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Abstract. We propose a protocol of symmetric bidirectional quantum teleportation via five-qubit cluster state.
Based on the Bell-state measurements, introduces an auxiliary particle and perform joint unitary transformation,
Alice wants to transmit an arbitrary two-qubit entangled state to Bob and Bob wants to transmit an arbitrary two-
qubit state to Alice.
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1. Introduction

Bidirectional quantum teleportation is a new subject in the research of quantum information.
Until now, many schemes have been proposed. In 2013, applying cluster state as a quantum

channel, the first bidirectional quantum teleportation protocol was reported by Zha et al.[1]. In
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2013, Li et al.[2] introduced a bidirectional controlled teleportation scheme by using a five-
qubit composite GHZ-Bell state. some bidirectional quantum teleportation protocols have been
investigated by using different states as quantum channel[3-10], such as six-qubit cluster state,
genuine six-qubit entangled state, five-qubit entangled state, maximally seven-qubit entangled
state and nine-qubit entangled state. Up to now, many teleportation and controlled teleportation
schemes have been reported[11-18], but symmetric bidirectional quantum teleportation has not
yet been presented.
In this paper, we propose a scheme of symmetric bidirectional quantum teleportation via five-
qubit cluster state. Suppose that Alice has two particles A and B in an unknown state, she wants
to transmit the state of particles A and B to Bob; at the same time, Bob has two particles C and

D in an unknown state, he wants to transmit the state of particles C and D to Alice.

2. Symmetric Bidirectional Quantum Teleportation

Our scheme can be described as follows. Suppose Alice has qubits A and B in an arbitrary

entangled state,which is described by

(1 ¥)ap = a0|00) +a1[11),

where |ag|*> + |a1|? = 1, and Bob has qubits C and D in the following state,
2) [W)ep = bol00) +b1[11),

where |bo|? + |b1|? = 1.
Now Alice wants transmit the state of qubits A and B to Bob and Bob wants to transmit the
qubits C and D to Alice. Assume that Alice and Bob share a five-qubit cluster state, which has

the form
1
3) |Cs) 12345 = §(|00000> +[00111) + [11101) + [11010) ) 12345,

the qubits A, B, 1 and 5 belong to Alice and qubits C, D, 2, 3 and 4 belong to Bob, respectively.

The initial state of the total system can be shown as
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) 1234548c0 = )4 @ [¥)ep @1C5) 12345
1
4) = ZHCI’iM] D) | 2") pooss + 19T a1 [F5)eul 27) Booss

+ |lP:t>Al |q):t>C4|x3>BD235 + |\Pi>A1 ’lPi>C4|%4>BD235]

where

(5) 2" ap23s = (aobp|00000) 1 aghy[01011) 4 a1bg|10111) 1 £2a;by[11100)),
(6) |x*)Bp23s = (aobo|00011) =1 aghy|01000) %5 a1b|10100) 4 42aby[11111)),
(7) |%3>BD235 = (a0b0|001 1 1) :|:1 a0b1 |01100> :|:2 a1b0]10000> :|:1 :l:2a1b1 |1101 1)),

) ¥ ap23s = (aoho|00100) 1 aghy[01111) 45 a1bo|10011) & £2a51]11000)),

where |®F) = \%(]00> 4 [11)) and |P*) = \%(]01) +|10)) denote Bell basis. In the above

equations, the notes +; correspond to the Bell-state measurements of qubit pairs (C,4) and

the notes £, correspond to the Bell-state measurements of qubit pairs (A, 1) in the basis of

{|®*),|¥*)}, respectively, and they mean multiplication of + signs.

Alice firstly perform a Bell-state measurement on qubit pairs (A, 1) and Bob perform a Bell-

state measurement on qubit pairs (C,4), respectively. Then they announce their results to each

other via classical channel.

In order to simplify our descriptions, without loss of generality, we take the outcome |®) 1,

|®") 4 as an example to show the principle of this symmetric bidirectional quantum teleporta-

tion protocol, where the residual qubits system collapses into the states,

9 |§D>BD235 = (a0b0|00000) +aopbq |01011> +a1b0| 10111> +a1b1|11100>)BD235.
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Alice takes X-basis measurement on qubit B and conveys her result to Bob, where X-basis is

orthogonal basis including vectors,

[+) = 10) + 1)

=) =10) = [1)

(10)

If Alice’s measurement result is |[+)p, then the state of the remaining qubits D, 2, 3 and 5

collapse into the state as

(1) |9"Ypass = (aoho|0000) +agh1|1011) 4 arb|0111) +a1by|1100)) poss.

On the other hand, Bob takes X-basis measurement on qubit D and conveys his result to
Alice. If Bob’s measurement result is |+)p, then the state of the remaining qubits 2, 3 and 5

collapse into the state as

(12) \(p2>235 = (a0b0|0()0) + agb ’01 1> +a1b0\ 11 1> +a1b; ‘ 100))235.

Also, Alice introduces an auxiliary particle 6 with an initial state|0)¢, then the state |¢?),35

becomes the following state,

(13) |(p3)2356 = (a0b0|0000> +apb; |0110> +a1b0|1110> +aib; | 1000))2356-

Then Alice and Bob perform joint unitary transformation on particle 2, 3, 5, 6. In order to
reincarnate the original state under the basis {|0000)2356,|0001)2356, |0010)2356, |0011) 2356,
0100)2356, [0101)2356, [0110)2356, [0111)2356, | 1000) 2356, [ 1001) 2356, [ 1010)2356, [1011)2356,, |1100) 2356,
|1101)2356, |1110)2356,|1111)235¢ }, the unitary transformation (a 16 x 16 matrix) may take the

form
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|¢>2356 = (a0b0|0000> 4+ aopb |OOl 1) —i—a1b0]1100> +a1b1\1111>)

(14)

After doing those operations, the symmetric bidirectional quantum teleportation is success-

fully realized. And other cases are given in Table 1 and 2, where Unitary transformation is given

in Table 3.

So the total successful probability is equal to one.

= (a0|00) +a1[11))53 ® (bo|00) +b1|11))s56
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3. Conclusion and discussion

In conclusion, we have proposed a theoretical scheme for symmetric bidirectional quantum
teleportation. In our scheme, five-qubit cluster state is considered as the quantum channel, while
Alice and Bob are not noly senders but also receivers. In this paper, Alice has two particles A
and B in an unknown state, she wants to transmit the state of particles A and B to Bob; at the
same time, Bob has two particles C and D in an unknown state, he wants to transmit the state of
particles C and D to Alice. We hope that such a quantum teleportation scheme can be realized
experimentally in the future.
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TABLE 1

Alice and Bob’s results

State of particles 2, 3, 5 and 6

Unitary

transformation

[DF)a1 P )cal+)5l+)p
|©F)a1|DF)cal+)B]—)D
[DT)a11DT ) cal—)Bl+)D

[DF)a1|DT)cal =)l -)D

[DF)a1|D 7 )cal+H)Bl+)D
[@F) A1 [P )eal+)B|—)D
[DF) 1P )cal )5l +)p

[@F) a1 P )es|—)Bl—)D

[D7)a1 P )cal+)5l+)p
|7 )a1| P )eal+)B]—)D
[ )a1|®T) sl —)Bl+)D

[D7)a1|DT)cal )8l —)D

[P7)a1l® )cal+)pl+)D
[®7)a1|P )eal+)B]—)D
[P )a1|®7 )cal—)Bl+)D

|[®7)a1|P ™ )eal=)Bl=)D

|DF)a1 [ )cal+H)Bl+)p
[DF)a1[¥F)cal+H)8l—)p
|D) a1 ¥ )esl—)8l+)D

[D) a1 W) sl =)l —)p

[D+)a1 ¥ )calH)pl+)p
|DT) a1 ¥ )eal+)Bl—)D
|DF)a1 ¥ )l —)8l+)p

[D+)a1[¥ ™ )cal—)l-)p

|D7)a1 ¥ )csl+)Bl+)p
[D7)a1[¥F)cal+)8l—)p
[P )a1 ¥ )cal—)Bl+)D

[D7)a1 ¥ )cal =)l —)p

|27 )a1|¥ )cal+)Bl+)D
[P )a1|¥ 7 )eal+)Bl—)D
[P )at|¥ " )eal—)Bl+)D

[P )a1|¥ )eal—)Bl-)p

aobo‘OOOO) +aopb, ‘0110) +a1b0|1110> +L11b1|1000>
apbp|0000) — apb;|0110) +a1by|1110) —a;b;|1000)
aobo‘OOOO) +apb; ‘0110) 7a1b0|1110> —ab |1000>

aobo|0000) — aghy [0110) — ay bo|1110) + a; by |1000)

aoho‘OOOO) —apb ‘0110) +a1h0|1110> —ab |1000>
aobo‘OOOO) +aogby ‘0110) +a1b0|1110> +aib |1000>
aobo|0000) — aghy [0110) — ay bo|1110) + a; by |1000)

aobo|0000) + agby [0110) — a; bo|1110) — a1 by |1000)

apbp|0000) + apb; |0110) — a1bg|1110) — a;b1|1000)
apbp|0000) — apb;|0110) —a;by|1110) + a1 b;|1000)
aobo‘OOOO) +apb; ‘0110) +alb0|1110> + a1 by |1000>

aobo|0000) — aghy [0110) + ay bo|1110) — a; by |1000)

apbp|0000) — apby|0110) — a;bg|1110) + a;b1|1000)
apbp|0000) + apby|0110) — a;bg|1110) — a;b1|1000)
aobo‘OOOO) +apby ‘0110) +a1b0|1110> +a1by |1000>

aobo|0000) — agby [0110) + a; bo|1110) — a1 by |1000)

aobo‘OllO) +aopb, ‘0000) +a1b0|1000> +a1b1|1110>
apbp|0110) — apb;|0000) + a1 by|1000) —a;b;|1110)
aobo‘OllO) +apb; ‘0000) *alb0|1000> —a1by |1110>

aobo|0110) — aghy |0000) — a; bo|1000) + a; by |1110)

aoho‘OllO) —apb ‘0000> +alb0|1000> —ab |1110>
aobo‘OllO) +aogby ‘0000) +a1b0|1000> +aib |1110>
aobo|0110) — agby [0000) — a1bo|1000) +ay by [1110)

aobo|0110) + aghy [0000) — a; bo|1000) — a1 by |1110)

apbp|0110) + apby |0000) — a1 bo|1000) —a;b|1110)
aobo‘O] 10) — apb; ‘0000) —a1b0|1000> +ab|11 ]0>
aobo‘OllO) +apb; ‘0000) +alb0|1000> + a1 by |1110>

aobo|0110) — aghy|0000) + ay bo|1000) —ay by |1110)

aobo|0110) — aghy [0000) — a; bo|1000) + a1 by |1110)
aobo|0110) + aghy |0000) — a; bo|1000) — a; by |1110)
aobo|0110) — aghy[0000) + a; by|1000) —ay by |1110)

(lobo‘ol 10) +aopby ‘0000) +alb0|1000> +a1b1|11 10>

Uz
Uz
Uz g

Uz

Uz
Uzg

Uz

Usg
Uzs
Uz

Uz
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TABLE 2

Alice and Bob’s results

State of particles 2, 3, 5 and 6

Unitary

transformation

[FH)a1|PF)csl+H)pl+)p
[PF)a1|®*)cal+)Bl=)p
[FH)a1|PT)cal—)Bl+)D

[¥F)a1|®F)cal =) Bl =)p

[¥)a11DP 7 )cal+)8]+)D
[WHYA1 D7 )esal+)Bl—)D
[F*)a1|P el )8l +)p

[¥H) 11D )eal=)8l =)D

[~ )a1|PF)csl+H)pl+)p
[P )a1|®F)cal+)Bl=)p
[ )a1|®F)cal—)Bl+)D

[P )a1|®F)eal =) Bl =)p

(¥ )a1|® )eal+)Bl+H)D
[¥7)a1l®7)cal+)Bl—)D
[¥7)a11P 7 )eal )8l +H)D

[¥7)a1|®7 )csl—)Bl-)p

) ai ¥ )calH)sl+)p
) ai ¥ )cal+)8l—-)p
a1 F)csl =)+

[P)a1¥F)eal =)l —)p

W) a1 ¥ )eal+)Bl+)p
¥ 1Y )eal+)8]—)p
) ai ¥ )cal—)sl+)p

[PF) a1 )eal=)8l—)p

[ )ai ¥ )calH)sl+)p
[P )a1 ¥ )cal+)5l-)p
¥ )a1l¥")cal=)Bl+)D

a1 ¥ )esl=)8l—)p

[P )a1 ¥ )es|+)Bl+)D
[P )a1 ¥ )esl+)Bl—)D
[¥7)at[¥ " )cal )8l -+)p

[¥7)a1l¥ )cal—)Bl—)p

aob0|1110> +a0b1|1000> +a1b0\0000> +ayby ‘01 10)
aobo|1110) — apb;|1000) + a1 bo|0000) — a1 b;|0110)
apbp|1110) + apb;|1000) — a3 b|0000) — a1 b1]0110)

aoho|1110) — aghy |1000) — a; by|0000) + a; b;0110)

a0b0|1110> —apb; |1000> +a]b()‘0000> —ayb ‘0110)
a0b0|1110> +aogby |1000> +a1b0\0000> +aiby \0110)
aobo| 1110) — aghy|1000) — a1b6|0000) +a;b;|0110)

aobo|1110) + aghy |1000) — a1 b6|0000) — a1 b;|0110)

aobo|1110) + aghy |1000) — a; by|0000) — a; b;|0110)
aobo|1110) — aghy |1000) — a; by|0000) +a; b;|0110)
aobo|1110) + agby |1000) + a; by|0000) + a1 b;]0110)

aobo|1110) — aghy |1000) + a; by|0000) — a; b;]0110)

a0b0|1110> —a0b1 |1000> —a1b0\0000> +a|b] ‘0110)
aobo|1110) + aghy |1000) — a1b6|0000) — a1 b10110)
apbo| 1110) — aghy [1000) 4 a1b9|0000) — a1 b10110)

a0b0|1 1 10> +u0b1|1000> +(11b0‘0000> +a1by ‘01 10)

aob0|1000> +a0b1|1110> +a1b0\0110> +ayby ‘0000)
aobo|1000) — apb; |1110) +a1bo|0110) — a1 b;|0000)
a0b0|1000> +apb; |1110> 7a]h0\0110> —ayb ‘0000)

aobo|1000) — aghy |1110) — a; by|0110) + a; b;0000)

a0b0|1000> —apb |1110> +a]h()‘01 10> —ayb ‘0000)
a0b0|1000> +aopby |1110> +a1b0\0110> +aiby ‘OOOO)
aobo|1000) — aghy |1110) — a; bo|0110) + a1 b;0000)

aobo|1000) + aghy |1110) — ay bo|0110) — a1 b;|0000)

apbp|1000) + apb;|1110) — a;b|0110) — a;b1]0000)
aobo|1000) — apb; |1110) — a1bo|0110) + a1 b;|0000)
a0b0|1000> +apb; |1110> +a]h0\0110> +apb; ‘0000)

aoho|1000) — aghy |1110) + ay bg|0110) — a1 b;0000)

a0b0|1000> —apby |1110> —a]h()‘ol 10> +a1b; ‘0000)
apbp|1000) + apb;|1110) — a;b|0110) — a;b1]0000)
apbp|1000) — apb;|1110) + a;b|0110) — a;b,]0000)

a0b0|1000> +u0b1|11 10> -‘r(l]b()‘ol 10> +a1by ‘0000)

Us

/%
Usa
Uga

Uys

Uss
Ugy

Uy

Uss
Uss
Uso

Uy
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TABLE 3
Unitary transformation
Ui = (uij) U =upy =U33 = U4 = Us5 = lg 6 = U7.4 = U8 = U9 16 = U10,10
=upp11 = U122 = U305 = U414 = U513 = Uieo = 1
Ui = (ui) Ul =upp =U33 =Uss5=Uge = U4 = U g = U9 16 = U10,10 = Ul1,11
=up,12 = U315 = 14,14 = 15,13 = L;us7 = u169 = —1
Uiz = (uij) Uy =upp =U33 =Us7 =Us5 =Uge = U74 = Ugg = U9 16 = U010
=upn11 = U212 = U414 = U513 = Liu1315 = 169 = —1
Ura = (ui ) Ul =upp =U33 =Us5 = U6 = U4 = U8 g = U9 16 = U10,10 = Ul1,1]
=u12,12 = 14,14 = U513 = U169 = Liua 7 = uy315 = —1
Uy = (uif) Ul7 =upp =U33 = U4 = Uss5 = Upe = U74 = Ug8 = U9 13 = 110,10
=upp11 = U212 = U139 = Ul4 14 = U1516 = Ule,15 = |
Uz = (ui ) Upg =upp =U33 =Uss5 = U = U4 = Ug g = U913 = U10,10 = U11,11
=u12,12 = U139 = U14,14 = U15,16 = lu4,1 = 1615 = —1
Uz = (ui) Ulg=upp =U33 =U4)| = Us5 = Uee = U7 4 = Ug8 = U9 13 = 10,10
=up1,11 = 12,12 = U414 = U1516 = U139 = Uj615 = —1
Uzg = (ui ) Upg =upp =U33 =Uss5=Ue = U4 = Ugg = U9 |3 = U010 = U11,11
= U212 = Ul4,14 = U516 = U16,15 = Lsug ] =u139 = —1
Us.t = (ui ) Ui s =Uop =U33 =Us9 = Us5 = Ug 6 = U716 = Ug.8 = U9 4 = U]0,10
=up),11 = Ui2,12 = U3, = U414 = U15,13 = U167 = 1
Usz = (ui) Upls =Upp =U33 =Us5 = Uge = U716 = U8 = Ug 4 = U10,10 = U11,11
=ui212 = U3 = U414 = U1s5,13 = Liugg = uje7 = —1
Uss = (ui ) Ui s =Uop =U33 =Us9 = Us5 = Ug6 = U7,16 = Ug.8 = U9 4 = U]0,10
=up = U212 = 14,14 = 15,13 = Lupz = ue7 = —1
Usq = (ui) Ui g5 =Upp = U33 = Uss = Use = U716 = U3 = U94 = U10,10 = U111
=u12,12 = U144 = U513 = U7 = Liugg = upz ) = —1
Us.t = (ui ) Upg =upp =U33 =Uq )5 =Us5 = U6 = U713 = Ug 8 = Uy 4 = U]0,10
=u11,11 = 12,12 = U137 = U414 = U151 = U616 = |
Usz = (ui ) Upg =upp =U33 =Uss=Uge = U713 = Ug8 = Ug 4 = U010 = U11,11
=uip,12 = U137 = U14,14 = U166 = Liua15 = g5 = —1
Uss = (ui ) Upg =upp =U33 =Ug )5 =Uss5 = U6 = U713 = Ug 8 = Uy 4 = U10,10
=up1,11 = 12,12 = 14,14 = Uie,16 = Liuzg = urs) = —1
Ussg = (uij) Upg =upp =U33 =Uss5=Uge = U713 = Ug8 = Uy 4 = U010 = U11,11

= U212 = U14,14 = U151 = U16,16 = Liug1s = upz7 = —1




