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Abstract. In the present paper, we define the extended convolved (p,q)—Fibonacci and (p, g) —Lucas polynomials.
Then we give some formulas of mixed-multiple sums for (p, g)—Fibonacci and (p,q)—Lucas polynomials.
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1. Introduction

The (p, q)—Fibonacci and (p,q)—Lucas polynomials are recursive sequences that generalize
several polynomial and number sequences defined by recurrence relations of order two, such as
Fibonacci numbers, Lucas numbers, Pell numbers, Jacobsthal numbers, Fibonacci polynomials,
Lucas polynomials, Chebyshev polynomials, Morgan—Voyce polynomials, Pell polynomials,
Jacobsthal polynomials, among others; see Table 1. These numbers and polynomials play a
fundemental role in mathematics and have numerous important applications in combinatorics,
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number theory, numerical analysis, etc. Therefore, they have been studied extensively, and
various generalizations of them have been introduced.

Let p(x) and ¢g(x) be polynomials with real coefficients. The (p,q)—Fibonacci polynomials
U, (x) are defined by

Un(x) = p(x)Un—1(x) +q(x)Up—2(x),

with the initial values Up(x) = 0 and U;(x) = 1 and the (p,q)—Lucas polynomials V,(x) are
defined by

with the initial values Vj(x) =2 and V;(x) = p(x).

The generating functions of the sequences (Uy(x)) and (V,(x)) are

- . 1 S L e — ‘
LU O = gt B S T g
- n p(x)+2q(x)t > O — 2—p(x)t
L Ve O = e B = T gt
respectively.

For fundamental properties of these sequences, we refer to Lee and Asci [2], Wang [3],

Horadam [19], Falcon [4], Falcon and Plaza [5], Nall1 and Haukkanen [6].

P() || q(x) || Un(x) Va(x)
X 1 | Fibonacci polynomials Lucas polynomials
2x 1 | Pell polynomials Pell Lucas polynomials
1 2x | Jacobsthal polynomials Jacobsthal Lucas polynomials
3x | —2 | Fermat polynomials Fermat Lucas polynomials

2x | —1 | Chebyshev polynomials of the second kind | Chebyshev polynomials of the first kind

X —o | Dickson polynomials of the second kind Dickson polynomials of the first kind

x+1| x | Delannoy polynomials Corona polynomials

Table 1 . Special cases of the (p,q)—Fibonacci and (p,q)—Lucas polynomials

The convolved Fibonacci numbers F j(r) are defined by

(1—x—x>)"= ZFJ‘(lejv rezt.
j=0
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If » =1, we have classical Fibonacci numbers. Note that
Eli= X Fpe
Jitjatetjr=m
These numbers have been studied in several papers [9, 10, 11, 12, 13, 14, 15, 16]. In [10, 11],
Ramirez studied the convolved k—Fibonacci numbers and convolved A(x)—Fibonacci polyno-
mials. Moreover, in [18], Sahin and Ramirez defined the convolved generalized Lucas poly-
nomials and gave some determinantal and permanental representations of these polynomials.
Recently, in [17], Ye and Zhang, studied a common generalization of convolved generalized
Fibonacci and Lucas polynomials and gave some properties of these new sequences.
In this paper, we define extented convolved (p,q)—Fibonacci and (p,q)—Lucas polynomi-
als. Then, we give some recurrence relations for these polynomials. Finally, as applications we
obtain some formulas of mixed-multiple sums for (p,q)—Fibonacci and (p,q)—Lucas polyno-

mials.
2. The Extended Convolved (p,q)-Fibonacci and (p, ¢)-Lucas Polynomials

Definition 2.1. Let r and m be positive integers with » > m. Then the extended convolved

(p,q)—Fibonacci and (p,q)—Lucas polynomials Kl(fﬂ (x) are defined by
=l x) +2g(x)t)"
n=0 (1 _p(x)t_Q(x)t )
We can easily see that
r,0 r nr r
Kiin(x) = Uy (). Kl (e) = V., (),

1,1

Moreover, if we take p(x) = h(x) and g(x) = 1 in (2.1), we get

K@) =T ()

(

where T}, Zm) (x) are extended convolved & (x)—Fibonacci-Lucas polynomials in [17].
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Theorem 2.1. For the extended convolved (p,q)—Fibonacci and (p,q)—Lucas polynomials, we

have
K(r,m) _ K(r,m) K(r,m) K(r—l,m) 29
p,q,n (‘x) p(‘x) p,q,n—l(x) +Q('x) qujn—?,(x) + pP.q.n (X), ( . )
K = ploR S (x) + 29 (K™ (x). (2.3)
rm n+1_(—1m 2m—1)q(x) _(r—1,m—
K@) = MLkl ) 2D e (2.4

Proof. From the identity

(p(x) +2q(x)1)" _(p09+2q@ﬁVWp&ﬁ*wK@9)+ (p(x) +2q(x)1)"

(1 - p(x)t —q(x)2) (1 - p(x)t —gq(x)r2)" (1—p()r —q(x)2) "

(2.2) can be obtained. From the identity

(p(x) +2q(x))" " _
(1= px)t —q(x)12)"

(2.3) can be derived. From the identity

(P(x)+2g(x)1)"""
(1= p(x) —q(x)?)"

d_(p@)+2q00" _ (p(x) +2q@)n™"" -
dt (1 —p(x)t —q(x)ﬂ)r = (1 —p(x)t ~ q(x)tz)r—H +2q( )

(2.4) can be obtained. Thus the proof is completed.

Theorem 2.2. The extended convolved (p,q)—Fibonacci and (p,q)—Lucas polynomials satisfy
the following identity:

r+1,m 1 r,m rm
Kian" () = - ) [P0+ DES | (0)+29(0)2r = m+ MK () b 2.9)

Proof. Since

d (p(x)+2q(x))"  d ( (p(x) +2q(x)t)"
dr (1 —p(x)t —q(x)t2)" dt
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and
d_(p)+2q0) _ (plx )+2q { p(x +261(x)f }
dr (1 — p(x)t —q(x)r2)" (1—p(x)t— tz r=Tdt | 1—p(x)t —q(x)2
(P(x)+261(x)l)r :
A )
2y (P()+2q(x)0)""
+r(4q(x) + p~(x)) 0 (o — g2y
thus we have
2(x)(r —m) (p(x) +2q(x)t)""! d (p(x)+2q(x)n)"

+(p(x) +2q(0))"™" — 0= p o) — a2

+ (p(x) +2q(x)t) di (p(x) +2q(x)1)"

t (1= px)r—q(x)2)

(1= p()r —q()e?)™"
By comparing the coefficients of t", we have

RS () = a0 L P DKL 0+ 240 2r —m-4 mKSEGO)

3. Some Applications of Extended Convolved (p,q)—Fibonacci and
(p,q)—Lucas Polynomials

The multiple sum of Fibonacci numbers have been studied several papers in [8, 20, 21]. In
this section, we consider the some mixed—multiple sums for (p,g)—Fibonacci and (p,q)—Lucas
polynomials by applying the recurrence relations of extended convolved (p,q)—Fibonacci and
(p,q)—Lucas polynomials. Moreover, we give some special case for the mixed—multiple sums
of Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas numbers.

)

From the generating functions of K,%'Z (x), we get

K;rqmrz r+m( ) = Z Ual('x)'"Uar—m(x)vbl+l(‘x)"‘me+1(x)' (31)
ay+-+ar—m+b1+-+by=n
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Taking r =2, m =0,1,2 in (3.1), then we give the following theorem.

Theorem 3.1. For the (p,q)—Fibonacci and (p,q)—Lucas polynomials, we have

1
a;n U, (x)Up(x) = G200+ 7200 {p(x)(n—1)Uy(x) +2q(x)nU,—1(x)}, (3.2)
Z Ua(x)vbl-H ()C) = nUn+1 ()C), (33)
a+b=n
Z Va1 (0)Vpr1(x) = p(x)(n+ 1)Upg2(x) +2g(x)nUy,11 (x). (3.4)

a+b=n

Proof. In order to proof of theorem, we will apply (2.5), (2.3) and (2.4), respectively. Thus we

have

=—————{px)(n— 1)Uy, (x) +2nq(x)U,_1(x)}, (3.5)

=nUp41(x), (3.6)
Kigan(x) = p)Ksan(x)+2g(0K35) | (x)

= px)(n+ 1)Upi2(x) +2g(x)nUy 11 (x). (3.7)
Thus the proof is completed.
Corollary 3.1. [17, 20] Especially, if we take p(x) = 1 and q(x) = 1, we have the following
mixed-multiple sums for Fibonacci and Lucas numbers

1

Y, FuFy=—-{(n—1)F,+2nF, .},
- 5

a+b=n

Z Falp 1 =nFyy,

a+b=n

Y, Latilpyi = (n+1)Fa+2nF, .
a+b=n
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Corollary 3.2. Especially, if we take p(x) =2 and q(x) = 1, we have the following mixed-

multiple sums for Pell and Pell-Lucas numbers

1
Y PP= Z{(n— )P, +nP, 1},

a+b=n
Y, PuQpi1 =nPuy,
a+b=n
Y, Qui1Qpi1 = (n+1)Py2+2nPy .
a+b=n

Corollary 3.3. Especially, if we take p(x) = 1 and q(x) = 2, we have the following mixed-

multiple sums for Jacobsthal and Jacobsthal -Lucas numbers

1
Y, Judy= §{(n— ), +4nd, 1},
a+b=n

Y Jajper =ndu1,
a+b=n

Y Jartivrr = (o D)dag +4ndpga.
a+b=n

Taking r =3, m=0,1,2 in (3.1), then we give the following theorem.

Theorem 3.2. For the (p,q)—Fibonacci and (p,q)—Lucas polynomials, we have

Z Uy (x)Up(x)Us(x) =

a+b+c=n 2(461(

- 6P(X)Q(x)nUn—l (x) } )

z{[ )(n—1)(n—2) +4q(x)(n* — 1)] Un(x)

T 0uUsVer (9= g rss (9709 +4p(a() e () +29°C9
a+b+c=n

X (3¢ (x) +n—2) Un(x) +84(x)(n+ 1)Un(x) }

12np(x)q(x)(g(x) — 1)Uy -1 (x)
2(4q(x) + p*(x))? ’

Y Ua) Vi1 (Vs (x) = 1 {[n(n+ 1) () + 2p(@)g@n(2n+ 1)] Uns ()

a+b+c=n 2(44(x) +p2 ()C))

+H(n+1) [np?(x)g(x) + (4n —4)g” ()] Un(x) },
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1
2(4q(x) + p*(x))

+p ()g(x) (04 1) (Tn+8) +12n(n+1)p(x)g” (x)] Ups1 (x)

{[(n+l)(n+2)p5(x)

Z Va1 () Voy1 (0)Vey1(x) =

a+b+c=n

+ [(n+1)(n+2)p* (x)q(x) +6(n+1)*p* (x)g*(x)

+8(n* — 1)q3(x)} Un(x)} .

Proof. In order to proof of theorem, we will apply (2.5), (2.3) and (2.4), respectively. Thus we

have
¢ﬁ3w=%MU1pUﬁAXn2>;2gwwmmww¢ﬁ3w}
2 {P@n=1)(n-2)+4g0 0 = 1] Uyl

~ 2(4q(x)
—6p(x)q(X)nUnf1(x)},

Ky @zpwﬂw_m+mm@%3w

= 7 {(P*(¥) +4p(x)q(x)) nUp41 (x) +2p* (x) x

24q) +p2(0)?
KO2 1 (0) = SRS — gk ()
- s e D) 20 0an(zn )] Oy 3
+(n+1) [npz(x)q(x) + (4n— 4)q2(x)] Un(x)} ,
Kon(x) = po)Kpim(x) +2¢(0K ) (x)
1
— 2440 + 2 (0) { [(n—i— 1) (n+2) p°(x) + p (x)g(x) (n+1) (Tn+ 8)} Upy1(x)

+120(n+ 1) p(x)g* (1) Up+1(x) + (n+ 1) (n+2) p* (x)g (x) Un ()

+wwuffmfw+&#—wfwkmn}
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Corollary 3.3. [17, 20] Especially, if we take p(x) = 1 and q(x) = 1, we have the following
mixed-multiple sums for Fibonacci and Lucas numbers

1
Y FRF.=_—{(5n*—3n—2)F,—6F,_},
_ 50
a+b+c=n

1
Y, FFLeyi=-—(n—1){nFu1+2(n+1)F},
_ 10
a+b+c=n

1
Z FaLb+1Lc+1 = E {(51’12 + 31’1)Fn_|_1 + (51’12 +n— 4)Fn} s
a+b+c=n

3
Z La+1Lb+1Lc+l = (l’l—l—l) {(2n—|—1)Fn+1+§nFn}
a+b+c=n

Corollary 3.4. Especially, if we take p(x) =2 and q(x) = 1, we have the following mixed-

multiple sums for Pell and Pell-Lucas numbers

1
Y, PPP=—-{(8n"—12n+4)P,—12nP,_,},

a+b+c=n 128
n—1
Y, PPQci1= g {nPi1+ (n+1)P,},
a+b+c=n
1

Y, Pi0yi10cq1 = e {(160 +120)Py 11 + (n+1)(8n —4)P, }
a+b+c=n

Y 0ut100110c41 = (7n* + 150+ 8) P11 + (3n> +6n+8)P,.
a+b+c=n

Corollary 3.5. Especially, if we take p(x) = 1 and g(x) = 2, we have the following mixed-

multiple sums for Jacobsthal and Jacobsthal -Lucas numbers

1
Y Jupde=—={(9n* =3n—6)J,— 12nJ,_1 },
a+b+c=n 162

) 1
Z Jadpjer1 = =2 {(n—1)3nJys1+ (6n+8)J,) +8nJ,_1},
a+b+c=n
1

3 {(9n* +5n)Jyi1 + (n+1)(180— 16)J, }

Z Jajb—H jc+1 =
a+b+c=n

1
y Jattdbe1ert = Tg (63n* + 811+ 18) Jyi1 + (900> +54n —36)J,, } .
a+b+c=n
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Corollary 3.6. Especially, if we take p(x) = 1 and q(x) = 2, we have the following mixed-

multiple sums for Jacobsthal and Jacobsthal -Lucas numbers

1
Y, Japde=—={(9n* =3n—6)J,— 12nJ,_1 },
a+b+c=n 162

, 1
Y, Jadpjes1 = = {(n—1) (3ndyy1 + (6n+8)J,) +8nJy_1 },

a+b+c=n 54
. 1
Z Jajpi1je+1 = 3 {(9”2 +5n) 1+ (n+1)(18n—16)J, } ,
a+b+c=n
L, 1
Y Jartibiijen = i3 {(63n +81n+18) Jyp1 + (900 + 54n —36)J, } .
a+b+c=n
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