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Abstract. In this paper, we obtain the result that the characteristic polynomial and the right(left) eigenvectors
of Brualdi-Li tournament matrices by new methods, and that the Brualdi-Li tournament matrix has exactly one

positive eigenvalue and exactly one negative eigenvalue and the others are complex numbers. In addition, we give

that some properties for the eigenvalues and the right(left) eigenvector of Brualdi-Li tournament matrices.
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1. Introduction

The symbols C and R will respectively denote the complex field and the real field. C" =
n n

CxCx--xC,R'=RxRx---xR. We will denote the set of integers as Z. The real and
imaginary parts of a complex number A € C will be respectively denoted as Re(A) and Im(A).

The complex conjugate of A will be denoted as A.
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Throughout this paper we will use the following notations to denote particular matrices. The
n %X n identity matrix will be denoted as I,,. The n X n all-ones matrix will be denoted as J,,
which can be expressed as J,, = 1,1}, where 1, is the all-ones n x 1 vector.

The characteristic polynomial of a matrix A is defined as P(A,A) = det(AI —A). The equation
P(A,A) =det(Al —A) = 0 has n roots A;,Az, -+, A, € C, and these roots are defined as the
eigenvalues of A. The spectral radius of a matrix A is defined as p = max{|A1|, |A2|, -, | Au| }-

The trace for an n x n matrix is defined as the sum of its diagonal entries. It is well known
that the trace and determinant of A can be respectively expressed as tr(A) = A + A, + -+ A,
and det(A) = A1 Ay - - - A, The transpose of A is denoted by A’.

A tournament matrix of order n is a (0, 1) matrix T, satisfying the equation 7, + T} = J, — I,.

Let

U, U!
@2m - " " )
Ly +U;, Uy

where U,, is strictly upper triangular tournament matrix (all of whose entries above the main

diagonal are equal to one), i.e.

0O 1 1 1

0 0 1 1
U, =

0 O 0 1

o 0 --- 0 O

mxm

is the tournament matrix of order 2m.

The matrix %, has been dubbed by the Brualdi-Li tournament matrix. In 1983 Brualdi and
Li conjectured that the maximal spectral radius for tournaments of order 2m is attained by the
Brualdi-Li matrix [1]. This conjecture has been confirmed in [2]. The properties of Brualdi-Li
tournament matrix have been investigated in[3, 4, 5, 6, 7, 8, 9].

In Section 2, we obtain that the characteristic polynomial of %, and the roots of the char-
acteristic polynomial are simple by new methods, and that %,,, has exactly one positive eigen-

value and exactly one negative eigenvalue and the others are complex numbers.
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In Section 3, we give that the right(left) eigenvectors of %,,, and some properties for the

right(left) eigenvectors of %,,,.
2. Eigenvalues of Brualdi-Li Tournament Matrices

By simple calculation, we have

Lemma 2.1. Let2<mcZ, and X = (1,x,x%,--- X"~ V)!, where x # 1 is real variable. Then

() X'Up = —1— X'+ 71,

(2) X'U,,

Lemma 2.2. Let2<m€Z, A € C be an eigenvalue of Boy, and let & = (:}) and E = (va)
denote the right and left eigenvector of %y, corresponding to A, respectively, where v,w,v,w €
C™. Let x be real variable, X = (1,x,x%,--- x" V) f(x) = X'v,g(x) = X'w, f(x) =XV, and
g(x) =X'w. Then

a(14+2)+ (a+b)(x+ x>+ +x""1) + (a— bA)x™

(1) flx) = (1+A)2—A2% ’
a a x4+ x2 4 1 —alx"

@ (9 = IR P IR
o bA—@+D) (x4 4 +a" ) = @1+ A) + D)
(3) flx) = 22— (14 1)2x ’
GA —b— (@+b)(x+x>+--- b x"

@) 50) — A—b (+b)(;_a+$§” ) b+ A)x"

_ 1t 1 wi=17h=1"0
where a =1, v,b =1, w,a=1,v,b =1, w.

Proof. Let A be an eigenvalue, with the right eigenvector & = ( ), of Py, then %y, & = AE

v
w

can be expanded to
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Therefore

Unv + Uw = Av
(In+U)Yv + Ugw = Aw.
We have
X'Upy + X'Uw = AX'v
X'(

"L+ Uy + X'Upw = AX'w.

By Lemma 2.1, we have

(14+(1=x)A)f(x) —xg(x) = a—bx"
—f)+(14+(1=x)A)g(x) = b—ax™.

Notice that this equation holds for x = 1 too. Hence,

(@a—bxX")(1+ (1 =x)A) +x(b—ax™)

fx) = (1+(1—x)A)2—x
(1—x) (a(l +A)+ (a+b)(x+x*+---+x"71) —I—(a—b?t)xm)
u_m(m+zy—x%)
a(l+A)+ (a+b)(x+x2+- 42" ) + (a—bA)x™
N (1+21)2—A2%x ’
o) (b— axmi(12;§i;5 §1)4;a-bxm

(
(a+b (I+4)+ a+b)(x+x2+--~+xm_1)—alxm>

@_m(m+xy—x%)

a+b(1+2A)+ (a+b)(x+x>+ - +x"" 1)—a/1xm
(1+A4)2— A2
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Let E = (viv) be the left eigenvector of %,,, corresponding to A4, then
E "By = 7@ can be expanded to

Ut

m

Using a similar approach, we arrive at

~

bA — (@+D)(x4+x2 4 +x" 1) — (a(1+x)+2)xm

flx) = AT (11 A) !
) — A —b—@+b)(x+x2+--+x" ) —b(1 +A)x"
s = A2—(1+A)%x '

We are done.

Lemma 2.3. Under the assumptions and in the notation of Lemma 2.2,
(1) a+b=1Ly+1,w#0,a=1v#0,b=1,w+#0,

2)  a+b=1Ly+1w£0a=15+00b=1#+0.
m m m m

Proof. In Lemma 2.2(1), by setting x = 1, we have

o a(l+A)+(a+b)(m—1)+a—bA
a=f(1)= (1+/1)2_/12 :

Let A € C be an eigenvalue of %,,,. It is easy to see that A # —%,m — 1,m. It follows that

(a+b)(A—m+1)=a.

Ifa+b=0,thena=0,and b = (a+b) —a=0. By Lemma 2.2 (1), (2),

flx) = ivkxk_lzo,
k=1
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m
g0 = Ywat =0
k=1

for an arbitrary real variable x. It is not possible. Hence a + b # 0. It is easy to see that a # 0,

and b # 0.
Using a similar approach, we have @+ b = v+1,w#0,a=1" v+ 0,b = 1, w+#0.

We give a new proof of the following theorem.

Theorem 2.4.(Theoreml in [4]) Let2 <m € Z, A € C be an eigenvalue of B, and

(2,12 —2(m—1)A — (m— 1)) (AZm +(1 +/1)2m) — A

P(Bom, A) = (ESTAE : (1)

Then P(PBam, L) is the characteristic polynomial of B

Proof. Let2 <me Zand & = (:}) be the right eigenvector of %,,, corresponding to A € C.
Let x be a real variable, X = (1,x,x%,--- , X" ), v = (vi,v2,-- ,vn), f(x) = X'v,a = 1!, v, and
b=1w.

By Lemma 2.3, we set a+b = 1, hence

a=A—m+1, (2)
b=m—A. (3)
2
Denoting fo =a(1+A),fi=fo=-=fu1=1,fm=a—bA,andd = (HL)L) )

By Lemma 2.2(1), we have

m
flx) = Xtv:Z:vkxk_1
k=1

a(l+A)+(a+b)(x+x>+--+x""1 4 (a—DbA)x"
(1+21)2—A2%x

B 1 IR
- (1+7L)2(1—a’x)k§6ka
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_ - ak—j\ Jk
- 1+A kz Zg)f’d D

It must be that the coefficient of x™, m Z?:() fjdm—f =0. Note that A # —1, —%, hence

m

0 = ) fd"

j=0
= a(14A2)d"+d" '+ +d®>+d+ (a—bL)d"

m —d”
= a(l+1)d"+ - +a—DbA.
Therefore,
g (1—d)(bA —a)—d
oa(l—-d)(1+A) -1’
1 a(l—d)(1+21)—1
1+dm B 1+(1—d)(b7t—a)—d

(1—d) (a(l+7t)+b7t—a) —(1+d)

(1—d) (A —a)—
 (I—d)A—(1+d)
T U—d)bh—a)—

(1—(1%)2>7L— (1+(1+Ll)2>

(1 - <1+%>2) (bA —a) — (27)?

(1424)4 — (1424 +242)
(1422)(bA —a) — A2
—(14+24)

(1+2/1)((m—x)/1—/1+m—1> — 22
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—(1+A4)
—(1+A4) (2&2 —2(m—1A — (m— 1))

1
222 2(m—1A—(m—1)’

(212—2(m—1)/1—(m—1)) (1+dim) —1=0.

Note that A £ 0. Let A € C be an eigenvalue of %,,,, then A satisfies the equation

A2 —2(m—1DA—(m—1) ) AP+ (14+2)*" | —A* =0.
( )( )

Now —% is aroot of multiplicity 2 of the equation. On the other hand, —% is not an eigenvalue

of %y,. We have that the characteristic polynomial of %,,, is

2A2=2(m—1A—(m—1) ) [ A2 4 (1 +1)>m ) — A%m
( ) R

P(PBom,A) =
(Z2m,A) (1422)2
The vectors vi,vo,---,v, are said to be linearly dependent, if there exists a finite numbers
aj,az,--- ,an, not all zero, such that } ;' | ayvy = 0. Otherwise, the vectors v, va,--- ,v, are said

to be linearly independent.

The rank of a matrix A is the size of the largest collection of linearly independent columns of
A (the column rank) or the size of the largest collection of linearly independent rows of A(the
row rank). The rank of a matrix A will be denoted as rank(A).

Let p(x), g(x) be polynomials. A greatest common divisor of p(x) and g(x) is a monic
polynomial d(x) that divides p(x) and g(x) such that every common divisor of p(x) and g(x) also
divides d(x). The greatest common divisor of p(x) and g(x) is denoted by gcd(p(x),g(x)). In
particular, ged(p(x),g(x)) = 1 means that the invertible constants are the only common divisors,
and thus p(x) and g(x) are coprime. It is well known that if ged(f(x), f/(x)) = 1 then f(x) has
no multiple divisor, where f’(x) is the derivative of f(x).

We give a new proof of the following theorem.

Theorem 2.5.(Theorem3 in [4]) For 2 < m € Z, the roots of P($om, ) are simple.
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Proof. Let2 <m € Z, A € Cbe an eigenvalue of %,,,, by Theorem 2.4, A satisfies the equation

(2},2_2(m—1)7t—(m—1))((14—%)2’”—1—1)—1:O. (4)

Lety=1+ %, then A = y%l Suppose y # —1. The equation (4) is

(m—1)y*" 2 — (m+1)y*" +my* =2y —m = 0. (5)
Let

F(y) = (m—1)y""2—(m+1)y*" +my* -2y —m,

Fi(y) = (m+ l)yzm—mzyz—f— (2m+ 1)y+m2—1—m,

BO) = (m—1y""2+(m—m?)y*+ (2m—)y+m?.

The derivative of F(y) is defined as F'(y), then

F'(y)= 2(m2 — 1)y2m+1 —2m(m—+ l)yzm_1 +2my —2.

Notice that if gcd ( p(x),h(x)) =1, then gcd ( p(x),q(x)) =gcd ( p(x),h(x)q(x)) , Where g(x)
is an arbitrary polynomial, p(x

Obviously, gcd (F Y)s 30m +1 ) 1, therefore

gcd<F )
= gcd<F m+1 ’(y)>
= gcd<F my—i—l) ’(y))
- ng<F mnilyz_%zlj-lly_m)



708 CHEN XIAOGEN

= gcd<F(y),F1(y))
= gcd<F(y)+F1(y),F1(y)>
= gcd<Fz(y),F1(y)>-

Let
2m—2
Sk) = Z sky s=( S07517527"‘752m_2)’E]Rzm*l,
Z(y) = szyk, z=(20,21,22, " ,2om)" ERZm—H,
=0
8 =(1,1,0,0,---,0) € R¥"+1,
i 2m—2 2m—1—i i

2 2 t dm+1 2
o; =(0,0,---,0,m*,2m—1,m—m=,0,0,--- ,0,m—1,0,0,--- ,0)) €R ,B;=1(0,0,---,0,m"+
2m—4 2m+1—j

2 t 4m+1 .
m,2m+1,—m 7070;"'707m+170707"'70) eR ’12071727"'72m_27]2071727”'>2m'
Suppose
BM)SO)+RG)Z0) =1+,

1.e.

2m—2
((m—l)y2m+2—l—(m—m2)y2+(2m y+m ) Z s

2m
+ <(m+ Dy*™ —m*y* 4+ (2m + 1)y+m2+m> Z o =1+y.
k=0

We denote the coefficients of y* in polynomial Fi (y)S(y) +F>(y)Z(y) as cx, k=0,1,2,---  4m+

1. It must be that co = ¢y = 1,¢;, =0,k =2,3,--- ,4m. We have the equations:

(ao,al,--- o2, B, ,ﬁzm) (Z) _s. (6)

i.e.
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where A = (g, a1, , Cm—2,Bo,B1,- - 7ﬁ2m)(4m+1)><(4m) and (A | ) are the coefficient matrix
and the augmented matrix of equations (7), respectively.

For the augmented matrix (A | §), add (—1)¥"! times the k — th row to the first row, k =

2,3,---,4m+ 1. It is obvious to see that all of whose entries in the first row are equal to zero.

Hence
rank(A | 0) <4m+ 1.

Let
2m—2

Z PeOy+ Z qiPr = (8)

k+1
Suppose ¥ = (m, (=2 (=13 . (=) e R¥+1 0 < k < 2m. By simple
calculation, we have
noy=0,ifk<j, noy#0,ifk=jk=0,1,--,2m 2,
nBi=0,ifk<j, %B;#0,ifk=jk=0,1,---,2m.

By formula (8), we have

2m—2
( Z kO + Z qkﬁk) = poo+qofo = 10 =0.

Obviously, o and f are linearly independent, hence

po=qo=0.
Formula (8) yields
2m—2
Z DPrOy + Z qiPr =
2m—2
( Z Proy+ Z Qkﬁk) =piou+qi1pi =70=0.
We have

I
e

P1=4q1=

Using the similar method to obtain

pe=0,fork=2,3,--- 2m—2,q; =0, for j=2,3,--- ,2m.
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Therefore, {Ot(), o, Om—2, Po, Bis ﬁzm} are linearly independent. Further, rank(A) =

rank({ao,och... 7a2m—27ﬁ0,ﬂ1,"' 7B2m)}) = 4m. Hence’

rank(A) = rank((A | 5)) = 4m.

Notice that the equation AX = b has its solution if and only if rank(A) = rank(A | b). By
the above result, there exists a solution of the equations (7) with S(y) and Z(y) satisfying the

equation
B(y)SG) +RA)Z(y) =1+y.

Because 1+ y is a common divisor of F>(y) and Fj(y), then

scd (R0).A0)) =1+

Cd<F(y) F’(y)> :gcd<Fz(y) Fl()’)) _q

1+y 1+y 1+y 1+y
It is easy to show that the roots of %yy) are simple. Hence, the roots of P(%y,,, A) are simple.

Lemma 2.6.(Lemma 2 and Corollary 2 in[9]) Let 2 < m € Z, pym, be the spectral radius of
PBom- Then

2 5m T T atm

where e = 2.71828 -, 7 = &1

Theorem 2.7. Let 2 < m € Z, the Brualdi-Li Matrix 9y, has exactly one positive eigenvalue
Pam and exactly one negative eigenvalue Ay and others are complex Ay fork =1,2,--- ,2m—2,
satisfying

(1) pom is the spectral radius of By, m — % — % < Pam < m— % — ﬁ,

(2) —3 <Re(M) < —3+ 2 fork=0,1,2,--- 2m—2,

where e =2.71828--- T = i—ﬂ

Proof. Let 2 <m € Z, A € C be an eigenvalue of %,,,, & be the right eigenvector of %,

corresponding to A, and p,,, be the spectral radius of %,,,. by the Perron-Frobenius theorem,
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Pam 1s simple, by Lemma 2.6,

NS S B
M= Ty SPm STy Ty

By Lemma 2.3, We set 1), & = 1. Hence
1= e
= E(I+ B+ B, )E
= T8 Bl +E B8
= EeAlE+ALE
= (1+A+2)EE

- (1+2Re(x)>§’§,

1 1 1

Re(l) =—=4+=>—=.

2 gg 2

Let Poms Mg ks s Ak s Mg+ 5 Mk
Z,Re(?tko),Re(lkl),--- 7Re(szs,1) P

>3
Re(Ar,),Re(A., ), \Re(Miy, ,) < —3

o € C are all eigenvalues of %,,,, where 0 < s €

1
+ 35,
+ L

Sm*
It is well known that

2m—2 2Zm—1
pPom + Z }Lki = P2m + Z Re(kki) = tl’(e@zm) =0.
=0 i—0

1 l

Then,

2m—2 2m—2 1 2m—1—s

s—1
p2m+zlk,- = - Z Re(lk,-) < Z EZTa
i=0 i=s i=s

On the other hand,

+S_le > > b1 +5( 1+ 1)
4 —=—— F+S5(—=+—).
Pom Z ki = Pam>m 5 5m
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Hence,
1 1 ( 1 1) 2m—1—s
" m 275 2
K < 1
Sm Sm’

We have s = 0. Therefore,
—% < Re(X,) < —% - # fori=0,1,2,---,2m—2 and %,,, has exactly one nonegative real
eigenvalue poy,.

Notice that

F(y) = (m—1)y""2—(m+1)y*" +my* -2y —m

= ay2m+2—|—a1y +a2y +azy+ay,

F(—y) = apy”™ ™ +a1y™ +apy* —azy+ay,

where ag = (m—1) > 0,a1 = —(m+1) <0,ap =m > 0,a3 = -2 < 0,a4 = —m < 0.

By Descartes?? Rule of Signs, F(y) has exactly three negative real roots
Yo, — 1 y L.

But —1 is not a eigenvalue of %,,,, hence %,,, has exactly one negative real eigenvalue Ay =

yo . We are done.

Theorem 2.8. Let 2 < m € Z, P, have 2m eigenvalues Ay, k = 1,2,3,--- ,2m. Then,

2

(1)

3

2| =

= —2m—2,

~
I
—_

2

(2) 1+ lk) =

LR
VR

k
Proof. %,,, have 2m eigenvalues Ay, k = 1,2,3,---,2m, by formula (4)and (5), the poly-
nomial F(y) = (m — 1)y*"*2 — (m + 1)y*" + my* — 2y — m have roots y, = 1,1,1 + %k k=
1,2,3,---,2m. Hence,

2m 1
2+Z(1+A> 0.
k

k=1
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and

2m 1 —m
14— )| =——.
_1( +lk> m—l

=~

Therefore,

It is well known that det(%,,,) = 1 —m, hence

2m 2m 1 2m
kIJI(l-f—lk) = 3 (1—1—)“—]{)]{1;[1)%
- m_i" —det(%3)
= m.

3. Eigenvectors of Brualdi-Li Tournament Matrices

713

Theorem 3.1. Let 2 <m € Z, A € C be an eigenvalue of $Boy, and let & = (Vvv) and E: (v%)

denote the right and left eigenvector of Bay, corresponding to A, respectively, 1! v+ 1! w =

1, v+1,w = 1. Then,

where
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d 1
Om(A) = d? d 1
dm—l dm—2 dm—3 1
mxm,
1
d-! 1
On(M)=| a2 d-! 1
d—(m=1)  g=(m=2)  4-(m=3) 1
mxm,
t
n = 2(1+7L YA —m+1),1,1,- --,1) eC™",
t
w o = 171717 71 m’
n Y 2(1 m—A)+ ) eC
1 t
ﬁv = T( )')' m_l_l)? 717 71) Ecm’
1 t
Nw = JL_( (1+A)(m—A)+1,1,1,- 1) eCm,

d:(—/l

\_/

Proof. Let A € C be an arbitrary eigenvalue of £ %y, and let & = (vvv) and E =

the right and left eigenvector of %,,, corresponding to A, respectively,

( VK;) denote
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Let x be a real variable,

In theorem 2.4, it is shown that
o k— . k—jy k
2
where fo=a(l+A),fi=fop=-=fu-1=1,fm=a—DbA, andd = (HL/I) . It must be that

1 k—1 )
ijdk_l_fa k= 1727"' ,m

ATy

We set a+ b = 1, by formula (2),(3), fo=a(1+A) = (A —m+1)(A +1). Hence,

1 Kkl 1 1 1 k—1—j
vk:mjgofjd :<1+M2((/l—m+l)(7t+l)d +)d ) (9)

j=1

k=1,2,---,m. Therefore, v= Q,,(1)n, holds. Using a similar approach, we obtain w =

Om(A) M
By lemma 2.2(3), setting x = 1, we have

S DA —(m—1)—(a(1+A)+b
- jny ==L /12_)(1&(/1; )+5)

Setting a+b= 1, we have
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Denoting fy = —bA = —A(A—m+ 1),]?1 —fh==fu1=1,fn :Zi(l+7L)+B. By lemma
2.2(3), we have

=)

m
(x) = Xt?:ZT/\kxk_l
k=1

~

DA — (x+x2 442" 1) = (@1 +A) +b)x™

A2 (1+A)%x ’
1 1 Mo
R -
A2 (1—dLx) j;)ffx
L& iy 7
= —pLd WL
i=0 j=0

1 & &
= —ﬁZ(ijd =)k,
k=0 j=0

It must be that the coefficient of xX,
1 k—1 . P
Vk:—ﬁz‘,fjdf( —1=0) (10)
Jj=0
k=1,2,---,m. We have 7= Qp(1)7),.

Using a similar approach, we obtain w = Qm(l)ﬁw, thereby giving the desired results.

As a consequence of Theorem 3.1, we can express vi, wg, Vx and wy in terms of A.

Corollary 3.2. Under the assumptions and in the notation of Theorem 3.1, fork =1,2,--- ;m,

1 G-
(1) w = (1+—1d’<—1),

14+2A4 1+ A4
3 5 = k= gy (1454°¢).
@ B = =gy (10 ),

2
where d = (L) ,G=2A%-2(m—1)A —m+1.
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Proof. By formula (9), it follows that fork =1,2,--- ,m,

Vk

1 k—1 = k—1—j
m((l—erl)(/lJrl)d +) d J)

k-1
ﬁ((l—erl)(/lJrl)dk_lJrllild )

(H—l)i(l 3 (1+ ((1 —d)A—m+1)(A+1)— 1)dk—1)

1 A2 2(m—1)A—m
1122 <1+ 112 d >

1 G-1
1 a1,
1+2/1< T )

j=1

Using a similar approach, we obtain

o AG-1)
W"_1+2A<1_(1+A)2d ‘

By formula (10), it follows that for k =1,2,--- /m,

k—1
—% ( ~(A-m+1)ad D+ Y} f,-d—("—l‘f))
=1

=
1 1 —g—k=1)
L —(k=1) 174 7 7

M( (A—m+1)Ad + )
_mo - ((1 —d HA—m+ 1)7L+1)d("1))

_m(l - ((1 —d HYA-m+1)A+ 1)d—<k—1>)

1 (g (k1)
Hu(l ((1 d~H(A m+1)7L+1>d
1 (1 2%2—2(m—1)7t—m+1d_(k_1))

1424 A

I G
U (.G
1+24 (H/ld )

717
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By formula (4),
dm 1
= 1+d"=——
1+dm’ * 1-G
We have
N 1

Using a similar approach, we obtain

. 1 1+4)G ,_
Wk:vm_‘_l_k:l—’_ZA/(l_( }Lz) d (k 1)>

Theorem 3.3. Let 2 <m € 7Z, A € C be an eigenvalue of Py, and let & = (:/) and E = (v%)

denote the right and left eigenvector of Py, corresponding to A, respectively,

V= (V17v27"' 7VWI)t7W: (W17W27"' 7Wm)t € Cm7
V= V1,02, V) W = (W, Wa, -+, W) € C,

v+l w=1y+1,w=1.
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Then
1
(1) Vk+1—de:Wk+1—de=m, k=1,2,--- . m—1,
1-G 1-G
2 —vp=——dF —wp=———d*, k=12,-- ,m—1
( ) Vi+1 Vi )Lz(l‘}—)h) y Wk+1 Wi 2’(1+)u)2 ) PEad) ,m ’
G-1, . _ G “k
(3) Vi — Wi = 22 d; Vi — Wi = (l—l—l)zd ) k:1727"'7m7
4 Vk+1_Vk:‘Ek+l_i‘>k:_1+)«’ k=12, m—1,
Wkl — Wk Vil — Vk A

2
where d = (1%1) ,G=2A%—-2(m—1)A —m+1.

Proof. By Corollary 3.2(1), it follows that fork =1,2,--- .m—1,
(14220 v —1 = $=Lak T and (14 24) vy — 1 = $=Ld¥, hence

1+A s
(1+24)vep — 1 iy
(1+20)ve—1
We have
1—-d 1

—dvp = - .
T TR T T T (11 1)2

Using a similar approach, we obtain

1
(14+1)%

Wir1 —dwg =

By Corollary 3.2(1), it follows that for k =1,2,--- ;m—1,

1 (G-1, G-1
_ — dk_ dk—l
Vet Yk 1+27L(1+7L ) )
_ U (Gl Gl
1424\ 1+ A4 1+
1 1\G-1
= TP R
1424 d)1+2
_ 1-G

A2(1+A)
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Using a similar approach, we obtain

1-G
Wi+l — Wi = —mdk

By Corollary 3.2(1),(2), it follows that for k = 1,2,--- ;m,

I G-1,.,\ 1 [ AG-1)
kT Wi = 1—|—27L(1+1+7Ld ) 1—|—27L(1 a+ap2¢

1 1 A 1
1422 (1+)L a (1+/1)2>(G_1>d

G—1,
= Td-

Using a similar approach, we obtain

o~ —k
Vi — Wi = (l—l—l)zd
It is clear
Verl—vk 142
Wil — W A
By Corollary 3.2(3),(4), we have
Wikl =Wk Vm—k —Vmti—k _1+A
Vil = Vi Wik — Wing1—k A

Theorem 3.4. Let 2 <m € Z, A € C be an eigenvalue of By, and let & = (;) and E = (v%)
denote the right and left eigenvector of Bay, corresponding to A, respectively, 1! v+ 1! w =

1v+1,w=1. Then

1 _mz(m+1) +m2(m— 1)
1+24 1+4 A

5’5: Z(m—i-

2
Proof. Letd = (%) ,G=2A%-2(m—1DA—m+1,

V= (V17v27"' 7vm)t7wz (W17W27"' 7Wm)t € Cmv

~

V= (‘/)\17‘727"' 7vm)t7v/‘>: (W17W27"' 7v/‘7m>t S (Cm7
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By formula (4), we have

By Corollary 3.2, we have

G 1-2G
m __ 1 —d" =
=g =176
m m
Z ViVk + Z Wi Wi
k=1 k=1
m m
Z ViWm1—k + Z WiVim41—k
k=1 k=1

m
2 Z ViWm+1—k
k=1

S 1 G—1 4 CAG—D)
zk_1(1+2/1)2<1+1+zd )(1 T

2 i G-1,, A(G-1),, (G-1?%
—Z<1+mdk i k—mmd)

(G-1)(1—d™) AG-1)(1-d™) m(G—l)de)
(1+A)(1—-d) (A+A)2(1—-d) A(1+A1)

(
()

(

(

(G-1)(1=d") m(G-1)?*
Y} _A(1+/1)d)

261, m(G-1)G
1422 (1+A)A )

Notice that G =242 —2(m — 1)A —m+1 = (1 +2A1)(A —m+ 1) — A. Therefore,

2 26-1 m(G—1)G
(1+2/1)2(m+1+2x+ I+ A)A )
2 m(14+222(4 —m~+1)(L —m)

_ 2( 1 m(l—m-l—l)(l—m))

1124 (1+2A)A

1 m*(m+1) m?(m—1)
2<m+1+2/1_ ) ) )

721
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Theorem 3.5. Let 2 <m € Z, A € R be an eigenvalue of B, and let & = () denote the right

eigenvector of By, corresponding to A,

V= (V17v27"' 7vm)t7wz (W17W27"' 7Wm>t € Cm7

v+l w=1.

(1) If A >0, then

V<V < oo <y < Wiy < Wi <o < Wy,

(2) If A <0, then

V< W <V <wpy < -+ < V] < Wp—1 < Vip < Wy

2
Proof. Letd = (%) ,G=2A2-2(m—1)A —m+1.

If A > 0, by Theorem 2.7(1), A is the spectral radius of %, with m — % — SLm <A<m— % — ﬁ.

It 1s easy to verify that 0 < G < 1. According to Theorem 3.3(2) , it follows that for k =

1,2,"',]’}1—17
1-G
— = ———d" >0
Vi1 — Vi A2(1+ ) >0,
1-G
— = —— — Jd<o.
Wiet1 Wk A0+A2% S
According to Theorem 3.3(3) , it follows that
G—-1
Vin — Wiy = e d" <0,

Therefore,

V<V < oo < Vg < Wi < Wi < 0o < W
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If A <0, by Theorem 2.7(2), —% <A< —% + 5% It is easy to verify that 0 < G < % According
to Theorem 3.3(2),(3) , it follows that

Vigl —Vk = %d%o (k=1,2,---,m—1),
Vi — Wi = Gl_zldk<0 (k=1,2,---,m).
Hence, fork=1,2,--- . m—1
Vel =Wk = (Vi1 — vi) + (v — wi)
= le(ffz)dqu_zldk
= —/{Lz(g;jx))dk>0'

Therefore,

VI <Wp <V <wp <o < V] < W1 < Vi < Wiy
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