models have recieved much attention in recent years [1]-[7].
Recently Wang, Takeuchi, Saito, Nakaoka [8] studied the following predator prey system with

parental care for predators.
(1) = xg(x) — Bxyz

. )2 wy1
Yi(t) = kipxyr——— —diy1 —kapxy, ——— .
) B wyr +y2 A wyr+y2 (1.1)

. wyi
Vo(t) = kopxys———— —doy>
() B wyr+y2

where x represents the prey, y; and y, represents immature and mature predators respectively,
k1 and k, are conversion coefficient and proportionality constant respectively, d; and d, are

death rate of immature and mature predators respectively, and g(x) is the per capita birth rate of

the prey.
X(t) = xg(x) — Bxya(t — 1)
. 2 wy1
1(t) = ki pxy, ———— —diy1 —kapxy, ———
y1(t) = ki Bxy oy, Bxy ——— (1.2)
ya(t) = ko Bx(t — "Cz)yzL —dhy»
wy1+y2

Mathematical models with time delay are much more realistic, as in reality time delays occur
in almost every biological problem and assumed to be one of the reasons of regular fluctuations
in population density [9]-[13]. On the other hand, the growth of species often has its develop-
ment process, while in each stage of its development, it always shows different characteristic.
For instance, the mature species have preying capacity, while the immature species are not able
to prey. The age to maturity is represented by a time delay. Also reproduction of predator af-
ter consuming prey is not instantaneous, but mediated by some time lag required for gestation.
Therefore to make a predator prey model biologically more realistic, one has to consider this
gestation and maturation delays in the model system.

Motivated by the work of Sandip Banerjee, Mukopadhyay and Bhattacharya [14], in the

present paper we incorporate two discrete time delays in system (1.1) to make the model more
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realistic as follows. where 7; > 0 is called the gestation delay and 7, > 0 is the delay in the
predator maturation.

The initial conditions for the system takes the form

x(0)=0(0)>0,y(6)=y1(6) >0, y2(0) = y2(8) >0, ¢(0) >0, y;(0) >0, y»(0) >0 (1.3)

where T = max{t, %}, (9(6),y1(0),y>(0)) € C([—7,0],R3 ), the banach space of continu-

ous functions mapping the interval [—7,0] into R3 , , where

+0

R3

To=1{(x1,%2,x3) 16, > 0,i = 1,2,3}

as the interior of Rio.

The organisation of this paper is organised as follows. In the next section results on positivity
and boundedness of the system are presented. Section 3 shows the inherent logistic growth
of prey. We try to interpret our results by numerical simulation in Section 4. Section 5 with

discussions completes the paper .
2. Positivity and Boundedness

In this section, we discuss the positivity and boundedness of the solutions of the system (1.2).
Positivity means that the species is persistent and boundedness implies a natural restriction, that
is, our model (1.2) is reasonable in part.

Theorem 2.1 Every solution of system (1.2) with initial conditions (1.3) is bounded for all t >
0 and all of these solutions are ultimately bounded.
Proof:

From (1.2)

(1) < xg(x),

lim sup x(t) < g(x).

t—oo
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There exists a fp > 0 such that x(7) < g(x) + € = My, t > 1y, € > 0 is sufficiently small.

Choosing function

p(t) =yi1+y,

p(t) =yi+y, (2.1)
—diyi—doy2,t 210+
Then

—yi(dy —0)—ya2(dy — 0),t > 1y + T. (2.2)

where o is a positive constant. Thus there exists a positive constant ¢ such that p(z) + op(7) <c.

Then
c o O\ ot
p(t)<g—|—(p(t )—E)e o), (2.3)

Choose a positive constant M, > < sufficiently close to < and let

Q1 = {(x,y1,y2) € Ry /x(t) < My, yi(t) < Mo, ya(t) < Mo} (2.4)

Definition 2.1 A system is said to be permanent if there exists a compact region g € int Ri
such that every solution of system with initial conditions will eventually enter and remain in
region ).
Theorem 2.2 System (1.2) is permanent provided that g(x) — BM, > 0.
Proof:

From (1.2), x(t) > x(g(x) — BM;), fort > T
According to g(x) — BM; > 0, we can choose € > 0 sufficiently small such that g(x) — M, — € >
0. Therefore there exists 1; > T such that x(t) > r— M, — & =m
From (1.2) we have for t > t; + T»,

k
alt) > 2Pmiyawy
wyr+y2

B {kZBmIW)’I d}
=y | —d
wy1 +y2
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Consider the comparison equation ,

i(t)=u M_
= (t)[ WY1+ dz} i (2.6)
v(e) = B (u(t)?) = div(r) - 2[33?%?@

Let (u(z),v(t)) be the solution of the system (2.6) with initial conditions (#(0),v(0)), 0 < u(0) <
y1(0), 0 < v(0) < y»2(0). According to comparison theorem, u(t) < y»(t), v(t) < yi(¢) for

t >t + 1 and

—bw +bVw? +4kd
lim u(t) = b, lim v(r) = W oV W T Ak (2.7)
t—o0 t—o0 2d
Hence there exists 73 > f, 4+ T, such that
—bw + bvVw? +4kd
yi(t) > W 2dw L e, ya(t) > b—€ =m3 (2.8)
Therefore
Qo= {(x,y1,y2) € R:>/my <x(t) <My, my <yi(t) < Mo, my < ys(t) < M3} (2.9)

3. Inherent logistic growth of prey

In this section, we study the dynamical behaviors of (1.2) under the assumption that the
demographic structure of the prey is governed by a Logistic growth. The model to be governed
is

x(t) = x(r— ox = By2 (1 — 1))

. 2 wy1
1(t) = kipxy—————diy1 —kaSxy> .
) Ay wy1+y2 g wyr+y2 (3.1)
¥ (1) = kaBx(t — T2)yr—— —doys

wy1 +y2

where « is the density dependent coefficient of the prey.
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3.1 Equilibria analysis By introducing scaling variables u = = dfz, VI =y1w, v2 = Y2, 0 = dbt,

and then still using old variables for simplicity in notations, we obtain

X(t) = x(b—ax—cy>(t — 1))

kxys 12
yi(t) = —dyi—w 3.2
) Yty yity2 (3:2)
. x(t = n)yiy2
»nit)=———"———»n
2 yity2
_ _ _ B 5 _ wk _d
whereb—é,a_%,c_z,k_k_zl,d_d_;_
System admits a unique positive equilibrium E* = (x*,y;*,y>*), where x* = * 1;y 2,V = (Z:Z;T !
and y] is the unique positive solution of the equation
dc*y? +c|(b—a)w+2ad)y; —k(b—a)? +a[w(b—a)+ad] =0 (3.3)

Theorem 3.1 System (3.2) admits a unique positive equilibrium if and only if b > a and k(b —
a)? > alw(b — a) + ad) holds.

The Jacobian matrix of (3.2) at E* is

—ax*— A 0 —cxteMm
ilkowy]) (Y dy R 2dyyi by Ry te) Rkt owit) | (3.4)
Yitys (i+3)? (i+3)? ’
yiyset® x5 —XYYE g
o H3) Oi+3)? (ri+y3)?

The characteristic equation of the Jacobian matrix is

A3+ AAZ 4 BA+C+ (DIA+E))e M + (Dod + Ey)e * % + (FA+G)e H+®) =,

(3.5)
2 2 2 2
where A = qx* 4+ B2 ] +2dygy§iiy)§2 W)
Y11ya
2 2 2 2 2 2 2 2 2
B—ax* (kx*y3~+dy = +2dyy3+dys“+x*y5 w) i ax*“yiy; 1 Xy ys (kx*y5 = +dy = +2dyy3+dys“+x* y5 w)
L . (yigyé)z (i+y3)? i+y3)*
Xy (2kyiysHhys T —wyi”)
i y}ijﬁ)“z =
C = axly'y’ + (kx*y5>+dyi?+2dyiys +dys>+x"y3*w)  ax®y5? (2kyjys kvt —wyt) Dy =0
172 (i +y3)* yit+ys)* ’ ’
ey (kys—wyh) . . ey ey (ke ys R dy R+ 2dy iy -y vt w)
El_*—*35D2_O’E2_0’F_ * *9G_ * *\3 .
(y1+y2) Y1ty ()’1+)’2)

Casel: 7, =0,7,=0

In this case the characteristic equation (3.5) reduces to

A3+ AL+ (B+D)A+ (CHE)) + ((Dr+F)A+Ey+Gle 2 =0 (3.6)
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Assume that (Hy) : (B+Dy+Dy+F) > 0,(C+E;+E,+ G) > 0. Thus the stability of
E* is determined by the sign H = A(B+D;+D,+F)— (C+E;+E,+G). By [13], H=
(h1c+ho)x*/ (v +¥3)*, where h = (y +3)x"yiysa(y +y5)* + (1 —d)y}ys,
ho = a(d +ax*)(y} +y5)% +x*y5 ((k+w)ys +37) xd(Vf +33)* +x*9}y5 + (k+w)x*(y3)*. Note
that H >01ifd < 1.

From this we observe that [13], the system (3.2) without delay is locally asymptotically stable
if d < 1 around E* = (x*,y7,y3).
Case2: 7, =0,7p >0

In this case the characteristic equation (3.5) reduces to
AP+ AN2+ (B+D)A+(CHE) +((Da+F)A+Ex+G)e *2 =0 (3.7)
Let io(® > 0) be a root of the equation (3.7), then
—i@® —A@* + (B+D))io+ (C+Ey) + ((Dy + F)io+ (Ey + G))e @2 =0 (3.8)

Equating real and imaginary parts, we obtain
(Ez + G)cos@ts 4 (D2 + F)0sinot = Aw* — (C+E)
(D3 + F)ocos®T, — (Ey + G)sinot = @° — (B+D;) @

which implies that

@® + 0*(A? —2(B+ D)) + @*[(B+D1)* —2A(C+E;) — (D2 +F)*| +[(C+E)? — (E2+G)*] =0
(3.10)
If (Hy): A2=2(B+Dy) >0,(B+D)>—(D2+F)*—2A(C+E;)>0,(C+E)*—(E2+G)? >
0 hold then (3.10) has no positive roots. Hence all the roots of (3.10) have negative real parts
when 7, € [0,00) under (H) and (H).
If (Hy) and (H3) : (C+E)? — (E2+ G)? < 0 hold, then (3.10) has a unique positive root @3-

Substituting @ into (3.10), we have

. —icos* ot (D +F) + @o?[A(Ey +G) — (D2 +F)(B+D1))] — [(E> +G)(C+E))] +2n7r
" (B2+G) + (D2 + F)en’] o
(3.11)

wheren=0, 1, 2...
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If (Hy) and (Hy) : 2(B4+D;) —A%? > 0,(Dy+F)>— (B+D)*>+2A(C+E;) >0, (C+E;)? -
(Ey+G)?>>0and [(Dy+F)?>— (B+D1)? +2A(C+E})]? > 4[(C+E})? — (E2 +G)?] hold then

(3.10) has two positive roots @3 and @?. Substituting @? into (3.10) gives

o Lcos_l {wi4(D2+F)+a)i2[A(E2+G) —((D2+F)(B+Dy))] - [(EZ"‘G)(C"‘EI)]} n 2nm
%= oy (B2 + G2+ (D2 + F 047 s
(3.12)

Let A(1,) be the root of (3.7) satisfying Re A(72,) = 0(rep. Re A(T;°) = 0) and ImA(72,,) = @y
(rep. Im A(T;°) = ®+) Then

[iRe(l)]

d”L’z

d

> 0, {d—TZRe(A)}

>0, [iRe(l)} >0

dv =Ty ,O=0_

(3.13)

_ _ ot e
T=T720,0=0p =T ,0=0+

From corollary 2.4 in Ruan and Wei [15], we have the following conclusion.
Lemma 3.1

For 1) =0, assume that (H,) is satisfied. Then the following conclusion holds.

1. If (Ha) holds, then equilibrium (x*,y7,y3) is asymptotically stable for all T, > 0.

2. If (H3) holds, then equilibrium (x*,y},y3) is asymptotically stable for T, < Ty, and unsta-
ble for ©, > 1. Furthermore, system undergoes a Hopf bifurcation at (x*,y},y;)when © = 7.

3. If (Hy4) holds, then there exists a positive integer m such that the equilibrium is stable when
1 €[0, ) U(Tg s T2f )U..... U (72, 1, T2)y) and unstable when T, € [Tf , 7oy ) U (T2 , Ty ) U
U (), 1) U (T, 00)

Furthermore system undergoes a Hopf bifurcation at (x*,y},y;) when T, = Tzlf, k=0,1,2,.
Case3: 7, >0,7p=0

In this case the characteristic equation (3.5) becomes
A3+ ALY+ (B4 D)L+ (C+Ex) + (D) + F)A+ (E; +G))e ™% =0 (3.14)

Let io(® > 0) be a root of the equation (3.14) , then we have

(E1 + G)coswt) + (D + F)osinot) = Ao — (C + E»)
(3.15)
(D1 + F)ocosot, — (E) + G)sinot) = @° — (B+D;) @

which implies that

(D) + F)w*+ (A(E1 +G) — (D1 +F)(B+Dy))0?> — ((E1 + G)(C+ Ey))

T =
costn (E1+G)2+ w*(D, +F)?

(3.16)
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[A(Dy +F) — (B2 +G)|@0* + ((E2 +G)(B+Dy) — (D2 +F)(C+E)))®
(D2 + F)?*0? + (E; + G)?

(3.17)

SinmT =
Squaring and adding we get
@° + 0*(A%> —=2(B+Dy)) + [(B+D2)? +2A(C+E,) — (D) + F)*|@* + (C+ Ey)* — (E; +G)* =0

(3.18)
Let

v(W) = W3 +W2(A% = 2(B+ D))+ [(B4+D2)* +2A(C+Ey) — (D +F) )W + (C+E»)* — (E} +G)> =0
(3.19)

where W = o? .
The function y has positive roots iff

(C+Ey)?—(E +G)* <0,

Without loss of generality, let W), be the positive roots of ¥ = 0 and let @, = /W,,. The unique
solution of 6 = [0,27] of (3.16) and (3.17) is

(D1 +F)o*+ (A(E1 + G) — (D1 + F)(B+D2))@0* — ((E1 + G)(C+ Ey))
(E1+G)*+ w*(D; + F)?

0 = cos™! [

] (3.20)

if sin(0) > 0, that is, if (A(Dy + F) — (E, + G))0* + (Es + G)(B+Dy) — (D2 + F)(C+E;) > 0 and

6 =21 —cos”! {@1 +F)0* + (A(E1 + G) — (D1 +F) (B+D,))0* — ((E1 + G) (C+ E2))

(E1 +G)?>+ w*(D +F)?

] (3.21)

if (A(Dy+F) — (E2+G))®* + (E2 +G)(B+D;) — (D2 + F)(C+E;) <0.

Define,
i L[ [(Di+F)o*+ (A(E1 +G) — (D1 +F)(B+Dy)w* = (E1 +G)(C+Ey))] | .
= a, [“’s { (Ey+G)? + 0X(Dy +F)? ] ”’”}
2 _1 [(D1+F)0* + (A(E; +G) = (D1 + F)(B+D))0* — (E1 + G)(C+Ey)) | ..
Tl’p_(l)ip 27 — cos™ ! I: (E|+G)2+a)2(D1+F)2 :| +2l77.':|

Theorem 3.2 Let ’cf" »= 7,'11;7 or *cip = 1127’;, that is ”L’iip represents an element either of the

sequence ‘L'll ; or ‘L'IZA’; associated with @,. Then the equation A3 +AA*+ (B+ Dy)A + (C +
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E)+ (D1 +F)A+(E1 +G))e ™ =0 has a pair of simple conjugate roots +iw, for 7, = T,

which satisfies

) dReA L
g{ - |”;p} — sign Y(w?p) (3.22)

i 2

1o TL p}, it is concluded that the steady state (x*,y7,y5) is locally

Denoting t{ = minijcn {‘L’
asymptotically stable if Ty = 1} iff y(@*p) > 0.
Proof:
Let +iw, be a pair of purely imaginary roots of (3.14) and let A(7;) = ¢(71) +iw(7) be a
branch of roots of (3.14) with ¢ (7], p) = 0 and @(7], p) = ®,. We assume that A (7}, p) is not

a simple root of (3.14), then both (3.14) and derivatives of (3.14) share the same root, which

implies
A3+ ALY+ (B4 Dy)A 4 (C+Ex) + (D) + F)A+(E +G))e % =0 (3.23)
(3BA2 4 2AA + (B+Dy) + (D1 +F) — 11 ((Dy + F)A + (E —&—G))e’“‘)% —A((D1+F)A+(E; +G))e ™ =0

(3.24)
atA =A(t{,p). Put A = A(7{,p) = o(7{, p) = W, and by seperating real and imaginary parts,
we get respectively

(E1 + G)wpcos(w,Tf ) + (D1 —|—F)a)§sin(a)pfi"7p) =0

(3.25)
(D) +F)w§cos(wpfik7p) — (E1+ G) wpsin(wp 1] ) =0

(E1 +G)cos(wpTi ,) + (D1 + F)wpsin( @,y ,) = Aa)g — (C+Ey) 5.26)
(D +F)a)pcos(a)prip) —(E1+ G)sin(a)pri“’p) = a)g — (B+Ds)w,

Let us consider @, > 0. From (3.25) and (3.26) , we obtain A(B+ D;) = C + E, ,we arrive at

a contradiction.

Hence +iw), are simple roots of (3.14). From (3.14) and (3.26) we get

At (D1 +F)A+(E1+G) (3.27)
A3+A}L,2+(B+D2)l+(C+E2> .

(@)—1 _ (BA* 4240+ (B+ D))t +(Di+F) T (3.28)
dt, )~ A((D1+F)A+(E1+G)) A |
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By removing e*™!, we get

dti)  AAP+AA +(B+Dy)A+(C+Ey) A((Dy+F)A+(Ei+G)) 2 '
Then
(d/l )—‘ B —302424i0,+ (B+D;) D, +F 7
- iy (C+Ey) —i}A+ of — 02(B+D2)  i0,(E1+G) —wp(D1+F) o,
(3.30)
Consequently
R <d1>1 30, +20,(A* = 2(B+D3)) + (B+D>)* —2A(C + Ex) (D) +F)>
e = —
dr a=r;, ((C—i—Ez)—Awg)2+a)§(a)§—(3+D2))2 (D1—|—F)2(1)g+(El_|_G)2
| (3.31)
Now

(D1 +F)*w; + (E1 +G)? = 0 + 0} (A> = 2(B+D3)) + 07 (B+Dy)> = 2(C+ E»)A) + (C+ E,)?

= (C+E2) — A0} + (0] - (B+ D2
(3.32)

Re (d/l)l 30; +2wp(A* —2(B+Dy)) + (B+D2)* —=2A(C+ Ey) — (D1 +F)?
(C+Ex) —Aw3)? + (0] — (B+Da))? )

v (p)

(C+E:)—Aw}P + 0(@} — (B+ D))
. . dl\—1 . dReA
Since sign {Re(ﬁ)n:rfp} = szgn{ T |T:T1*’p} we get

sign { dﬁfl’l |r=rl*’p} = sign ‘/’/((Dzlﬂ

If 1/’/((012,) >0, then sign { dggl/l |r:r;“p} > 0. Hence the system will be locally asymptotically

stable when 7 = 7} , and a Hopf bifurcation occurs at (x*,y,y3) at 7y = 73 , iff l/’/(a)l%) >0
Cased: 71 >0,70 >0
Proposition 3.1 If all the roots of the equation (3.5) have negative real parts for some 11 > 0,
then there exists a T5(71) > 0 such that all the roots of equation (3.5) (i.e with 7 > 0) have
negative real parts when T, < 75(71) .

Considering the above proposition we can now state the following theorem.
Theorem 3.3 If we assume that the proposition 3.1 hold, then for any t, € [0,7}), (T} having
the same definition as in theorem 3.2) there exists a T5(71) > 0 such that the positive steady

state (x*,y},y3) of the system is locally asymptotically stable when t; € [0,T}).
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Proof:

Using the above proposition, we can say that all the roots of (3.5) have negative real parts when
71 € [0,7]) and by proposition we can conclude that there exists a 7;(7;) > 0 such that all
the roots of equation (3.5) have negative real parts when 7, < 7;(71) . Hence the steady state
(x*,¥7,y5) of system (3.2) is locally asymptotically stable when 7; € [0, 7}).

3.2 Global Stability

Lemma 3.2 Consider the following system

a(t) = u(r) {% - 1} ~ P(u,v)

' (b/a+¢€)u(t)? ; _W(b/a—l—s)u(t)v(t)
”(’)‘{k O PO )

where € > 0 is sufficiently small, we have

~ Q(u,v)

i) the unique equilibrium (0,0) of system (3.2) is globally asymptotically stable.

ii) the positive equilibrium (u*,v*) is globally asymptotically stable.

Proof:

(0,0) is the unique non negative asymptotically stable equilibrium of system (3.2). From the
proof of Theorem 2.1, we can conclude that all solutions of system(3.2) are uniformly bounded.
Since aP —|— < 0, hence according to Bendixson- Dulac theorem, the unique equilibrium is
globally asymptotically stable. Hence the proof. In a similar way, the positive equilibrium
(u*,v*) is globally asymptotically stable.

Theorem 3.4 The boundary equilibrium E; = (b/a,0,0) is globally asymptotically stable.
Proof:

According to Theorem 2.1, for simplicity we assume that x(t) < (b/a+¢€), fort >0 (€ > 0 is
sufficiently small).

The third equation of system (3.2) yields,

¥ (t) <2 {% - 1}

Consider the comparison system

u(t) = u(r) {M - 1}

u(t)+v(r)
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T blateu(r? (bJa+ e)u(t)v(r)
O = e Y T T e

By comparison theorem in differential equations, we have u(t) > y(¢), v(t) > y;(¢) forz > 0.

From Lemma 3.2,

limu(t) =0, limv(r) =0, (3.34)

t—oo t—oo

Incorporating into the positivity of y; (z) and y,(z), we have
tlg?oyz(t) =0, tlg?oyl (r)=0, (3.35)

Therefore there exists a 77 > 0 such that y,(¢) < € for T > T} — 1.

The first equation of system (3.2) yields,
x(t) > x(t)(b—ax—¢)

Thus it is easy to obtain
- > B
tlggmf x(t) >bj/a—¢€

From Theorem 2.1, we can deduce

limx(t) =b/a (3.36)

{—300
From (3.34) and (3.36), the boundary equilibrium Ejo = (b/a,0,0) is globally asymptotically
stable.

Theorem 3.5 The boundary equilibrium E, = (0,y1,Y3) is globally asymptotically stable.
Proof:

According to the positivity of the solutions of system (3.2), we have

Y2(t) > —ya(t)
Consider the comparison equations,
u(t) = —u(r)
v(t) = —dv(t) (3.37)

(y2,y1) is the unique positive equilibrium of system (3.2) which is globally asymptotically

stable.
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Let (u(t), v(t)) be the solution of (3.2) with initial value (u(0), v(0)) and u(0) < y(0), v(0) <

y¥>(0). In view of comparison theorem we have u(r) < y,(t), v(t) < yi(t) for t > 0 and hence

liminf ys(1) = y>

f—yo0
We can choose € > 0 sufficiently small such that

§<c(y~2—81) (3.38)

Let 77 > 0 be large enough such that
Yo(t) > yr— € fort>T

Then we have fort > T1 + 73

x(t) <x(t)(b—ax— (y2—¢€1))
From (3.38) and comparison theorem we have

i <
lll)rilosup x(t) <0

From Lemma 3.2,

limx(r) =0

f—roo
Let & > 0 be sufficiently small and in view of lim, .. x(t) = 0, we obtain that there is a T, >

Ty + 71 such that —& < x(¢) < & fort > T, + 5. For the third equation of system (3.2), we have

yj(l‘) > yo () (}% — 1) , fort >T,+ 1,
and
ya(t) < ya(t) (% — 1) Jfort >Th+ 1
Consider the comparison equations
o —Ewvy (1)
400 (e )
o k() Sur(1)vi(r)
N O U 1 R A Py W 7y
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and

a0 =ulo) (220 1)),

WV2(Z‘)-|-L£2(Z‘)
o kEup(r)* gy Sua(t)va(1)
0= e T 0 w0

Let (u1(7),v1(¢)) be the solution of system (3.39) with initial value (#;(0),v1(0)) and 0 <

u1(0) < y1(0),0<v(0) < y(0). By comparison theorem we have u; (¢) < y»(t), vi(t) <y1(t)

fort > T3 + 1, and note that & is sufficiently small hence
lim i > limi > v
liminf y2(r) = y2, liminf yi(r) = yi
Similarly
li <y, li <9
lim sup yy(t) < ¥2, lim sup yi(1) <y
Hence

lim inf y,(t) = y2, }LH;SUP yi(t) =

t—o0

The boundary equilibrium E»g = (0,y7,y>) is globally asymptotically stable.

Theorem 3.6 The positive equilibrium E* = (x*,y1*,y2*) of system (3.2) is globally asymptot-

ically stable.

Proof:

By the transformation X (1) = x(¢) —x*, Y (t) = y2(t) — v3, Z(t) = y1(¢t) — y], system (3.2), is

reduced to
X(t)=(X(t)+x)(—aX(t)—cY(t —11)
X(t—1)Y(t)Z(1)

Y =00+ =5 z0

2 w
kX (1)Y (1) i+ ’f)( X(t)Y(t))

2(r) = Y() +2(1) Y +2(1)

Consider the following Lyapunov function

X()

VX(0).Y (1).2()) = [xm—x*m (1 +7)} n [Ym—yzzn (1 +$)} 2 sl [

*
2 —n

—T

(3.39)

Y2(1+8)ds+1Z%(1)
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Calculate and estimate the derivative of V(t) along the solutions of system (3.39)

d‘;g” = X(t)(—aX (1) — Y (1 = 1)) + Y (1) (%) +%(X2(t) —X*(t—m))
W 2
#5070 -re=my+220 (20 (75570 ) + ez
. 71 (1—Ax2() _%Yz(t) _wlx(;)g)(i(g((tt))) _ (mz(t) _ ékY(r))

2
< (=@ -0 - y)gzgtfét(i) (-wl(2(0)" - (Wﬂ = @m)
2
oy
_ 2
< 1= A0 - 5(1= ) (0) - wi(Z(0))
(3.40)

Now we can choose [ € 2—”,:2 such that 1 — vaz > (. Thus ‘il—‘t/ < (0 and ‘fl—‘; =0 if and only if X =
Y = Z = 0. Hence the equilibrium (0, 0, 0) of system (3.2), that is the positive equilibrium E*
of system (3.39) is globally asymptotically stable. This completes the proof.
3.3 Direction and Stability of Hopf bifurcation In this section we shall study the direction
of the Hopf bifurcations and stability of bifurcating periodic solutions by applying the normal
theory and the center manifold theorem introduced by Hassard et al. [16]. Throughout this sec-
tion, we always assume that the system undergoes a hopf bifurcation at the positive equilibrium
E(x*,yi{,y3) for 71 = 71, and then +iw denotes the corresponding purely imaginary roots of
the characteristic equation at the positive equilibrium E (x*,y},y3).

Without loss of generality, we assume that 7; < 7j, where 75 € (0,72§) and 7; = 719+ . Let
X1 =x—x" X1 =y1 =y}, X31 =y2—¥; . Xi = Mi(7t),i=1,2,3... Here u = 0 is the bifurcation
parameter and dropping the bars, the system becomes a functional differential equation in C =

C([—1,0],R?) as

dX

dr =Ly (X)) + f(1,X) (3.41)
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where x(¢) = (x11,%21,%31) € R> and Ly, : C — R3, f : R x C — R® are respectively given by

¢1(0) o1 (52) ¢1(—1)
Lu(¢) = (11, +1)B| ¢2(0) | + (71, +1)C | 9o(=2) | + (7o +1)D | 9o(—1) (3.42)
¢3(0) ¢3(=2) ¢3(—1)
and
flu, ) = (7, +un)Q (3.43)
—a¢f(0) — o1 (0)¢3(—1)
ko1 (0)$7(0)  w .
where Q= | {HDIG) — M Qa0 | respectively where 0(6) = (1(6).62(6).03(6))" €
91(—)¢2(0)93(0)
$2(0)+¢5(0)
C,
—axj 0 0
o | Bhs-w]) (PP H2dyiys dyi e yite) xRk kst o)
YIEty; (i +3)? (07+y3) ’
O x*yEZ _x*yxfyé
(y1%+y3)? i+3)?
0O 00 0 0 —cx*
C= 0O O0O0|.D=]00 0
Y5
y*{lTii 00 00 O

By the Riesz representation theorem, we claim about the existence of a function 11(60, i) of

bounded variation for 6 € [—1,0) such that

0
Lu($) = /_1dn(9,u)¢(9) forg ec

Now let us choose ,

(1, + W) (B+C+D),
n(0.11) = (71, +1)(C+D),
(71, +1)(D),

0,

(3.44)

0=0

6 €[~2,0)

T

*

6e(-1,7%)

0=-—1.
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For ¢ € C([—1,0],R?), we define

a0 6 €[-1,0)
A(n)g =
f—oldn(s7u)¢(s>7 06=0
and
(
0, 6 €[-1,0)
R(u)o =
\f(,u,q)), 0=0
Then the system is equivalent to
1704
dr =A(W)X; +R(1)X;, (3.45)

where X;(0) =X (t+ 6) for 6 € [—1,0].
Now for w € C([—1,0], (R*)*), we define

(

_d;’;(s), s € (0,1]

ATy (s) =

| [21dn” (1,0)y(~1), s=0

Further we define a bilinear inner product

0 ,o
<¥(9), 000)> = P00~ [ [ #(C-0)an(©)9(5)dg.  (340)

where 1(6) = 1(6,0). We know that i1, are eigenvalues of A(0). Thus they are also
eigenvalues of A*. To determine the poincare normal form of the operator A, we need to cal-
culate the eigen vector q of A belonging to the eigenvalue i@y 7, and the eigen vector g* of A*
belonging to the eigenvalue —iayTy,.

Let ¢(8) = (1 o B)Te ™% be the eigen vector of A(0) corresponding to iayt;, where

4y ionT .
a_ﬁ%ﬂﬂ%ﬂ%%@ﬁ@fMMWMﬁ%¥WW)ﬁ_fmumwwo
kx*yéz+dy’1‘2+2dy’fy§+dy;2+x*y§2w—i—ia)(yT —Q—y;)z ’ cx*

Similarly if ¢* (s) = M(1 a* B*)e’™®™0* be the eigen vector of A* where

. 2
ot = (ax* —iw)x"y3~ (y]+y5)
— -

o2
100 ==
x*yé3 (ky;—wy?)+yiyse g (kx*y’z‘erdy]*2+2dy’l‘y§+dy§2+x*y§2w7iw(y’[ +y3)2)

2
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B* — (ax"—ian) (y]+y5)— ayz(k)’Q wyi)

* wO‘L'l
)’1)’29 0
Then we have to determine M from < g*(s), ¢(6) > = 1.
0 —_
< q*(s),q(e) > :M(l 1 o ﬁ / / M 1 (x* * ’“’0710@ 9)dn( )(1 a ﬁ)T lerlOCdC

— (1 & )1 a )’ /71\71105* F+)0¢%%00 a0 (0)(1 a B)7

1+aa*+ﬁﬁ*+ﬂo< PBx*ce ’woflo+ <ﬁy1y2 _’“"’n ))]

Yi+Ys

=M

Thus we can take
_ 1

M = -
— > Byty iw():-i2 (347)
l+oao*+BB*+ 1, ( Bx*ce "™ 4 2 Tlo <y1}ryie 10))]

We first compute the coordinate to describe the center manifold Cyp at u = 0. Let X; be the

solution of the system (3.45) when p = 0. Define z(1) = < ¢*,X; >
W(t,0) =X;(0) —2Rez(t)q(0) (3.48)

On the center manifold Cy, we have
W(t,0)=W(z(t),z(t),0) where
7 72
W(z,7,0) = Wzo(e)i +W11(9)ZZ+W02(9)§ +.... (3.49)

and z and 7 are local coordinates for center manifold C in the direction of ¢* and g*.

Note that W is real if X; is real. We consider only real solutions. For solution X; € Cy of

equation (3.41), since u = 0 we have
2(t) = iwpTiyz+ (g*(0) f(0,W(z,2,0) +2Rezq(0)))
= iwyTiz+q*(0)fo(z,2) (3.50)

= imnTi,z+8(z,2)

where
g(Z7Z) = q_* (O)fO(Z7Z)
5 ) 5 (3.51)

Z _ z z
=820~ t81iZ+gn++&i1——+....

2 2 2
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From (3.48) and (3.49), we get

X (0) =W(t,0)+2Rez(t)q(0)

2 52

= Wao(6) 5 +Wit(8)22+Wan(8) 5 + 24+ 53+ .. (3.52)

2 52

= Wzo(e)% +Wu(6)z2+Woz(9)%+ (1af) ™ oz + (1aB) e ™ 0z + ...

Hence we have
8(z,2) = q*(0) fo(z,2)
=q*(0)£(0,X;)

(3.53)
=1,M(1 a* ﬁ_*)T

= 11, M(p12> 4+ 2p2zZ+ p37 + paz’Z) + H.O.T

—ax%t(()) —cx1(0)x3,(—1)

ka1 (00,(0)  wuyy (01 (0)x3,(0)
x2¢(0)+x3 (0—)'5 x2;(0)+x3,(0)
xie( 112* )x2:(0)x3,(0)
x2¢(0)+x3,(0)

pr=—a—dk_WWMPz=—ﬂ—5[ﬁ5““%+ﬁ4“mﬂ,p3=—ﬂ—fﬁd%“m

where T =

Gl 1) By D) »
p4:-ﬂnngO)—zawa«»-—c(wbé S ?%Om”+wﬁﬁ(—1y+ﬁe‘“ﬂmwép«»>.

Comparing (3.51) and (3.53)

820 = 2T1,Mp1, g11 = 2T1,Mp2, go2 = 2T1,M p3, 821 = 271,M ps.
For unknown Wz((? (6), Wl(i) (0),1i=1,2 in g, we still have to compute them. From (3.45) and
(3.48)
W =X ~29—1%G

(

AW —2Re {q*(0) foq(0)} ,—1<6<0,
= (3.54)
\AW—2&%fﬂﬂhﬂeﬂ+ﬁ),9=0,
W =AW +H(z,7,0)
where
e 72
H(2,2,6) = Hao(6) = + H11(6)2Z+ Hoa(6) 5 + ... (3.55)
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From (3.54) and (3.55)

Wao(0) = —Hp(6)

(3.56)
A(0)W11(0) = —H;1(6)
From (3.54) we have for 6 € [—1,0)
H(z,2,0) = —g(z,2)9(6) — 8(2,2)4(6) (3.57)
Comparing (3.55) and (3.58)
H(0) = —g209(8) — 8024(0) 3,59
3.58
Hi1(8) = —g119(8) —2114(6)
Using definitions of A(6) and from the above equations
1820 ioyT), 0 802 _ —imnT), 0 2ianT), 0
Wa(0) = 0 ! —q(0 E .
20(6) 0)0”510Q( )e™0 o +3w(moq( Je " PTY 4 Ep e o (3.59)
and
Wi1(0) = 8 g(0)e' ™0 + @q(o)eﬂ"‘“‘o" +E. (3.60)
o 11, W) T1,

where ¢(0) = (1 a B)Te/ %% E| = (El(]),El(z),El(S)) cR?>and E; = (Eél),Eéz),EZG)) € R are

constant vectors. From (3.54) and (3.55)

H(0) = —2204(0) — §02G(0) + 271, (c1 c2 3)"
(3.61)

H11(0) = —g119(0) — 2113(0) + 271, (d1 da d3)"

where (| ¢; ¢3)T = Cy, (dy dy d3)T = Dy are respective coefficients of 7% and zZ of fy(z Z) and

they are

C1 —a— cﬁe_i“’(’flo di —2a—c (ﬂe—iwono + Beiwono>
C=lal|= 0 andDy= | d, | = 0

c3 0 ds 0

Finally we have (2iwy7,/ — ff’l ezj%floedn(e))El =21),C) or C*E; = 2C; Where
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C* =
2iwy + ax* 0 cx*e 2Ty,
=y (kys—wy})  (kx*ys>+dy > +2dyys +dys > +x'ys w) +2iay —x* (2ky3yi+kys —wyi?) (3.62)
ity (07+y3)? (01 +3)? ’
K k200" T * k2 kL
—Y)1€ 2 —X' Yy XYYy 2
07 +3) (i +3)? 01 +3)? 21

Thus E{ = % where A = Det(C*) and A; be the value of the determinant U;, where U; formed
by replacing ' column vector of C* by another column vector (cicae3)!,i=1,2,3.

Similarly D*E, = 2Dy, where

D* =
ax* 0 cx*
—3(kys—wy) (v dyH2dy Y3+ Hayst)  —xt (kysy ks owyi?) (3.63)
ity (i+3)? O1+»2)? ’
—y5y; —x'y5? Xy
07+3) i+3)? O7+»3)?

Thus Eé = ZT& where A = Det (D*) and A, be the value of the determinant V;, where V; formed

by replacing i column vector of D* by another column vector (d; d» d3)T, i =1,2, 3. Thus
we can determine Wo(0) and Wy;(0) from (3.62) and (3.63). Furthermore using them we can

compute g1 and derive the following values.

. 2 2
C1(0) = gayz, (820811 —2[gu1|" — leely 1 ez,

—Re{C,(0)}
dA(tyy) |
¢ dt

P2 = 2Re{C1(0)},
—Im{Cl (O)-i—,llzlm{ ‘ME;IO) }}
WyTy, ’

Ha =

Ty =

These formulas give a description of the Hopf bifurcation periodic solutions of (3.2) at 7 =
T1, on the center manifold. Hence we have the following result.
Theorem 3.7 The periodic solutions is supercritical (resp. subcritical) if Uy > 0 (resp. o <
0). The bifurcating periodic solutions are orbitally asymptotically stable with an asymptotical
phase (resp. unstable) if Bo < 0 (resp. By > 0). The period of bifurcating periodic solutions

increases(resp. decreases) if T, > 0 (resp.T, < 0).

4. Numerical Simulation
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Figli7y =0and 7,=0
(X(6),y1(0),y2(0)" =(1, 1.3, 2.6)7

Solution

— Y1
— Y2

Time

60 80 100 120 140

In this section, we have investigated a class of predator prey system (3.2) with two delays.
By means of analysis approach, we give the criteria for the boundedness, permanence and
existence of positive periodic solutions. From section 3.3, we may determine the direction of a
Hopf bifurcation and the stability of the bifurcation periodic solutions.

The parameters are chosen as follows. r=3, k1 =2, ko =1, w=0.5,d=05, B =1,

o = 0.03. Then (3.2) becomes

x(t) =x(3—0.03x—yr(t — 71))

2
. XYy> XY2)1
yi(t) = —0.5y1 -0.5 4.1
) yi+y2 yi+y» (4.1)
. x(I —T2)y2y1
yi+y2

which has a positive equilibrium E*(x,y1,y2) = (2,2.94,2.94). When 7, = 0, 7, = 0, the equi-
librium E* is asymptotically stable if d < 1 and is unstable if d > 1 . Fig 1 shows that the
positive solutions of () approach E* is an oscillatory form if E* is stable. Hence less mortality
rate of juvenile predators relative to that of adult predators has a stabilizing effect and a larger
one destabilizes the equilibrium and produces cycle. Fig 2, 3, 4 and 5 shows that the steady
state is asymptotically stable, though damped oscillations can be observed. The time delays are
[t1 =0.06, T, = 0], [T, =0.05, 71 =0] ,[7] = »r i.e., 71 =0.02, 7, = 0.02] and [1] # 7 i.e.,
71 = 0.02, 7, = 0.03] respectively.
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Fig2: r; = 0.06 and 75= 0
(X(6),y1(0),yo(0)) " =m(1, 1.8, 2.9)7

il

— Y2

Solution

»
o

Now W
o o u

20|
15|

Lottt

L L L L L L L L L L L L L L L L L L L L L L TI me
50 100 150 200 250

Fig3:7; =0and 7,=0.05

(X(6),y1(6),Y2(0)" =m(1, 1.8, 2.9)"
Solution

4.5
4.0
3.5

3.0 ” \MMNWWWWWW—.—__

25

2.0 MAM]W\/WWMMAMW — X
15 — Y1

1.0 — Y2
L Time
0 50 100 150 200

5. Discussion

In this paper, a stage structured predator prey system with two dicrete delays which is an
extension of the ordinary differential equation model studied by [8]. For non delay case, if the
prey grows in the form of the logistic type and the transition rate is the linear function of the
nutrient availability to one immature predator in unit time, then the model has a periodic so-
lution and a positive equilibrium of the model admits multiple stability switches as one of the

parameters w and d; changes. Based on the system proposed in [14], we further incorporate
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Fig4: 71 =0.02 and 7,= 0.02
(X(6),y1(0),y,(0)) " =(1, 1.5, 2.5)7

Solution
45
4.0 f f
s LA
VA DA A
s LT RVRYAYAVAVAVAVAY)
2.5 ; /
2.0 AR — X
157 — Y1
10! T Y2
‘\\ww\\\\w\\\ww\\\\w\\\ww\\w\w\\\ww\\wwTlme
5 10 5 20 25 30 35
Fig5: 7, =0.02 and 7,= 0.03
(X(0),y1(0),y2(0) T =(1, 1.5, 2.5)7
Solution
— X
— Y1
. )
Time

time delays due to gestation and maturation. The main purpose of this paper is to investigate
the effects of two delays on the system for logistic growth of prey. By choosing the possible
combinations of the two delays as bifurcating parameters, sufficient conditions for local sta-
bility and existence of local Hopf bifurcation are obtained. When the time delay is below the
corresponding critical value, we get that the system is local stable. Otherwise, a local Hopf
bifurcation occurs at the positive equilibrium. We give the sharp threshold conditions which are
both necessary and sufficient for the permanence of the system (1.2) and by theorem 3.6, we

give the sufficient conditions for the global stability of the coexistence equilibrium. By theorem
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2.2, we found that the system (1.2) is permanent if g(x) — BM> > 0 holds true. The proper-
ties of the bifurcated periodic solutions such as the direction and the stability are determined.
And a numerical example is also given to support the theoretical results.We found that small
sufficiently delays cannot change the stability of positive equilibrium solution and large delays
cannot only destabilize the positive equilibrium solution but also cause an oscillation near the
positive equilibrium solution. Hence we can see that the species in the system considered in
this paper can coexist under some certain conditions. Further investigations of this problem is

presently in progress.
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