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Abstract. In this paper, we apply two solitary wave ansatzes in terms of sech? and tanh? to obtain
bright and dark soliton solutions of the Ostrovsky-Benjamin-Bona-Mahony (OS-BBM) which describes

the motion of ocean currents.
Keywords: Solitary wave ansatze, Bright soliton, Dark soliton.

2000 AMS Subject Classification: 74J35; 35C08

1. Introduction
The Ostrovsky equation [6] is a model of ocean currents motion,
(1) (ut + (u2)x - ﬁuzxm)m = u, T e §R»

where, (§,~ are constants. Parameter § determines the type of dispersion, namely, § = —1 (negative-
dispersion) for surface and internal waves in the ocean and surface waves in a shallow channel with an
uneven bottom; 8 = 1 (positive dispersion) for capillary waves on the surface of liquid or for oblique
magneto-acoustic waves. Parameter 7 > 0 measures the effect of rotation. When v = 0, integrating
once with respect to x and letting the integral constant be zero, the Ostrovsky equation becomes the

well-known KdV equation.

*Corresponding author
E-mail addresses: marwan04@just.edu.jo

Received December 5, 2011
15



16 MARWAN ALQURAN*

Existence and non-existence of localized solitary waves of the Ostrovsky equation is classified accord-
ing to the sign of the dispersion parameter (which can be either positive or negative). Yue Liu and
Vladimir Varlamov [7] proved that for the case of positive dispersion the set of solitary waves is stable
with respect to perturbations. The issue of passing to the limit as the rotation parameter tends to zero
for solutions of the Cauchy problem is investigated on a bounded time interval. V. Varlamov and Yue
Liu [8] studied initial-value problems that arises in modeling the unidirectional propagation of long waves
in a rotating homogeneous incompressible fluid. Local- and global-in-time solvability is investigated. For
the case of positive dispersion a fundamental solution of the Cauchy problem for the linear equation is
constructed, and its asymptotic is calculated as ¢ — oo and § = constant. For the nonlinear problem
solutions are constructed in the form of a series and the analogous long—time asymptotic is obtained.

The Benjamin-Bona-Mahony (BBM) equation [9, 16]
(2) up + Uy — a(uz)m — bz = 0,

is a well-known equation in physics. The equation has dispersion effect and exists solitary wave behavior.

The experimental realization of bright and dark solitons for nonlinear PDEs lead to interest in their
formation and dynamics. Having analytical solutions to nonlinear PDEs will thus be of great importance
as it will help in understanding the dynamical behavior of solitons. The mathematical physics literature
has appeared a large amount of new powerful methods to calculate exact solutions to nonlinear wave

equations, among these methods, we cite [10, 12, 13, 14, 15, 16].

In this work, the following OS-BBM equation will be studied
(3) (ut + uz — O‘(uz)m — Bugst)e = y(u+ u2).

In what follows we highlight the main features of the solitary wave ansatzes that will be used in this work

where more details and examples can be found in [1, 2].

2. Solitary Wave Ansatzes; bright and dark solitons

In this section, we will highlight briefly the main steps of the methods that will be used in this paper.

We first unite the independent variables  and ¢ into one wave variable ( =  — At to convert the PDE
(4) P(uauhumvumm7umtvutt7u1’xzv'“) = 07
into an ODE

(5) Qu, =/ ', 2 N2 u" L) = 0.
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Eq. (5) is then integrated as long as all terms contain derivatives.

Bright solitons 2.1.

In order to obtain the bright soliton solution of (4), the solitary wave ansatze is assumed as [1, 3, 4, 11]

A
cosh ()’

where ( = = — M. Here A is the soliton amplitude, p is the inverse width of the soliton and M is the

(6) u(zx,t) =

q >0,

soliton velocity. The unknown index ¢ as well as A, p and X\ are to be determined during the course of

derivation of the solution of (5). Based on this ansatze, we have

(7) W= P gucosh! () siub(4)
"o dQU(O _ ) —q 2 —2—¢q )
(8) = e = A (—qp® cosh™?(u¢) + q(1 + q)p” cosh™*~(u¢) sinh® (1))

Substituting (6)—(8) into the reduced ODE (5) gives a polynomial equation of cosh terms after using
the identity sinh® = cosh? —1. To determine the parameters we first balancing the exponents of each
pair of cosh to determine ¢. Then we collect the coefficients of the same power in cosh and setting them
to zeros, to get a system of algebraic equations among the unknowns A, A and p. The problem is now
completely reduced to an algebraic one. Having determined A, A and p by algebraic calculations or by

using Mathematica, the solutions proposed in (6) follows immediately.
Dark solitons 2.2.

In order to obtain the bright soliton solution of (4), the solitary wave ansatze is assumed as [1, 11]
(9) u(e,t) = Atanh®(uC), g >0,

where ( =z — At. Here A and p are free parameters and A is the soliton velocity. The unknown index ¢
as well as A, p and X are to be determined during the course of derivation of the solution of (5). Based

on this ansatze, we have
(10) u' = Agqutanh™(u) sech *(u()
(11) u" = A(q(—1+ q)u’sech *(u¢) tanh™*(u¢) — 2qu*sech * (u¢) tanh?(u())

Substituting (9)—(11) into the reduced ODE (5) gives a polynomial equation of tanh terms after using
the identity sech? = 1 — tanh?. To determine the parameters we first balancing the exponents of each

pair of tanh to determine ¢ and then we proceed as the above analysis stated in the bright soliton case.
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3. Ostrovsky-Benjamin-Bona-Mahony (OS-BBM)
In this section we consider the OS—BBM

(12) (up + up — a(u?)y — BUget)s = Y(u + u?).

Using the wave variable { = x — At transforms (12) into the ODE

(13) (1 =M — 2a(un” + (u')?) + Bu”"" = y(u + u?).

3.1. Bright soliton solution
Substituting (6)—(8) into (13) gives
0 = 24q(1+2q)ap® cosh?(zp) — A(y + 4¢2ap?) cosh*(zp) + q(6 + 11q + 6¢° + ¢°)BAu* cosh?(zp)
— gL+ @p?(1+ A(=1+2(2 + 2¢ + ¢°)B?)) cosh® I (zp)
(14) + (=7 + 1+ M1+ ¢*Bp?))) cosh™(zp)

By equating the exponents and the coefficients of each pair of the cosh function we obtain the following

algebraic system:

2 =g

0 = 24q(1+2¢)ap® + q(6 + 11qg + 6¢> + ¢) Bt

0 = —A(y+4d®ap®) —q(1+q)p*(1+ M=1+2(2 + 29 + ¢*)Bp?))
(15) 0 = =+ +A=1+¢*8u%).

Solving the above system yields

-3
A=
. a+a2
YT oaEm
B va+ By
(16) mo= Ty ETap

Based on the obtained results, a bright soliton solution of (12) exists if a + Sy > 0 and 8+ a8 > 0, and

thus the solution is

=3 o Va+ By a+a?
(17) u(z,t) = Tbech (2\/m(x - +ﬂ7t)) .

Figure 1,2 shows the plots of the above obtained solution when 5 = 1, —1 respectively.
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FIGURE 1. The obtained bright soliton solution of OS-BBM: 8 =1; a = 2 ;
y=1; -10<2<10; 0<t<5H

FIGURE 2. The obtained bright soliton solution of OS-BBM: 8 = —-1; a =2 ;
y=1; =10<z<10; 0<t<5h

19



20 MARWAN ALQURAN*
3.2. Dark soliton solution

Substituting (9)—(11) into (13) gives

2 =g

0 = Aq(—6+11qg—6¢> + ¢*)BAu’

0 = —A(-1+q)qu*(=1+ A1 +4(2 - 29+ ¢*)Bu?))

0 = A(—y+2qu*(Aa + 3¢ B \u® + q(—1 — 2Aa + A+ 58\u?)))

0 = —A(A(y = 8¢°ap®) + q(1+ (=1 + M1+ 4(2 + 2¢ + ¢*)81?)))
(18) 0 = Aqu*(—2A(a+2ga) + (6 + 11 + 64 + ¢*)BAu?).

For the case § =1, solving the above system yields

1
A= ——
1+ 8u?
62
A = +——F—
a(l+8u?)
(19) v = 0.

Therefore, a dark soliton solution exists for OS-BBM equation if the coefficient v is zero and accordingly,

the solution is

62 t
— = )

where 1 is a free parameter.

Where as § = —1, solving the above system yields

1
A= —
1—8u?
2
A = oo T
ol —8u?)
(21) v = 0.

Therefore, a dark soliton solution exists for OS-BBM equation if the coefficient 7 is zero and accordingly,

the solution is

(22) u(z,t) = —6n”

= — " __tanh®
ol = 8,2) anh”(x

B 1—8u2)'
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4. Conclusions

In this work we used solitary wave ansatzes in terms of sech? and tanh? to obtain bright and dark
soliton solutions of the Ostrovsky—Benjamin—Bona—Mahony (OS—BBM). We have stated the conditions

on the parameters that guarantees the existence of bright and dark soliton solutions of the OS—BBM.
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