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Abstract. In this paper, we define three types of fuzzy n-continuous linear operators (strongly, weakly, and se-
quentially) and research the relation between three. Also strongly, weakly fuzzy n-bounded linear operators and
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1. Introduction

In 1984, Katsaras [4] introduced the concept of fuzzy norm. In 1992, Felbin [5] introduced
an idea of fuzzy norm on a linear space by assigning a fuzzy real number to each element
of the linear space, so that corresponding metric associated to this fuzzy norm is a Kaleva
type fuzzy metric. In 2005, Narayanan and Vijayabalaji [6] extended the notion of n-normed
linear space to fuzzy n-normed linear space. In 2012, Hakan Efe [7] defined various types of
continuities of operators and boundedness of linear operators. In2012, A.L.Soenjaya [9] defined

n-bounded and n-continuous linear operators in n-normed linear space. In 2012, B.S.Reddy [8]
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introduced the concept of fuzzy-anti-n-continuous linear operator and three types of fuzzy-
anti-n-continuous linear operators,also introduced the concept of fuzzy-anti-n-bounded linear
operator and two types of fuzzy-anti-n-bounded linear operators. In 2015, Parijat Sinha [11]
defined two types of fuzzy 2-bounded linear operators.

In this paper, we extend the notion of three types of fuzzy n-continuous linear operators
(strongly, weakly, and sequentially) and research the relation between three. Also strongly ,

weakly fuzzy n-bounded linear operators and the closed graph theorem are defined.

2. Preliminaries

Definition 2.1. [2,3] Let X be areal linear space of dimension greater thann— 1 and let ||, - - -, -||

be a real valued function on X" satisfying the following condition:

(1) [Jx1,x2,- -+ ,xn|| = 0 if and only if x1,x,- - - ,x, are linearly dependent;

(2) ||x1,x2, -+ ,x,]| is invariant under any permutation;

(3) [Joexr,x2, -, x| = |et||[x1, %2, -+ ,xu]|| for any a € R;

@) |lxo+x1,x2, -+ x| < ||x0,x2, -, xn || +[|x1, %2, -+, x| for all xg,x1,- -+ ,x, € X.

|-,--+,-|| is called an n-norm on X and the pair (X,||,---,-||) is called an n-normed linear
space.

Definition 2.2. [1] Let X be a linear space over K(field of real or complex numbers). A fuzzy
subset N of X" x R (R, the set of real numbers) is called a fuzzy n-norm on X if and only if:
(N1) For all t € R withz <0, N(xy,x2,- -+ ,x,,2) = 0;

(N2) For all r € R with t > 0, N(xy,xp,---,x,,¢) = 1 if and only if x;,x;,--- ,x, are linearly
dependent;

(N3) N(x1,x2, -+ ,X,,t) is invariant under any permutation of x1,x3,--- , X, ;

(N4) For all t € R witht > 0, N(x1,x2, -+, Axp, 1) = N(x1,%2, -+, Xn, V’L—l) if A #0;

(N5) For all s, € R, N(x1,x2, -+ ,x, +x/n,s+t) > min {N(xy,x2,- -+ ,Xn,5), N(x1,x2, -,
Xr!) )

(N6) N(x1,x2, -+ ,X,,t) is a non-decreasing function of r € R and tlLrEoN(xl,xz, e X, t) = 1

Then (X, N) is called a fuzzy n-normed linear spaces or f-n-NLS in short.
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Definition 2.3. [10] A sequence {x,} in a f-n-NLS (X,N) is said to be converge to x if given
0 < r < 1,t > 0, there exists an integer ng € N such that N(xy,x, -+ ,x,—1,X,,¢) > 1 —r for all

n > ny.
Theorem 2.4. [10] In a f-n-NLS (X,N) a sequence {x, } converges to x if and only if

Hm N(xp,x0, , Xp—1,% —X,1) = 1
n—yoo

3. Fuzzy n-Continuous Linear Operators

Let (X,N;) and (Y,N,) are fuzzy n-normed linear spaces defined on the same field.

Definition 3.1. T is a mapping from X; X Xp X --- X X, to Y] XY, X --- x Y, where X1, Xp,--- , X,
and Y1,Y,,---,Y, are subspaces of (X,N;), (Y,N,) respectively. Then T is said to be a fuzzy

n-linear operator if

T( ngin), | Z xginfl)’__ - Z x’(lil)) — Z Z . Z T(x(lin)7xgin71),_ . ,xglil))
and

T(a1x17a2x2"' 7anxn) = 061062-~-OCnT(x1,x2--- ,xn),‘v’(xl,--~ axn) € X1 XXXy

Definition 3.2. Let T be a fuzzy n-linear mapping from X; X X X --- X X, to Y] X Yo X --- X Yy,
X1,X2,-++, X, and Y1, Y5, -+ Y, are subspaces of (X,N;), (Y,N) respectively. Then T is called
fuzzy n-continuous at (x(()l),x(()z), o ,x(()")) €X) XXy x---xX,if givene >0, € (0,1),36 =
S(a,e) >0,B8 = B(at,€) € (0,1),such that for all(x(V),x?) ... x) e X; x X x--- x X,
Nl[<x(])7x(2)7 T 7-x(n)) - (x(()l)u-x(()z)a e ,x(()”))’ 6] > ﬁ
= N, [T (x1) x2) ... x() —T(x(()l),x(()z),--- ,x(()n)),e] > o

If T is fuzzy n-continuous(briefly f-n-continuous) at every point of T: X; x Xp X --- X X, —

Y1 XYy x--- xY,, then T is fuzzy n-continuous on X; X X» X --- X X,.

Definition 3.3. LetT: X; X Xp X --- x X,, = Y] XY, X --- X Y, be a fuzzy n-linear mapping,

X1,X5,--+, X, and Y1, Y,,--- Y, are subspaces of (X,N;), (Y,N;) respectively. Then T is called
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sequentially fuzzy n-continuous(briefly Sq-f-n-continuous) at (x(()l),x(()z), e ,x(()n)) € X1 x Xy x

<o X Xy if

Vka (x](gl)7x](<2)> T 7x](<n)) - (x(()l)ax(()Z)a T ,x(()”))

= T(xlgl),xlgz), . ,x,((n)) — T(x(()l),x(()z),--- ,x(()n))

klim Nl[(x](cl),x,((z), e ,x,(cn)) — (x(()l),x(()z),"' ,x(()n)),t] =1,Vt >0
—>00

= lim Ny [T (e o Py (Y A Uy = 1> 0
—yo0

If T is Sq-f-n-continuous at every point of X| X X, x - -+ X X}, then T is called Sq-f-n-continuous

onX; X Xp X --- X X,.

Definition 3.4. Let T: X; X X5 X --- X X, = Y] X Y2 X --- X Y, be a fuzzy n-linear mapping,
X1,X5,--+, X, and Y1, Y,,--- Y, are subspaces of (X,Ny), (Y,N,) respectively. Then T is called
strongly fuzzy n-continuous(briefly St-f-n-continuous)at (x(()l),x(()z), fee ,x(()")) EX; XXy XX

X,,, if for each € > 0,38 > 0 such that V(x(1) x(2) ... ,x(")) eEXi XXy X xX,
N[ (e 2@ o ) — T () 6 xf) ] >

Nl[(x(1)7x(2)7 T 7x(n)) - (x(()l)7x(()2)7 e ’xén))’ 5]

Definition 3.5. LetT: X; x X, X --- x X, = Y] X Y X --- X Y, be a fuzzy n-linear mapping,
X1,X2,-++, X, and Y1, Y5, -+ Y, are subspaces of (X,N;), (Y,N) respectively. Then T is called
weakly fuzzy n-continuous (briefly Wk-f-n-continuous)at (x(()l),x(()z), e ,x(()”)) eXi XXy X - X
X,,, if for given € > 0, € (0,1)38 = §(a, &) > 0, such that V(x(),x?) ... x(") € X; x X, x

Lo X Xn
Nl[(x(1)7x(2)7 e ,x(n)) - (x(()l)axg)Z)7 e 7x(()n))> 6] > o
= No[T (D), x2) ... xlm)y — T(x(()l),x(()z), e ,x(()n)),s] > o
Theorem 3.6. Let T: X; x Xy X --- x X, = Y] XY, x--- xY, be a fuzzy n-linear mapping,

X1,X5,---,X, and Y1,Y,--- Y, are subspaces of (X,N;) , (Y,N;) respectively. If T is St-f-n-

continuous then T is Sq-f-n-continuous.
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Proof. Let us assume that T is St-f-n-continuous (x(()l),x(()z)7 e ,x(()”)) € X1 X Xp X -+ x X, then

for each € > 0,30 = 5(x(()]),x(()2), e ,x(()"),e) > 0, such that for all (x(1) x) ... x") e X; x

Xy X - X X,

NZ[T(X(I),X(Z),--- ,x(")) —T(x(()l),x(()z),"' ,Xén))’ﬁ'] >

Nl [(x(l),x(Z)’ T ,x(n)) - (x(()l)vx(()Z)v T ,x(()")), 6] (a)
Let (x,il),xlgz), e ,x,((") ) be a sequence in X| X X5 X -+ X X, such that

DD 0y () oy

)xk 7.-- 7x0 ’.--7x0
1.e

tim Ny [ 2 ) = D A2 Y = 1w 0 (b)

k—so0

Now from (a),by (b) we have

NZ[T(xl(gl)7x(2) o 7-x](<n)) _T<x(()])7xg)2)7"' 7-x(()n))78] Z

koo
M) = ) ), 9]

= klim NQ[T(x,(Cl),x,(Cz), . ,x,(cn)) - T(xél),xéz), e ,x(()n)),s] >
—>00

(1) () (n))_( (1) (2) (n)) 5]

kgrz}o 1(xk X » X Xo %o > X0
= klim Nz[T(x;(”,xl({Z),"' ,x,(cn)) —T(x(()l),xg)z),"- 7x(()n)),8] =1
—yo0

Since € is arbitrary, it follows that T(x,(cl)7x,(<2), e ,x,(cn)) — T(x(()l),x(()z), e ,x(()n)). Therefore T is

Sq-f-n-continuous.

Theorem 3.7. LetT: X xXp X -+ x X, = Y] XYy x---xY, be a fuzzy n-linear mapping,
X1,X2,-++,X, and Y1,Y2,---,Y, are subspaces of (X,N;) , (Y,N;) respectively. If T is f-n-

continuous if and only if T is Sq-f-n-continuous.

roof.Let us assume that 1 1S f-n-continuous at (x, ",x5 ", - ,X, € X1 XXy X--- XX, Let
Proof.L hat T is f i 2y e Xy x x X,. L
(x,({]),x,((z), e ,x,(cn)) be a sequence in X; X Xp X - - - X X}, such that (x,(cl),x,(cz), e ,x,((")) — (x(()l),x(()z),

. ,x(()”)). Let € > 0 be given, choose o € (0, 1), since T is f-n-continuous at (x(()l),x(()z)7 fe ,x(()")),
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then 38 = §(a,€) > 0,8 = B(a,€) € (0,1), such that for all(x("),x?) ... x(") e X; x X, x
- X Xy,

N D, x@ e ey — (DD )y s> B
:>N2[T(X(1),X(2),~- 7x(n)) - T(x(()l)vx(()Z);" ’ 7x(()n))78] > o

Since (x,((l),x,(cz) o ,x,((n)) — (x(()l),x(()z), ce ,x(()")) in (X,Np),3 a positive integer ng, such that

N1(xl({1),x,(<2),--- ,x,(cn)) — (x(()l),x(()z),--- ,x(()n)),S] > B,Yn > ng
:>N2[T(x,(€1),x,(<2), e ,x,((n)) - T(x(()l),x(()z), e ,x(()n)),e] > a,Vn > ng

:>N2[T(x](¢1)7x](<2)7"' ax](cn)> - T(x(()l)ax(()Z)a"' 7x(()n))78] =1

Since € is arbitrary, thus T(x,il),x,(cz),~-- ,x,(cn)) — T(xgl),xéz),--- ,x(()n)) inY; xY x - xY,
Therefore T is Sq-f-n-continuous.

Next let us assume T is Sq-f-n-continuous at (x(()l),x(()z), - ,x(()n)) € X1 XXy x --+ x X,,. If pos-
sible suppose that T is not f-n-continuous at (x(()l),x(()z), e ,x(()")). Thus 3¢ > 0 and o > 0 such

that for any § > 0 and B € (0,1),3(y"),y@, ... y™) (depending on &, B), such that
Nl[(x(()l)rxg)Z)v T 7-x(()n)) - (y(l)ay(z)v' o ay(n)>76] > ﬁ

but

Thus for f =1— k%},é = k%,k: 1,2,3,--- ,El(y,(cl),y,(cz),--- ,y,(cn)), such that

\ o1 1
N [(xél),x(()z),--- ,x(() )) - (y,((l),yl(f),“' ,y/(< ))’k+—1] > 1_—k+1 (c)

but

MIT @ 5  af) =T O 3 ) €] < o
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Taking 6 > 0, 3k, such that (1 — k4+1) < 0,Vk > kg. Then,
1 2 n 1 2 n
Nl[(x(() ),.X'(() )a 7x(() )) - (y](( )7y](¢ )7 7y](< ))76]

ZNI[(XéI),XéZ),“' 7x(() ))_ (y](gl)ay]((z)a ay](( )) ] >1——

"k+1 k+1
]}LHLNI[(X(()I)vx(()Z)v"' ax(()n)) - (y](cl)7y](¢2)7 7y](<n))a5] > 1
= 0o ) = @)

But from (c), NZ[T(x(()l),x(()z), e ,x(()")) — T(y,(cl),y,(f),--- ,y,(cn)),S] <. So

NZ[T(X(()I)vx(()Z)a"' 7x(()n)) _T(yl(cl)ayl(f)"” 7y/(<n))’8] -1

as k — o. Thus T(y,(cl),y,(cz), e 7)’/((”)) does not converges to T(x(()l),x(()z),m ,x(()n)), where as

(y£1)7y£2)7 e ,y,(cn)) — (x(()l),x(()z), e ,x(()"))(with respect to Np). This would be contradiction to

(1) @) .y

above assumption. Therefore T is f-n-continuous at (x, ’,xy 7, -+ , X

4. Fuzzy n-Bounded Linear Operators

Definition 4.1. Let T: X; X X5 X --- X X, = Y] X Y2 X --- X Y, be a fuzzy n-linear mapping,
X1,X5,--+,X, and Y1, Y,,--- Y, are subspaces of (X,N;) , (Y,N,) respectively. Then T is said
to be strongly fuzzy n-bounded (briefly St-f-n-bounded) on X;,X5,---,X, if and only if 3 a

positive real number M, such that for all (x1,xp,---,x,) € X; X Xp X --- x X, and Vt € R

t
NZ[T(Xl,)Cz"' vxl’l)vt)] ZNl[(Xl,XQ-'- 7xn)7M)
Example 4.2. Let (X,||-,---,-||) be a n-normed linear space. Let Nj,Ny : X X X X --- x X X

R™ — [0, 1] be defined by
! t
t+k]HX],x2,‘ o 7an ,

>0,
N](x17x27"' >xn7t) =
0 1<0.

and
! t
1+ kallx1,x2, - x|

>0,
N2(X1,X2, T 7xn7t) =
0 <0,
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Clearly (X,N;) and (Y,N,) are fuzzy n-normed linear spaces.

Consider the mapping T: X; X Xp X --- X X, = Y| X ¥ x --- x Y, defined by T (x1,x3--- ,x,) =
r(x1,x2- -+ ,x,), where r(#£ 0) € R is fixed.

Clearly T is a linear operator. Let us choose an arbitrary but fixed M > 0 such that M > |r| and

(x1,x2, - ,Xx,) € X1 X Xp X --+ X X,,. Now forallr >0

M > |r|
= klMHXl,)Cz,--- ,)Cn” > k2|r|||x17x27"' 7xn||

:>l‘+k]MHX],)C2,-~ 7xn|| Z t+k2|r’|’xlax27"' anH

t t
= >
t+k2’rH|X],x2,' o 7xl’lH o t-'—klM”.Xl,Xz,' o ;an

t

t . &
t+ko|lr(xn,xo, - xn) || T Akl xn, x|

t
= No[r(x1,x2,- - ,x),t] > Ni[(x1,%2,- - ’x")’A_/I]
1.e.
t
:>N2[T(X1,X2,-" ,xn),t] > N][(X],XZ,H- ,xn),A—l]

If < 0 then above relation holds for all (x1,x2,---,x,;) € X; X Xp X --- X X,,. Therefore T is

St-f-n-bounded.
Definition 4.3. LetT: X; X Xp X --- X X;, = Y] XY X --- X Y, be a fuzzy n-linear mapping,
X1,X5,---,X, and Y1, Y5, --- Y, are subspaces of (X,N;) , (Y,N,) respectively. Then T is said

to be weakly fuzzy n-bounded (briefly Wk-f-n-bounded) on X1, X5, - - -, X), if and only if for any
o € (0,1),3My > 0, such that for all (xy,xp,---,x,) € X; X Xp X --- X X,and Vt € R

t
N][(xla-xz"' 7xn)7M] > o :>N2[T(X],X2' o 7xn)7t)] > o
Theorem 4.4. LetT: X xXp X --- x X, = Y] XY, x--- xY, be a fuzzy n-linear mapping,

X1,X5,---,X, and Y1,Y,--- Y, are subspaces of (X,N;) , (Y,N;) respectively. If T is St-f-n-

bounded, then T is Wk-f-n-bounded but not conversely.
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Proof. Let us assume that T is St-f-n-bounded. Then M > 0, such that for all (x;,xp,--- ,x,) €

X1 xXp x---x X,and Vt € R,

Nz[T(xl,X2"~,xn),t)] 2N1[(x1,x2~-~,xn), ]

1
M
Thus for any a € (0,1),3My(= M) > 0, such that

t
N][(.X],Xz" : 7-xn)717] > o :>N2[T(-x17x2" ' 7-xn)7t)] >a
o

This implies that T is Wk-f-n-bounded.

For the converse result we consider the following example.
Example 4.5. Let (X,||,---,||) be a n-normed linear space. Let N|,Ny : X x X X --- X X X
R™ — [0, 1] be defined by

2 2
2+ ||)C17x2,-.. ,anZ’ r> ||xlax27"' ,XnH
Nl(‘x17x27"',.xn’l’): 5 y s Xn
0 X, X0, X |
and
t
t>0
t+ ||xr,x0, 0 x| )
Nz(x17x27"' ,.xn,t):
0 ,1<0.

We know that (X,N,) is a fuzzy n-normed linear space. Now we want to show that (X,N;) is a
fuzzy n-normed linear space.

(1)Vt € R with t < 0 and by definition Ny (x1,x2 -+ ,x,,¢) =0

(2)Vt € R with t > 0, we have

t2 - ||.X'1,X2,"' 7xn||2 -1

Ni(x1,x0- ,xp,t) =1 & =
( ) y AN, ) l2+||X1,X2,"',Xn||2

<~ tz - Hx17x27 T 7an2 = tz + Hxlax27 T 7an2

& [[x1,x2, ,x0]| =0 x1,x2,- -+, x,, are linearly dependent.

(3)As ||x1,x2, -+ ,x,]|| is invariant under any permutation of x,x, - - - , xp, it follows that Ny (xy,xp - - -

is invariant under any permutation of xy,x2,- -, X,.

7-xn7t)
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4Vt € Rwitht>0and c #0,c € K

2 2 2
4 = —|c|I7||x1, X2, , X
Nl(x17xZ’-..’xn7H) | | || Y 9 9 n||

B tz + |C|2||)C1,X2, e 7xn||2

- tz - ||X1,X2, T ,C.X'n||2

N =N t
t2+||x17-x27"' ,C)C,,H2 ](XI,XZ, y CXny )

(5)Vs,t € R andxy,xo,- - ,xn,x;l € X, we have to show that

/ .
Nl(xlax27"' »Xn +xnas+t) > I’I’llfl{Nl(Xl,xz,"' ,xn,S),Nl(X1,xz,"' X

If s < ||x1,%2, - ,Xp|| or 2 < ||x1,x2, -+ ,x,||, then relation is obvious.

Suppose s > ||x1, X2, , x| and £ > ||xp,x2,- -+ x|

without loss of generality assume,Nj (xy, - - - ,x;“t) > Ny(x1,- -+ ,Xu,s) then

Now

So

Again

/
tzHX1,.X2, te 7~xn“2 —SZHX],XZ,‘ o 5xn||2 2 0

/
=s+1> Hxl7x27'“ 7an + H-xlax27"' aan

!
=5+t > ||x1,x2, X0+ X,

!
(s+0)* = (e, -yl + e, s, D 8% — [l 22

(5024 (s s xall [, x D2 52+ [, a2

I
2(s+t)2||x17"' ,Xn||2—2S2(||X1,"- ,XnH + ||)C1,"' 7xn||)2

{(s+0)2+ (e, sxall + e, -2 (D2 + [l -+ 22}

2 /
= 20 ol = s (e xall + 1))

where A= {(s+1)7+ ([|xr, -+ xall = [ler, - [ H + e 2P}

A

2
= —[IZHXIW' ;XnHZ—SzHXl,“' 7x/nH2+2st17"' 7an(tHx17"' 7an _SHX17"'

, (s+0)2—|x1, s xn+x, |2
Ni(x1,-- xp+x,,s+1) = 7
1t nt s +) (512 + X1, X+ 1|2
S (s+2)% = (Jlxt, -+ Xl + [, x,])?
T )2 ([l wall )2

)]
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>0 [by(d)]
Thus

N](X],"' 7xn+xlzas+t) le(xlf" 7-xn7s) ifN](Xl,"‘ ,.X;,”t) ZN](X],"' 7-xn7s)

Similarly

!

Nl(xla"' axl’l+xlrns+t) ZNl(xla"' 7x;17t) ifN]()Cl,"' 7~xl’las) ZNI(xla'” ,)Cn,t)

/

Thus Nl (X],Xz," *yXn +xlms+t) > mll’l{N] (X],X2,"‘ ,.Xn,S),N] (xla-xZ?"' anat)}

(61,1 € R, if 1] <ty < ||x1,- -+ ,xp]|, then by definition
Nl(-xla"' 7-xn7t1) :Nl(-xh”' 7xn7t2) =0

suppose ty > 1 > ||x,- -+ ,x,| then

t22_ ||X1,-~~ >an2 . t12_ ||X1,"' aanZ
t22+ Hxlv"' axn”z t12+ ||X1,~~- aanZ

(15 — X1, x| (6 + xrs - sxall?) = (18 =[x, 2l (65 4 e, 31
(t22 + ”xla T 7an2)(t12 + HX1,~ e 7an2)

2 0 :>N1(-x17x23'“ 7-xn7t2) ZNI()CI,XZ," : axl’htl)
for all (xy,xp, -+ ,x,) € X1 X Xp X -+ X X),.
Thus Ny (x1,x2,- - ,Xu,t) is non-decreasing function.

Also

tz - Hxla"' 7xn||2

lim NV t) = lim
II%OO 1(x17 7xl’l7 ) ll>°°t2+ Hx],,“ ,xn||2
2 [t x|
(1 — Bl
— lim ( 2 >:1

[—roo t2(l _I_ ”xl?"['zvxﬂ”z)

Therefore (X,N) is a fuzzy n-normed linear space. Now let us consider the mapping T: X; x

Xy X - x X, = Y] XYy x--- xY, defined by

T(x17x27'” 7xi’l) - (-x17x27"' 7xn) v(-xhxzu”' 7xn) GXI XXZ Xoees XXI’!
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Let o € (0,1) and r € R™ and choose My, = IL

-

We now prove that

t
Ni[(x1,x2- - ’X")’I\T] > o= No[T (x1,x2-+,x0),1)] >

o
2
t AZT(%_ Hxl7 ;xn”z
Nl[(xl,x2'~',xn),1‘7]2a:> 2 >
o ATé-i_H-xl? 7-xl’l||

(11— 00)* — [lar, - x|
tz(l - OC)2+ “xb T 7xn||2

= (1= —|xr, ol 2 a’(1-a)’ +alx, x|
= (1-a)f —ar’(1-0) > alx, x| + x|

= 21-al(1-0)> 1+ @), x|
?(1—oa)*(1—a)

=, m? <

- (1+o)
t(1—a)/(1— ) .
RO By sy (Since @ # 1)
= t|xr,, n||§t(1_a) (-0, _ H1—a)/(T—a)+/(1+a)}
(14+a) )
= ! > (1+a) (e)

t+[x sl T (1—a)/(1—a) ++/(1+a)
Now

(1+a) _
1-a)/(1—a)+/(1+a)

(I+o)>a(l—a)y/(1—a)+ay/(1+a)
(I-a)yv(1+oa)za(l-a)y/(l-a)
VI4+o)>ay/(1—a) (Sincea#1)

1+oa>a*(l—a)

0

(3

(3

s l+oa+0’>a?
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which is true for all & € (0, 1). Thus from(e).

We get H'Hxlf—axnu Z (04 @NZ[T(Xl,XZ"' ,Xn),t)] Z aifr> ||XI,X2,"' ,XnH.
Again since for t < ||xy,x2, -+, x|,

tz_ ||X1,X2,"' ,Xn||2 _

2 2 =0

=+ ||X1,X2,"' 7xn||

It follows that Ny[(x1,x2+ -+, %), 37-] > 06 = Na[T(x1,22-++ ,x0),1)] > @
Va € (0,1) Hence T is Wk-f-n-bounded.

Now conversely, let T be St-f-n-bounded

t
N2[T(X1,x2"' 7-xn)7t)] ZNI[(xlv-XZ"' 7xn)7M]
2
t A%_Hxl?”' 7xn||2
g — 2
byl T By 2
o t > ti—MZHxl,m ,xn||§
t (o, x| T2 M x|
= 2tM2||)C1,"' =xn||2 > t2||x1a"' ’an +M2||X1,--- ,Xn”H)Cl,"' 7x11||2

= M xlP (2 ) 2 x|

2
) t
& M>
(21 + [lxr, - xal) (e, -+ s xall)
t
=

M >
V2t xa D (e, xall)
& M=ocast— o

This would be contradiction to above assumption. Therefore T is not St-f-n-bounded

Definition 4.6. (closed graph theorem) Let T be a fuzzy n-linear operator from fuzzy n-
Banach space (X,N)) to fuzzy n-Banach space (Y,N;). Suppose for every (x,(cl),x](cz), e ,x,(cn))
€ (X,N;) such that(x,(cl),x,(f),--- ,x,(cn)) — (x x@ ... () and (Tx,(cl),Tx,(cz),--- ,Tx,(cn)) —
(YW, 3@ ..oy for some x(D x2) ... x(W e x y() @) ...y ey it follows T (x(M),x3),

= ,x(”)) = (y(l),y(z), e ,y(”)). Then T is f-n-continuous.
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