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Abstract. This paper presents the dual combination-combination multi switching anti synchronization between
two pairs of drive chaotic systems and two pairs of response chaotic systems. The multiple combination of chaotic
systems and multi switching results in a complex dynamic behaviour, which is interesting to study. Using Lya-
punov stability theory, sufficient conditions are achieved and suitable controllers are designed to realize the desired
synchronization among eight chaotic systems. Corresponding theoretical analysis is presented and numerical sim-

ulations performed to demonstrate the effectiveness of the proposed scheme.
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1. Introduction

The chaos synchronization problem, because of its interdisciplinary nature, has received in-
terest from researchers across the academic fields since it was first introduced by Pecora and
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Caroll [1]. The potential applications of chaos synchronization to engineering systems, infor-
mation processing, secure communications, and biomedical science amongst many others has
led to a vast variety of research studies in this topic of nonlinear science [2-5]. Various kinds
of synchronization have been reported and presented in a chaotic systems using many effective
methods such as complete synchronization, anti synchronization, projective synchronization,
active control, adaptive control, backstepping control, and so on [6-11].

In this paper, the authors have combined the idea of multi switching [12, 13] with dual syn-
chronization [14, 15] and extended it to combination combination [16] anti synchronization of
four chaotic systems. The novel scheme, dual combination combination multi switching anti
synchronization involves eight chaotic systems. This work is a significant improvement and ex-
tension of existing multi switching synchronization schemes. Using Lyapunov stability theory,
sufficient conditions have been achieved to realise the desired synchronization. To demonstrate

the effectiveness of the proposed method numerical simulations have been performed.

2. Formulation of dual combination combination multi switching synchro-

nization

In this section, we formulate the synchronization scheme involving eight chaotic systems.

Let the first two drive systems be described as

(D X1 = fi(xr)

() X2 = fo(x2)

where x; = (x11,X12,...,X10) 7> X2 = (X21,%22, ...,X24) 7, f1, fo: R* — R" are known continuous
vector functions. Linear combination of the states of two drive systems (1) and (2) gives a

resultant signal of the form

T
S1 =|a11x11,a12X12, ..., A1y X1n, A21X21 , A22X22, - ., A2 X2p)

) A 0| |x
= = Ax
0 A |x
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where A| = diag(ayy,ai2,...,a1,), and Ay = diag(azy,a»,...,as,) are two known matrices and
ayj,ay; are not all zero at the same time (i, j = 1,2,...,n).

Next two drive systems are written as

“4) yi=g1(n)

) ¥2 = g2(32)

where yi = (y11,¥12, Y1) ¥2 = V21,522, --,y20) "+ &1, 20 R — R" are known continuous
vector functions. Hence, the linear combination of the states of two drive systems (4) and (5)

gives a resultant signal of the form

Sy =[b11y11,b12Y12, -+, D1aY1n, b21Y21,22Y22, -y Dany2n] "
(6) B 0
_|B gy
0 By| |»

where B = diag(by1,b12,...,b1,), and By = diag(ba1,b, ...,by,) are two known matrices and
b1, by are not all zero at the same time (i, j = 1,2,...,n).

Let the first two response systems be given by

(N 71 =h(z1) +u

(8 2 =ha(22) +uz

where 71 = (211,212, -.21n) "> 22 = (221,222, --,220) " » 1, hy: R* — R" are known continuous
vector functions, and uy = (uyy,u12,...,u1,), up = (Uz1,u22,...,up,) are the controllers to be
designed. By linear combination of the states of two response systems (7) and (8) a resultant

signal is obtained of the form
T
S3 =[c11211,€12212, -+, C1nZ1n, €21221,€22222, -+, C2nZ2n]
©) G 0| |z
= =Cz
0 G| |z

where C| = diag(c11,c12,-.-,¢1n), and C = diag(ca1,¢22,...,¢2,) are two known matrices and

c1i, ¢ are not all zero simultaneously (i, j = 1,2,...,n).
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Let the next two response systems be described as

(10) w1 =ki(w1)+u3

(1n Vs = ka(w2) + g

where wi = (W11, w12,...,win)?, wa = (Wa1,w22,...,w2,)T, k1, kp: R* — R" are known contin-
uous vector functions, and u3 = (u3y,u32,...,u3,), g = (Uay,Us2,...,Us,) are the controllers to
be designed. Linear combination of the states of two response systems (10) and (11) gives a

resultant signal of the form
T
Sa =[duiwi1,di2w12, ..., diaWin, d2iw21,doow2a, ..., dopWoy|

(12) D1 0| |w
= =Dw
0 D2 wo
where Dy = diag(dy1,d2,...,d1,), and Dy = diag(da1,dy, ...,d,) are two known matrices and

dii,d>j are not all zero at the same time (i, j = 1,2,...,n).

The error signal for dual combination combination synchronization is

e=S1+S54+S53+54

=Ax+By+Cz+Dw
A1 0 X1 B] 0 Vi C] 0 71 D] 0 w1
(13) = + + +
0 A2 X2 0 32 y2 0 C2 22 0 Dz wo

Aix1+B1y1 +Cizi +Diwy

| A2x2 + Boys + Ca22 + Dowy

Definition 2.1. If there exist four constant diagonal matrices A, B,C,D € R*?" and C # 0 or

D = 0 such that
(14) lim ||e|| = lim ||Ax+ By +Cz+ Dw|| =0,
[—o0 —>o0

where ||.|| is the vector norm, then the drive systems (1), (2), (4), and (5) realise dual combina-

tion combination anti synchronization with the response systems (7), (8), (10), and (11).
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Remark 2.2. The diagonal matrices A, B, C, and D are called the scaling matrices and can be
extended to functional matrices of state variables x, y, z, and w.
Comment 2.3. From (14) we get that dual combination combination anti synchronization is

achieved when
lim ||e|| = lim ||Ax+ By +Cz+Dw| =0,
f—roo f—ro0

which is equivalent to say that

lim ||e; || =1im |[|[A1x; +B1y1 +Ciz1 +Diwi]| =0
{—>o0 [—ro0

lim [|ez | = lim [[A2x2 + Boyz + Coza + Down || = 0
f—3o0 f—$oo
where e = (e1,e3)”. This can be further written as

lli_{?oelm :tli_{galmxlm + blmylm + CtmZim + dlmwlm =0

tlggo €m = llgrolo amXom + bamyam + comzom + domwom =0

where e = (611,612,...,€1n), ey = (621,622, ...,ezn), and m = 1,2, ..., 1.

Comment 2.4. Let us rewrite the components of e1, and e, as

Clmjy = A1iX1i +b1jY1j+ cuzi + dimWim
(15)

€omy; = 2i%2i + D22 j 4 21201 4 domWom

h th

where i, j,[,m = 1,2,...,n and the subscript (ijlm) denotes i"" component of x; and x,, j

lth

component of y; and y, component of z; and 7z, and m'" component of w; and wy. In

relation to Definition 1, the indices (ijlm) of the error states €1m(; > and €2m (i ATE strictly
chosento satisfy i = j=1=m (i, j,l,m=1,2,....,n).
Definition 2.5. If the indices of the error states ey, - and ey, are redefined such that

(ijlm (ijlm)
i=j=l#mori=j=m#lori=l=m# jorj=l=m#ijori=j#l=mori=1#j=m
ori=m#j=lLori=j#l#mori=1#j#mori=m#I#jori#j=1#mor
i#j#l=mori#l# j=m;ori# j#1#mand

(16) lim [|e]| = lim [|Ax+ By + Cz+ Dw|| =0,

t—5oo



852 A. KHAN, D. KHATTAR, N. PRAJAPATI

where i, j,[,m = 1,2,....,n and ||.|| is the vector norm, then the drive systems (1), (2), (4), and
(5) are said to be in dual combination combination multi switching anti synchronization with
response systems (7), (8), (10), and (11).

Remark 2.6. If Ay =B, =C; =D, =0, or A, = B, = Cy = D, = 0, then dual combina-
tion combination multi switching anti synchronization changes to multi switching combination
combination anti synchronization problem of chaotic systems.

Remark 2.7. If C; = C, =0, or D = D, =0, then dual combination combination multi switch-
ing anti synchronization changes to dual combination multi switching anti synchronization of
chaotic systems.

Remark 2.8. IfA1 :Bl = C1 :D1 =0, and C2 =0 OI‘D2 :O, OI‘AZ :Bz :Cz :D2 =0,
and C; =0 or D; = 0, then dual combination combination multi switching anti synchronization
changes to multi switching combination anti synchronization of chaotic systems.

Remark 2.9. Using suitable values for the scaling factors Ay, Ay, By, Ba, Ci, C2, Dy, and
D, multi switching dual projective anti synchronization and multi switching projective anti

synchronization may also be obtained by the proposed scheme.
3. Synchronization Theory

In this section we achieve the dual combination combination multi switching anti synchro-
nization among four chaotic drive systems and four chaotic response systems. Let the control

functions be defined as

Uim = —aifii = b1jg1j = cuhu — dimkim — €img ), (4, L,m=1,2,....n)

(17)
Usm = —aifoi — b2j82j — cathar — domkom — €m0, 4,1,m=1,2,....n)
where
U]m:C1[M1[+d1ml/t3m, (lam: 1,2,...,]’1)
(18)

UZm:C21”21+d2mu4ma (l7m: 1727'"7n)

andfl - (f117f127"'7f1n)T’ f2 = (f217f227"'7f2n>T’ 81 = (g117g127 "'7g1n)T’ 82 = (g217g227"'7g2n)T’
hl = (h117h127 "'7h1n)T’ h2 = (h217h227 "'7h2n)T’ kl = (k117k127 "'7k1n)Ta and k2 = (k217k227 "'7k2n)T'
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Theorem 3.1.The drive systems (1), (2), (4), and (5) achieve dual combination combination
multi switching anti synchronization with response systems (7), (8), (10), and (11) if the control
functions are chosen as given in (17).

Proof Using (13) the error dynamical system can be written as

é1 A1x1 + By +Ciz1 + Dy
(19) e— |t = [T

é Apxp + Bryy + Cozp + Dovin
which can be further written as

20) ér|  [Aufi+Bigi+Ci(h +u)+Di(ki +u3)

é A fr+Bagr +Co(ha +uz) + Do (ko + us)

From this we obtain

p

Ctmy =a1if1i 0181+ cru(hu +un) +dim(Kim + uzm),

(i,j,l,m=1,2,....,n)
(20
amijuy =02if2i + 0282 + co1(hoy + uap) + dom (kom + tam),

(i,j,l,m=1,2,...n)

where the indices (ijlm) satisfies one of the generic conditions given in Definition 2.

Let the Lyapunov function be defined as

l 7
V=
2e e
1 & b 1 1
:E Z( lm(ljlm)> + 5 Z( 2m(z/lm))
m=1 m=1
The derivative V is obtained as
n n
(22) Z 1m(tjlm lml_]lm + Z 2m (ijlm) 2m(zjlm)

m=1 m=2
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Using (17) and (21) in the above equation we get

n
v=Y lm [A1if1i+b181j + cruhiy + dimkim + Urp]

m=1

n
+) €m i jum (A2 12i + 282 + Ca1har + damkom + Upm]
m=1

n n
= Zlelm(ijlm)<_elm(z’jlm)) + Zl ezm(ijlm)(_ezm(ijlm)) (Using(17))
m= m=

:—€T€

Thus we see that V is negative definite. Using Lyapunov stability theory, we get lim,_,, ||e|| =0,
which gives us lim;_. ||e1]] = 0 and lim;_ ||ez|| = 0. This means that the drive systems (1),
(2), (4), and (5) achieve dual combination combination multi switching synchronization with
response systems (7), (8), (10), and (11).

The following corollaries are easily obtained from Theorem 1 and their proofs are omitted
here.
Corollary 3.2. (i) If a;; =b1j =cyy =di =0, i,j,l,m = 1,2,...,n then the drive systems
(2) and (5) achieve multi switching combination combination anti synchronization with the

response systems (8) and (11) provided the control function is chosen as

Usm = —aifai — b2j82j — cathar — domkom — €amyy,» - (i,4,1,m=1,2,....n)
(i) If ay; = byj = coy = doyy =0, i, j,I,m=1,2,...,n then the drive systems (1) and (4) achieve

multi switching combination combination anti synchronization with the response systems (7)

and (10) provided the control function is chosen as

Uin = —aifii = b1j1j = cuhi — dimkim = €img ), (J,L,m=1,2,....n)

Corollary 3.3. (i) If ¢;; = cp; =0, [ =1,2,...,n then the drive systems (1), (2), (4) and (5)

achieve dual combination multi switching anti synchronization with the response systems (10)
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and (11) provided the control functions are chosen as

—1 -1 —1 ..
uzm =—dy,a1if1i—dy,b1j81; — kim _dlmelm(ijlm)v (i,j,l,m=1,2,....,n)

—1 —1 —1 i
Ugm = = dy,, @2 f2i — dy, 282 — kom — s, €2m (i j,5,m=1,2,....,n)

(1) Ifdy;y =dp =0,m=1,2,...,n then the drive systems (1), (2), (4) and (5) achieve dual com-
bination multi switching anti synchronization with the response systems (7) and (8) provided

the control functions are chosen as

71 71 71 .
wy ==y arifii—cy bijgrj—hi—cpyeimgy,,  (j,Lm=1,2,....n)

71 71 71 « .
Uy = = Cyp @2ifai =y b2j82j = hat = ¢y oy (i Lim=1,2,....m)

Corollary 3.4. (i) If a;; = blj =cy=di,=0,and ¢, =0, i, j,[,m=1,2,...,n then the drive
systems (2) and (5) achieve multi switching combination anti synchronization with the response

system (11) provided the control function is chosen as

-1 —1 —1 PR
Uam = —dyyy @i f2i = dy, b2j82j = kom — doyyamyy,y s (6 1,m=1,2,....n)

() If a;; = b1j=cyy=diu =0, and dpy, =0, i, j,I,m = 1,2,...,n then the drive systems (2)
and (5) achieve multi switching combination anti synchronization with the response system (8)

provided the control function is chosen as
—1 —1 —1 ..
Uy = —Cy; aZifZi —Cy b2]g2] - hZI —Cy eZm(ij]m)u (17]7 lam - 17 27 7”)

(iii) If ap; = byj = ¢y = dp = 0, and ¢y, = 0, i, j,I,m = 1,2,...,n then the drive systems (1)
and (4) achieve multi switching combination anti synchronization with the response system (10)

provided the control function is chosen as

—1 —1 —1 P
uzm = —dya1ifri —dy, b1jg1; — kim _dlme]m(ijlm)’ (i,j,0,m=1,2,....n)

(v) If ap; = brj = ¢y = doyy =0, and dy,,, = 0, i, j,I,m = 1,2, ..., n then the drive systems (1)

and (4) achieve multi switching combination anti synchronization with the response system (7)
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provided the control function is chosen as

71 71 71 o .
wy = —cypanfii—cybrjgr —hu—=cyeimgy,y (G Lm=12,..,n)

4. Illustration of the synchronization scheme

In this section we realize the dual combination combination multi switching synchronization
among eight chaotic systems and perform numerical simulations to show the validity and effec-
tiveness of the proposed scheme. As an example we consider Lorenz system and Chen system

to demonstrate the method. let the first two drive systems be given as

)
x11 =10(x12 —x11)

(23) X12 =28x11 — X11X13 — X12

[ 13 =X11X12 — 2X13
x21 =35(x20 —x21)
(24) X22 = —X21X23 — Tx21 +28x22

X23 =X21X22 — 3x23

\

The next two drive systems are considered as

(
yi1 =10(y12 —y11)

(25) Y12 =28y11 — y11y13 — Y12
. 8
ky13 =Y11Y12 3)’13

y21 =35(y22 —y21)

(26) Y22 = — Y2123 — Ty21 +28y2

\ Y23 =y21y22 — 323
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The first two response system are described as

)
z11 =10(z12 — z11) + u1;

27) 212 =28211 — 211213 — 212 T U12

) 8
\ 213 =211212 — 5213 +up3

221 =35(202 — 221) +u21
(28) 200 = — 221203 — 1221 + 28200 +u2n

203 =221222 — 3223 + U3

and the next two response systems are taken as

(
wi1 =10(wia —wi1) +u3;

(29) Q W12 =28wi1 —wiiwiz —wiz +uz

| Wiz =wiiwia — §W13 + u33

4

Wo1 =35(waa —wap) +uay

(30) W2o = —wowp3 — Twai + 28w + ugp

W23 =wo 1w — 3wz + u43
\

By the conditions on indices i, j,/,m = 1,2,3 stated in Definition 2, several multi switching
combination exist for defining the error e = (e1,e3)”. We will present results for one randomly

selected error space vector combination formed out of several possibilities. Let us define e; =
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(811(1231)7612(3122)7613(2313))’ and ez = <621(3121)7622(1312)7623(2233)) where

€11 (53 =A11X11 +b12y12 — c13213 —diwii
€12(317) =A13X13 +b11y11 — c12212 —d12w12
€13 (3313 =@12X12 + b13y13 — crizin —dizwi3
€21 315, =023X23 + b21y21 — €22222 — d2 W2
€22 1315 =@21X21 +b23y23 — 21221 — d22W2

€23 y53) =22X22 + b22y22 — €23223 — d23wW3

under the assumption that A| = diag(a1,a12,a13), Ay = diag(az1,ax,a3), By = diag(byy,b12,b13),
By =diag(by1,by,b23), C1 =diag(ci1,c12,¢13), C2 = diag(ca1,¢22,¢23), D1 = diag(dy1,d12,d13),
and D, = diag(dy1,drn,d»3). Assuming A =A, = B; =By =C; = C, = D; = D, =1, the con-

trollers are chosen as

;

8
Uit =—10(x12 —x11) — (28y11 —yniyiz —yi2) — (zi1z12 — 5213)

—10(wi2 —wi1) — €111

8
U12 = — (XIIXIZ — §X13> — 10(y12 —)’11)

(1)
— (28211 —zn1zi3 —z12) — (28w —wiiwiz — wi2) — €125,
8
Utz = — (28x11 — 21013 —x12) = (yiz = 3v13) = 10(zi2 —zn)
8
\ — (wnwiz — §Wl3) €13 33
Uz1 = — (x21x22 — 3x23) — 35(y22 — y21) — (—221223 — 7221 +28222)
—35(w2 —wa1) — €214y,
Uzp = —35(x22 — x21) — (y21¥22 — 3y23) — 35(222 — 221)
(32)

— (—wa1waz — Twyp1 +28wpp) — €22(1312)

Upz = — (—x21x23 — Tx21 +28x22) — (—y21¥23 — 7y21 +28y22)

— (221222 — 3223) — (W21w22 — 3w23) — €23,
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where U1 = w13 +uzi, Uiz = uip +uzp, Uiz = urn +u3z, Uz = upp +uar, Upp = upy +usp, and
Uz = up3 +us3.
These controllers (31) and (32) are designed in accordance with Theorem 1 in order to re-
alise the desired synchronization. In the numerical simulations process the initial conditions
of the drive and response systems are chosen as (x1,x12,x13) = (1.1,0,—0.1), (x21,%22,%23) =
(1.5,0.9,0.1), (y11,y12,y13) = (0,—0.1,2), (y21,¥y22,¥23) = (— 1,1, 1.5), (z11,212,213) = (0.5,1.2,5),
(Z21,222,223) = (0.7, —3, 1.1), (W11,W12,W13) = (O, —1,0), and (W21,W22,W23) = (—2, —0.5, 1).
Figures (1) — (6) illustrates the time response of synchronized states. We can see that the de-
sired dual combination combination multi switching anti synchronization is achieved with the

controllers we designed.

40 :

L N P TR n Vo
20 AN AN A AN AN AVANRYAN \ vy 1
SN NN Y \\,/ SN\ Iy RN [

\ ’
54 N N YAV AR Y ¥ \\/ Vo
~ \

-20

FIGURE 1. Response for states x1; + yi2 and z13 + wy; for drive systems (23),

(25) and response systems (27), (29).

5. Conclusion
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FIGURE 2. Response for states xj3 +y1; and z12 + w2 for drive systems (23),

(25) and response systems (27), (29).
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FIGURE 3. Response for states xj7 + y13 and z1; + w3 for drive systems (23),

(25) and response systems (27), (29).
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FIGURE 4. Response for states x»3 + y»1 and z2o + wp; for drive systems (24),

(26) and response systems (28), (30).
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FIGURE 5. Response for states x»; + y»3 and z21 + wpo for drive systems (24),

(26) and response systems (28), (30).

In this paper a novel scheme for synchronization involving eight chaotic systems has been
proposed. The proposed scheme dual combination combination multi switching anti synchro-
nization achieves synchronization between four chaotic drive systems and four chaotic response
systems in a multi switching manner. The complexity of signal achieved by multiple combina-

tion increases the security of transmitted signal, as the dynamic behaviour of resultant signal
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-100 L L 1
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FIGURE 6. Response for states x»7 + yp2 and zo3 + wp3 for drive systems (24),

(26) and response systems (28), (30).
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FIGURE 7. Time response of synchronization errors

is so complex that it becomes very difficult, for the intruder, to separate the information signal
from the transmitted signal. Thus this scheme may provide improved performance and better
resistance in the context of secure communication applications. The concept of multi switch-
ing in this scheme further strengthens the anti attack ability of the transmitted signals from
drive systems because, for an intruder, determining the correct combination for error space vec-
tor is extremely difficult due to large number of possible synchronization directions. Using
Lyapunov stability theory, sufficient conditions are obtained for achieving dual combination
combination multi switching synchronization. Numerical simulations has been demonstrated
using four Lorenz systems and four Chen systems to show the effectiveness and validity of the
method.
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