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Abstract. In this paper, we introduce two notions of 7y property in fuzzy topological spaces by using quasi-
coincidence sense and we show relations among ours and other such notions. Then, we establish that all these
notions satisfy good extension property. Also hereditary, productive and projective properties are satisfied by these

notions. We observe that all these concepts are preserved under one-one, onto, fuzzy open and fuzzy continuous

mappings. Finally, we discuss initial and final fuzzy topological spaces on our concepts.
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1. Introduction

Chang [5] defined fuzzy topological spaces (fts, in short) in 1968 by using the concept of
fuzzy sets introduced by Zadeh [26] in 1965. Since then extensive work on fuzzy topologi-
cal spaces has been carried out by many researchers like Gouguen [7], Wong [24], Lowen [13],
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Warren [23], Hutton [10] and others. Separation axioms are important parts in fuzzy topological
spaces. Many works [6, 1, 8, 3, 19, 20, 21] on separation axioms have been done by researchers.
Among those axioms, fuzzy Tp type is one and it has been already introduced in the literature.
There are many articles on fuzzy 7 topological space which are created by many authors like
P. Wuyts and R. Lowen [25], D. M. Ali [1], Srivastava et al. [22], M. S. Hossain and D. M. Ali

[9] and many others.

The purpose of this paper is to further contribute to the development of fuzzy topological spaces
specially on fuzzy Ty topological spaces. In the present paper, fuzzy Ty topological space is de-
fined by using quasi-coincidence sense and relations among the given and other such notions
are shown here. It is showed that the good extension property is satisfied on our notions. It is
also showed that the hereditary, order preserving, productive, and projective properties hold on
the new concepts. In the last section of this paper, initial and final fuzzy topological spaces are

discussed on author’s concept.
2. Preliminaries

In this section, we recall some concepts occurring in the papers [1, 26] which will be needed
in the sequel. In the present paper, X and Y always denote non empty sets and I = [0, 1], [} =
[0,1). The class of all fuzzy sets on a non empty set X is denoted by 7X and fuzzy sets on X are
denoted as u,v,w etc. Crisp subsets of X are denoted by capital letters U,V,W etc. throughout

this paper.

Definition 2.1. [26] A function u« from X into the unit interval [ is called a fuzzy set in X. For
every x € X, u(x) € I is called the grade of membership of x in u.

Definition 2.2. [16] A fuzzy set u in X is called a fuzzy singleton if and only if u(x) = r,0 < r <
1, for a certain x € X and u(y) = 0 for all points y of X except x. The fuzzy singleton is denoted
by x, and x is its support. The class of all fuzzy singletons in X will be denoted by S(X). If

u € IX and x, € S(X), then we say that x, € u if and only if » < u(x).
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Definition 2.3. [11] A fuzzy singleton x, is said to be quasi-coincidence with u, denoted by
xyqu if and only if u(x) +r > 1. If x, is not quasi-coincidence with u, we write x,gu and defined
asu(x)+r<1.
Definition 2.4. [S] Let f be a mapping from a set X into a set Y and u be a fuzzy subset of X.
Then f and u induce a fuzzy subset v of Y defined by
v(y) =sup{u(x)}ifx € £ [{y}] # 9, x € X
= 0 otherwise.
Definition 2.5. [5] Let f be a mapping from a set X into a set ¥ and v be a fuzzy subset of Y.
Then the inverse of v written as f~!(v) is a fuzzy subset of X defined by f~!(v)(x) = v(f(x)),
forx € X.
Definition 2.6. [5] Let I = [0,1],X be a non empty set and IX be the collection of all mappings
from X into /, i.e. the class of all fuzzy sets in X. A fuzzy topology on X is defined as a family
t of members of IX, satisfying the following conditions.
(i) 1,0 €t,
(i) If u € t for each i € A, then |J;cp u; € t, where A is an index set.
(iii) If u,v €t thenunNv e t.
The pair (X,t) is called a fuzzy topological space (in short fts) and members of ¢ are called
t —open fuzzy sets.
Definition 2.7. [17] The function f: (X,7) — (Y,s) is called fuzzy continuous if and only if for
everyves, [ (v) €1, the function f is called fuzzy homeomorphic if and only if f is bijective
and both f and f~! are fuzzy continuous.
Definition 2.8. [15] The function f : (X,7) — (Y,s) is called fuzzy open if and only if for every
open fuzzy set u in (X,1), f(u) is open fuzzy set in (V,s).
Definition 2.9. [12] Let {X;,i € A}, be any class of sets and let X denotes the Cartesian product
of these sets, i.e.X = [];ca Xi. Note that X consists of all points p =< a;,i € A >, where q; € X.
Recall that, for each jj € A, we define the projection 7, from the product set X to the coordinate
space X, i.e. T, : X — X, by 7wj) (< aj,i € A>) =aj,.
Definition 2.10. [24] Let {X;,i € A} be a family of non empty sets. Let X = [];c X; be the

usual product of X;’s and let 7; be the projection from X into X;. Further assume that each
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X; is a fuzzy topological space with fuzzy topology t;. Now, the fuzzy topology generated by
{ﬂi_l (b;) : b; € t;,i € A} as a sub basis, is called the product fuzzy topology on X. Clearly if w is
a basis element in the product, then there exist iy, i, i3, ...,i, € A such that w(x) = min{b;(x;) :
i=1,2,3,...,n}, where x = (x;);cp € X.

Definition 2.11. [18] Let f be a real valued function on a topological space. If {x: f(x) > a}
is open for every real ¢, then f is called lower semi continuous function.

Definition 2.12. [13] Let X be a non empty set and 7 be a topology on X. Let r = o(T) be
the set of all lower semi continuous functions from (X,7') to I (with usual topology). Thus
o(T)={ueclX :u"'(a, 1] € T} for each o € I,. It can be shown that @(T) is a fuzzy topology
on X.

Definition 2.13. [14] The initial fuzzy topology on a set X for the family of fuzzy topological
spaces {(X;,#;)ica } and the family of functions {f; : X — (X;,#;) }icn is the smallest fuzzy topol-
ogy on X making each f; fuzzy continuous. It is easily seen that it is generated by the family
{7 () i € ti}ien.

Definition 2.14. [14] The final fuzzy topology on a set X for the family of fuzzy topological
spaces {(X;,#;)ica } and the family of functions { f; : (X;,#;) — X }ica is the finest fuzzy topology
on X making each f; fuzzy continuous.

Theorem 2.1. [2] A bijective mapping from an fts (X,7) to an fts (Y,s) preserves the value
of a fuzzy singleton (fuzzy point). Note: Preimage of any fuzzy singleton (fuzzy point) under

bijective mapping preserves its value.
3. Main results

In this section, we discuss about our notions and findings. Some well-known properties are
discussed here by using our concepts.
Definition 3.1. A fuzzy topological space (X,7) is called
(a) FTy(i) if and only if for any pair x,,y; € S(X) with x # y, there exists u € ¢ such that
Xrqu,ysqu, or there exists v € ¢ such that y;qv, x,gv.
(b) FTy(ii) if and only if for any pair x,,y; € S(X) with x # y, there exists u € ¢ such that

xrqu,ysNu = 0 or there exists v € ¢ such that y;gv, x, Nv = 0.
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(¢) ([22]) FTy(iii) if and only if for any pair x, y € X with x # y, there exists u € ¢ such that
u(x) =1, u(y) = 0 or there exists v € ¢ such that v(y) = 1, v(x) = 0.

Example 3.1. Let X = {x, y}, u € IX, where u(x) = 1, u(y) = 0. Consider the fuzzy topology
t on X generated by {0,u, 1}. Let x,, ys be fuzzy points in X with x # y.Then u(x) +r > 1 and
u(y)+s <1 forr,s € (0,1]. Therefore x,qu, ysqu. This shows that (X,¢) is FTp(i). Also, as
u(y) =0, ysNu=0. Thus, (X,t) is FTy(ii).

Theorem 3.1. For a fuzzy topological space (X,t) the following implications are true:

FTy(ii) = FTy(i), FTy(iii) = FTo(i), FTy(iii) = FTy(ii)

But, in general the converse is not true.

Proof: FTy(ii) = FTy(i): Let (X,7) be a fuzzy topological space and (X,¢) is FTy(ii). Also let
xr,ys be fuzzy singletons in X with x # y. Since (X,¢) is Tp(ii) fuzzy topological space, there
exists u € t such that x,qu,ys; Nu = 0 or there exists v € ¢ such that y;qv,x, Nv = 0.

To prove (X,¢) is FTy(i), it is only needed to prove that y,gu.

Now, ysNu=0=u(y) =0=u(y)+s <1 = ysqu

It follows that there exists u € ¢ such that x,qu,y;qu. Hence, it is clear that (X,7) is FTy(i). To
show FTy(i) # FTy(ii), we give a counter example.

Counter example 3.1. Let X = {x,y} and u € I* be given by u(x) = 1,

u(y) = 0.1. Consider the fuzzy topology # on X generated by {0,u,1}.
For0<r<1,0<s<0.9,

u(x)+r>1=x.quand, u(y)+s<1= ysqu

Hence, (X,1) is FTy(i). But u(y) # 0 = y;Nu # 0 Hence, (X,¢) is not FTy(ii).

Proof: FTy(iii) = FTy(i): Let (X,t) be a fuzzy topological space and (X,¢) is FTy(iii). Also
let x,, ys be fuzzy singletons in X with x # y. Since (X,¢) is FTy(iii) fuzzy topological space,
there exists u € ¢ such that u(x) = 1, u(y) = 0 or there exists v € ¢ such that v(y) = 1, v(x) = 0.
To prove (X,t) is FTy(i), it is needed to prove that x,.qu, y;qu.

Now, u(x) =1=-u(x)+r > 1, forany r € (0,1] = x,qu

and u(y) =0=u(y)+s <1, forany s € (0, 1] = y,qu.

It follows that there exists u € ¢ such that x,qu, y,qu. Hence, (X,t) is FTy(i). To show FTy(i) %
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FTy(iii), we give a counter example.

Counter example 3.2. Let X = {x, y} and u € IX be given by

u(x) =1—¢€,u(y) =0, where € = 5 forr € (0,1]. Consider the fuzzy topology ¢ on X gener-
ated by {0,u, 1}.

Then, u(x) =1—5 = u(x)+5 =1 = u(x) +r > 1 = x,qu and, u(y) +s < 1 = y,qu. Hence,
(X,t) is FTy(i). But u(x) # 1. Thus, (X,¢) is not FTy(iii).

Proof: FTy(iii) = FTy(ii): Let (X,t) be a fuzzy topological space and (X,#) is FTp(iii). Also
let x,, ys be fuzzy singletons in X with x # y. Since (X,¢) is FTy(iii) fuzzy topological space,
there exists u € ¢ such that u(x) = 1, u(y) = 0 or there exists v € ¢ such that v(y) = 1, v(x) = 0.
To prove (X,¢) is FTy(ii), it is needed to prove that x,qu, ysNu = 0.

Now, u(x) =1 = u(x)+r > 1, forany r € (0,1] = x,qu

and u(y) = 0 = y;Nu = 0. It follows that there exists u € ¢ such that x,qu, y;Nu = 0. Hence,

(X,t) is FTy(ii). To show FTy(ii) # FTy(iii), we give a counter example.

Counter example 3.3. Let X = {x, y} and u € IX be given by

u(x) =1—¢,u(y) =0, where € = 5 for r € (0,1]. Consider the fuzzy topology ¢ on X gener-
ated by {0,u, 1}.

Then, u(x) =1—5 = u(x)+5=1=u(x)+r>1= x.quand, u(y) = 0= y;Nu = 0. Hence,

(X,t) is FTo(ii). But, u(x) # 1. Hence, (X,t) is not FTy(iii). This completes the proof.

Now, we shall show that our notions satisfy the good extension property.
Theorem 3.2. Let (X,T) be a topological space. Consider the following statements:
(1) (X,T) be a Ty Topological Space
(2) (X,w(T)) be an FTy(i) space.

(3) (X,o(T)) be an FTy(ii) space.
The following implications are true:

(1) = (2),(1) = (3).
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Proof of (1) < (2) : Let (X, T) be a topological space and (X,T) is Tp. We have to prove that
(X,0(T)) is FTy(i). Let x,,y, be fuzzy points in X with x # y. Since (X,T) is Ty topological
space, we have, there exists U € T such that x € U,y ¢ U. From the definition of lower semi
continuous we have 1y € ®(7T') and 1y (x) = 1,1y (y) = 0. Then

ly(x)+r>1=xqlyand ly(y)+s < 1=y gly

It follows that there exists 1y € @(T) such that x,q1y,ysGly. Hence (X, @(T)) is FTy(i). Thus
(1) = (2) holds.

Conversely, let (X, ®(T)) be a fuzzy topological space and (X, (7)) is FTy(i). We have to
prove that (X, T) is Tp. Let x, y be points in X with x # y. Since (X, ®(T)) is FTy(i) topological
space, we have, for any fuzzy singletons x,,y, in X, there exists u € t such that x,qu,y,qu or
there exists v € ¢ such that y,.qv, x,gv.

Now, x,qu = u(x)+r>1=ux)>1—r=a=xcu (a,l]

and y,qu = u(y)+r<1l=u(y)<l-r=a=uly)<a=yZu(a,l]
Also, u~'(a, 1] € T. It follows that 3u~! (e, 1] € T such that x € u~!(a, 1],
y & u (a,1]. Thus (2) = (1) holds. Similarly, we can prove that (1) < (3).

Now, we shall show that our notions satisfy the hereditary property.

Theorem 3.3. Let (X,7) be a fuzzy topological space, A C X, 14 = {u/A : u € t}, then
(a) (X,1)is FTy(i) = (A,ta) is FTy(i)
(D) (X,1) is FTy(ii) = (A,14) is FTy(ii).

Proof of (a) : Let (X,t) be a fuzzy topological space and (X,t) is FTy(i). We have to prove
that (A,z4) is FTp(i). Let x,,ys be fuzzy singletons in A with x # y. Since A C X, these fuzzy
singletons are also fuzzy singletons in X. Also since (X,#) is FTy(i) fuzzy topological space,
we have, there exists u € t such that x,qu,ysgu or there exists v € ¢ such that ysgv,x,gv. For
ACX,wehaveu/A €.

Now, x,qu = u(x)+r>1,x€X = u/A(x)+r>1,x€ ACX = x,qu/A

and ysqu = u(y)+s<1l,yeX = u/A(y)+s<1,y€e ACX = y,gu/A

Hence, (A,14) is FTy(i). Proof of (b) is similar to proof of (a).
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Now, we shall show that our notions satisfy the productive and projective properties.
Theorem 3.4. Let (X;,1;),i € A be fuzzy topological spaces and X = I1;c7X; and ¢ be the
product topology on X, then
(a) foralli € A, (X;,t;) is FTy(i) if and only if (X,7) is FTy(i).
(D) forall i € A, (X;,1;) is FTy(ii) if and only if (X,7) is FTo(if).

Proof of (b) : Let for all i € A, (X;,1;) is FTy(ii) space. We have to prove that (X,¢) is FTy(ii).
Let x,,ys be fuzzy singletons in X with x # y. Then (x;),, (v;)s are fuzzy singletons with x; # y;
for some i € A. Since (X;,t;) is FTy(ii), there exists u; € t; such that (x;),qu;, (yi)s Nu; =0 or
there exists v; € t; such that (y;)sqvi, (x;) N v; = 0. But, we have m;(x) = x; and 7;(y) = y;.
Now, (x;)rqui = ui(x;)) +r>1,x € X = u;j(m(x))+r>1

= (uiom;)(x) +r>1= x,q(uiom)

and (y;)sNu; =0=u;(y;)) =0,y € X = uj(m(y)) =0,y X

= (ujom)(y) =0=ysN(uiom) =0

It follows that there exists (u; o ;) € t; such that x,q(u; o 7;),ys N (u; 0 ;) = 0. Hence, (X,1) is
FTo(ii) .

Conversely, let (X,7) be a fuzzy topological space and (X,7) is FTp(ii). We have to prove
that (X;,t;),i € Ais FTo(ii). Let a; be a fixed element in X;. Let A; = {x € X =IljepX; 1 x; =
a; for some i # j}. Then A; is a subset of X, and hence (A;,?4,) is a subspace of (X,#). Since
(X,t) is FTy(ii), so (Aj,t4,) is FTp(ii). Now, we have A; is homeomorphic image of X;. Hence,
forall i € A, (X;,t;) is FTy(ii) space. Thus (b) holds. Proof of (a) is similar to proof of (b).

Now, we shall show that our notions satisfy the order preserving property.

Theorem 3.5. Let (X,¢) and (Y,s) be two fuzzy topological spaces and f : X — Y be a one-one,
onto and fuzzy open map then,

(a) (X,t)is FTy(i) = (Y,s) is FTy(i)

(b) (X,1) is FTy(ii) = (Y,s) is FTy(ii).

Proof of (a) : Let (X,t) be a fuzzy topological space and (X,7) is FTy(i). Also let x.., ¥, be fuzzy
singletons in Y with x’ # y’. Since f is onto then there exist x,y € X with f(x) =X, f(y) =)
and x,,ys are fuzzy singletons in X with x # y as f is one-one. Again since (X,t) is FTy(i)

space, there exists u € ¢ such that x,qu, y;qu or there exists v € ¢ such that y;qv, x,gv.
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Now, x,qu = u(x)+r > 1 and, y;qu = u(y) +s <1
Now, f(u)(x") = {supu(x) : f(x) =x"} = f(u)(x') = u(x), for some x
and f(u)(y') = {supu(y) : f(y) =)'} = f(u)(y') = u(y), for some y
Also, since f is fuzzy open map then f(u) € sasu € 1.
Again, u(x)+r>1= f(u)(x)+r>1=xlqf(u)
and, u(y) +s < 1= f(u)(y') +s <1 = ygf(u).
It follows that there exists f(u) € s such that x.qf(u),y,Gf(u). Hence, (Y,s) is FTy(i) space.
Proof of (b) is similar to proof of (a).
Theorem 3.6. Let (X,7) and (Y, s) be two fuzzy topological spaces and f : X — Y be a one-one
and fuzzy continuous map then,
(a) (¥,s) is FTy(i) = (X,1) is FTy(i)
(b) (¥,s) is FTy(ii) = (X,t) is FTy(ii).

Proof of (b) : Let (Y, s) be a fuzzy topological space and (Y, s) is FTy(ii). Also let x,, y, be fuzzy
singletons in X with x # y.Then (f(x)),, (f(y))s are fuzzy singletons in Y with f(x) # f(y) as f
is one-one. Again, since (Y,s) is FTy(ii) space, there exists u € s such that (f(x)),qu, (f(y))sN
u = 0 or there exists v € s such that (f(y))sqv, (f(x))Nv=0.
Now, (f(x))rqu = u(f(x))+r>1= fHux)+r>1
= (f (W) (x) +r>1=xqf " ()
and, (£(y))s =0 = u(f(»)) =0 = £~ (u(y)) =0
= (T W)y) =0=ynf'u) =0
Now, since f is fuzzy continuous map and u € s then f~!(u) € t. It follows that there exists
£~ Y(u) €t such that x,qf " (u),ys N f~'(u) = 0. Hence, (X,t) is FTy(ii) space. Proof of () is
similar to proof of (b).

As our next work, here we introduce two theorems on our second notion. The idea of these
theorems are taken from M. R. Amin and M. S. Hossain [4].
Theorem 3.7. If {(X;,1;)}; € Ais a family of FTy(ii) fts and {f; : X — (X;,1;)}; € A, a family
of one-one and fuzzy continuous functions, then the initial fuzzy topology on X for the family

{fi}i € Ais FTy(ii).
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Proof: Let 7 be the initial fuzzy topology on X for the family {f;}; € A. Let x,, ys; be fuzzy
singletons in X with x # y. Then f;(x), fi(y) € X; and fi(x) # fi(y) as f; is one-one. Since (X;, ;)
is FTy(ii), then for every two distinct fuzzy singletons (fi(x)),, (fi(y))s in X;, there exist fuzzy
sets u; or v; € t; such that (fi(x)),qu;, (fi(y))s Nui =0 or (f;(y))sqvi, (fi(x))rNv; =0.

Now, (fi(x))rqui and (fi(y))s Nu; = 0.

That is u;(fi(x)) +r > 1 and u;(fi(y)) = 0.

Thatis f; ! (u;)(x) +r > 1 and £ (u;)(y) = 0.

This is true for every i € A. So, inf f; ! (1;)(x) + 7 > 1 and inf £, (u;) (y) = 0.

Let u = inf ;! (u;). Then u € t as f; is fuzzy continuous. So, u(x) +r > 1 and u(y) = 0. Hence,
xrqu and ys Nu = 0. Therefore, (X,7) is FTp(ii). Thus, the proof is complete.

Theorem 3.8. If {(X;,#;)}; € A is a family of FTy(ii) fts and { fij(X;,#;) — X }; € A, a family of
fuzzy open and bijective function, then the final fuzzy topology on X for the family {f;}; € A is
FTy(ii).

Proof: Let ¢ be the initial fuzzy topology on X for the family {f;}; € A. Let x,, ys; be fuzzy
singletons in X with x #y. Then f;'(x),f ' (y) € X; and f; '(x) # £, (y) as f; is bijective.
Since (X;,1) is FTy(ii), then for every two distinct fuzzy singletons (f;"'(x)), (f; ' (»))s in X,
there exist fuzzy sets u; or v; € t; such that (f;'(x)),qui, (f; ' (v))sNui =0 or (f; ' (y))sqvi,
()N =0,

Now, (' (x))rqu; and (f; ! (y))s Nu; = 0.

That is, u;(f; ' (x)) +r > 1 and u;(f; ' (y)) = 0.

That is, f;(u;)(x)+r > 1and fi(u;)(y) = 0.

This is true for every i € A. So, inf fi(u;)(x) +r > 1 and inf fi(u;)(y) = 0. Let u = inf fi(u;).
Then u €t as f; is fuzzy open. So, u(x) +r > 1 and u(y) = 0. Hence, x,qu and y;Nu = 0.
Therefore, (X,¢) is FTy(ii). This completes the proof.

4. Conclusion

Fuzzy topology is an important and a major area of mathematics. In this paper, we introduce

and study notion of 7 separation axiom in fts in quasi-coincidence sense. We have shown that
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all of our concepts are good extension of their counterparts and are stronger than other such
notion [22]. Further, we have shown that hereditary, productive, projective and order preserving
properties hold on our concepts. Finally, initial and final fuzzy topologies are studied on one of
our notions. We hope that the findings of this paper will be helpful for researchers to carry out
a general framework for more expansion of fuzzy mathematics.
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