Available online at http://scik.org

J. Math. Comput. Sci. 8 (2018), No. 1, 28-45
https://doi.org/10.28919/jmcs/3521

ISSN: 1927-5307

SOME SEPARATION AXIOMS IN FUZZY SOFT BITOPOLOGICAL SPACES

A.F. SAYED

Department of Mathematics, Al-Lith University College, Umm Al-Qura University,
P.O. Box 112, Al-Lith 21961, Makkah Al Mukarramah, Kingdom of Saudi Arabia

Copyright (©) 2018 A. E. Sayed. This is an open access article distributed under the Creative Commons Attribution License, which permits

unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. It is known that separation axioms are playing a vital role in study of topological spaces. In this
paper, Some Separation axioms have been studied in context of fuzzy soft bitopological spaces. we introduce
and study the notions of pairwise fuzzy soft T;-spaces; (i = 0,1,2). This study focuses on question: If a fuzzy
soft bitopological space (X,E,T;,T;) is a pairwise fuzzy soft T;-space; (i = 0,1,2), what can be said about the
following situations:

(1) both (X,E,1;) and (X,E, 1») are fuzzy soft T;-spaces; (i =0,1,2),

(2) (X,E,712) is a supra fuzzy soft T;-space; (i =0,1,2).

(3) fuzzy soft subspaces (X, E, Ti,, T2, ) are fuzzy soft T;-spaces for ¢ #Y C X; (i =0,1,2). Finally, character-
izations theorem is proved for pairwise fuzzy soft Hausdorff space.
Keywords: soft set; fuzzy set; fuzzy soft set; fuzzy soft point; fuzzy soft topological space; fuzzy soft bitopological
space; supra fuzzy soft topological space; 7;(i = 1,2)-fuzzy soft open (closed) set.
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In the year 1965, Zadeh [25] introduced the concept of fuzzy set theory and its applications
can be found in many branches of mathematical and engineering sciences including manage-
ment science, control engineering, computer science and artificial intelligence (see [3], [4]).

In the year 1999, Russian researcher Molodtsov [15] initiated the concept of soft sets as
a new mathematical tool to deal with uncertainties while modeling problems in engineering
physics, computer science, economics, social sciences and medical sciences. In 2003, Maji
et. al [14] studied the theory of soft sets initiated by Molodtsov. They defined equality of two
soft sets, subset and super set of a soft set, complement of a soft set, null soft set and absolute
soft set with examples. Soft binary operations like AND, OR and also the operations of union
and intersection were also defined. In 2005, D. Chen [2] presented a new definition of soft set
parametrization reduction and a comparison of it with attribute reduction in rough set theory.

In 1963, J. C. Kelly [8] first initiated the concept of bitopological spaces and other authors
have contributed to development and construction some properties of such spaces (see, [21],
[19D).

In 2014, B. M. Ittanagi [5] introduced and studied the concept of soft bitopological spaces
and other authors have contributed to development and construction some properties of such
spaces (see [6], [7], [18], [9], [11], [10], [17], [20], [24]).

In 2015, Mukherjee and Park [16] were first introduced the notion of fuzzy soft bitopological
space and they studied some of its basic properties. Also, my work in [23] was an extension and
continuation of studying in this trend by introducing and characterizing a new type of fuzzy soft
sets in fuzzy soft bitopological spaces. It is known that separation axioms are playing a vital
role in study of topological spaces. In this paper, Some Separation axioms have been studied in
context of fuzzy soft bitopological spaces. we introduce and study the notions of pairwise fuzzy
soft T;-spaces; (i = 0, 1,2). This study focuses on question: If a fuzzy soft bitopological space
(X,E,11,7) is a pairwise fuzzy soft T;-space; (i =0, 1,2), what can be said about the following
situations:

(1) both (X,E, 1)) and (X, E, 1) are fuzzy soft T;-spaces; (i =0, 1,2),

(2) (X,E,112) is a supra fuzzy soft T;-space; (i =0,1,2).
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(3) fuzzy soft subspaces (X, E, Ty, T, ) are fuzzy soft T;-spaces for ¢ #Y C X; (i=0,1,2).

Finally, characterizations theorem is proved for pairwise fuzzy soft Hausdorff space.
2. Preliminaries

In this section we have presented the basic definitions and results of fuzzy soft set and fuzzy
soft bitopological space which will be a central role in our paper.
Throughout our discussion, X refers to an initial universe, E the set of all parameters for X and

P(X) denotes the power set of X.

Definition 2.1. [25] A fuzzy set A in a non-empty set X is characterized by a membership
function py : X — [0,1] =1 whose value p4(x) represents the “degree of membership” of x in
A for x € X. Let IX denotes the family of all fuzzy sets on X.

A member A in IX is contained in a member B of IX denoted A < B if and only if iy (x) <
up(x) for every x € X (see [25]).

Let A, B € IX, we have the following fuzzy sets (see [25]).

(1) A = B if and only if p4(x) = up(x) for all x € X. (Equality),

(2) C =AAB € I* by uc(x) = min{ua(x), up(x)} for all x € X. (Intersction),

(3) D =AVB € IX by uc(x) = max{ua(x), up(x)} for all x € X.(Union),

(4) E = A° € IX by ug(x) = 1 — s (x) for all x € X. (Complement).
Definition 2.2. [25] An empty fuzzy set on X denoted by Oy is a function which maps each
x € X to 0. That is, Ox (x) = 0 for all x € X.
A universal fuzzy set denoted by 1y is a function which maps each x € X to 1. That s, 1x(x) =1
forall x € X.
Definition 2.3. [15] Let A C E. A pair (F,A) is called a soft set over X if F is a mapping
F:A— P(X).
Definition 2.4. [13] Let A C E. A pair (f,A), denoted by f4, is called a fuzzy soft set over X,
where f is a mapping given by f : A — IX defined by f4(e) = ,LL]?A where

0, ifedA,
My, =

otherwise, if e € A.

P

(X,E) denotes the family of all fuzzy soft sets over X.
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Definition 2.5. [14] A fuzzy soft set F4€(X,E) is said to be:

(a) NULL fuzzy soft set, denoted by O, if for all e € A, f4(e) = Ox.
(b) absolute fuzzy soft set, denoted by 1, if forall e € E, f4(e) = 1x.

Definition 2.6. [22] The complement of a fuzzy soft set (f,A), denoted by (f,A)¢, is defined
by (f,A)¢ = (f<,A), f{: E — IX is a mapping given by ,LLJECX = lx — uj,, where ly(x) = 1, for all
x € X. Clearly (f5)¢ = fa.

Definition 2.7. [22] Let fA,gBé(X,/xE/). fa is fuzzy soft subset of gp, denoted by f4Cgp, if
ACBand g < pug foralle €A, ie. uf (x) < pg, (x) forall x € X and for all e € A.
Definition 2.8. [22] Let f4, g€ ?I?).The union of f4 and gp is also a fuzzy soft set ic, where
C=AUBand forall e € C,h¢(e) = ,uf;c = ,uJiA V Ug,. Here we write hc = faUgsg.

Definition 2.9. [22] Let f4, ggé(;(TE/).The intersection of f4 and gp is also a fuzzy soft set dc,
where C = AN B and for all e € C,d¢(e) = uﬁc = ,uch A Hg,. Here we write de = faNgs.
Definition 2.10. [12] The fuzzy soft set f4 € (S(T_E/) is called fuzzy soft point if there exist x € X
and e € E such that u7, (x) = a(0 <o < 1) and uf (y) =0 for each y € X — {x}, and this fuzzy
soft point is denoted by x¢, or f,.

Definition 2.11. [12] The fuzzy soft point f, is said to be belonging to the fuzzy soft set (g,A),
denoted by f.&(g,A), if for the element e € A, & < g (x), (0 < a < 1).

Definition 2.12. [1] Let fj be fuzzy soft set over X. The two fuzzy soft points fe,, f.,E f are
said to be equal if g, (x) = 1., (x) for all x € X. Thus f,, # fe, (i.e. fe,,fe, are two distinct

fuzzy soft points)if and only iy, (x) £ u for (x)for allx € X.
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Definition 2.13. [22] A fuzzy soft topology T over (X,E) is a family of fuzzy soft sets over
(X, E) satisfying the following properties

() Op,1p et
(i) if fA?gB €T, then fAﬁgB €T,

(111) if fu, €7 for all @ € A an index set, then anAan ET.

Definition 2.14. [16] If 7 is a fuzzy soft topology on (X, E) the triple (X,E, ) is said to be a
fuzzy soft topological space. Also each member of 7 is called a fuzzy soft open set in (X, E, 7).
The complement of a fuzzy soft open set is a fuzzy soft closed set.
Definition 2.15. [12] Let (X,E, T) be a fuzzy soft topological space and let Y C X. Let hE be
a fuzzy soft set over (Y, E) such that h% : E — IV such that hl.(e) = szys foralle € E,
1, xeY;

0, x¢vY.

Let 1y = {h,’gﬁgi : gp € T}, then the fuzzy soft topology 7y on (Y,E) is called fuzzy soft
subspace topology for (Y,E) and (Y, E, 1y) is called fuzzy soft subspace of (X,E, 7).
Definition 2.16. [16] Let (X,E, 7)) and (X,E, ;) be the two different fuzzy soft topologies
on (X,E). Then (X,E, 1], 1) is called a fuzzy soft bitopological space on which no seperation
axioms are assumed unless explicitly stated.

The members of 7;(i = 1,2) are called 7;(i = 1,2)-fuzzy soft open sets and the complement
of 7;(i = 1,2)- fuzzy soft open sets are called 7;(i = 1,2)-fuzzy soft closed sets.

Definition 2.17. [16] Let (X,E, 1), T2) be a fuzzy soft bitopological space and fEé(},\E/).
Then the 7;(i = 1,2)-fuzzy soft closure of fz, denoted by 7;cl(fg), is the intersection of all
7;(i = 1,2)-fuzzy soft closed supersets of fg.

Clearly, 7;cl(fE) is the smallest 7;(i = 1,2)-fuzzy soft closed set over (X, E) which contains
fE.

Definition 2.18. [16] A fuzzy soft set fgé&,\bf) is called 7| 1>-fuzzy soft open set if fg =
geUhg such that gg €1y and hg€1,.
The complement of 71 7,-fuzzy soft open set is called 7 7,-fuzzy soft closed set.

The family of all 7;7,-fuzzy soft open (closed) sets in (X, E, 71, 7) is denoted by

T1FSO(X,11,7)E (1112 FSC(X, 11, T2 E), respectively.
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Definition 2.19. [23] Let (X,E, 11, T2) be a soft bitopological space. Then, the family of
all t11>-fuzzy soft open sets is a supra fuzzy soft topology on (X,E). This supra fuzzy soft
topology, will denoted by 72, i.e., T12 = I FSO(X, 71, 02)e = {gr = 81,082, : gip € Tiyi =
1,2} and the triple (X, E, 7)) is the supra fuzzy soft topological space associated to the fuzzy

soft bitopological space (X,E, T}, T,).
3. Pairwise Fuzzy soft 7;-Spaces ; (i =0, 1,2)

In this section, we introduce and study the notions of Pairwise Fuzzy soft T;-Spaces ; (i =
0,1,2).
Definition 3.1. A fuzzy soft bitopological space (X,E, 7|, ;) is said to be a pairwise fuzzy
soft To-Space if for each pair of distinct fuzzy soft points f,, g, in (X,/XE/) there exists a 7|-fuzzy
soft open set ug such that f,€ugr and ge{éuE or Tp-fuzzy soft open set vg such that fe{évE and
8eEVE.
Example 3.2. Let X be an initial universe set and E be the non-empty set of parameters.
Consider

71 = {Og, 1} Fuzzy soft indiscrete topology

T = {fE|fE is a fuzzy soft set over (X, E)} Fuzzy soft discrete topology.
Then (X,E, 11, T2) is a fuzzy soft bitopological space and is a pairwise fuzzy soft Ty-Space.

Proposition 3.3. Let (X,E, 71, 7;) be a fuzzy soft bitopological space. If (X,E, 1;) or (X,E, 1)

is a fuzzy soft Ty-Space then (X, E, 71, 7) is a pairwise fuzzy soft Tp-Space.

—_——

Proof. Let f,,g.€(X,E) such that f, # g.. Suppose that (X,E, 1) or (X,E, 1) is a fuzzy soft
To-Space. Then there exist some ug € 1| such that f,€ug and geéuE or some Vg € Tp such that
ge.Evg and feévE. In either case we obtain the requirement and so (X,E, T, T) is a pairwise
fuzzy soft Tp-Space. This completes the proof.
Remark 3.4. The converse of Proposition 3.3 is not true in general.
Example 3.5. Let X = {x|,x2,x3,x4} , E ={ey,ez} and

71 ={0g, 1£, f£}. and
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7= {08, 1£,81;. 8283 }-
where fg,81,,82, and g3, are fuzzy soft sets over (X, E) defined as follows:
fE=A{f(e1) ={x1/0.5,x2/0.0,x3/0.7,x4/0.0}, f(e2) = {x1/0.0,x2/0.0,x3/0.3,x4/0.0} and
g1, = {gi1(e1) ={x1/0.0,x2/0.0,x3/0.3,x4/0.5}, g1 (e2) = {x1/0.3,x2/0.0,x3/0.0,x4/0.6} },
g2, = {g2(e1) ={x1/0.0,x2/0.4,x3/0.0,x4/0.5},g2(e2) = {x1/0.0,x2/0.1,x3/0.0,x4/0.0} },

= {g3(e1) = {x1/0.0,x,/0.4,x3/0.3,x4/0.5},g3(e2) = {x1/0.3,x2/0.1,x3/0.0,x4/0.6} },

Then 7 and 7, are two fuzzy soft topologies over (X, E)Therefore (X,E, 1, 1) is a fuzzy soft
bitopological space.

Now, for all s = 1,2;

—~—

fles),grles)(k=1,2,3)&(X,E) and fr € 71 such that f(e;)€ fr, gx(e5) ¢ fr,
es)¢glg’
es)¢81,

g2(es),83(es) E(X,E) and go, € T such that g2(es5)€g2,,83(es) 82,

)€
gi(es),82(e5)E(X,E) and g1, € 7o such that g (e5)€g1,,82(
g1(es),83(es)E(X,E) and gy, € T, such that g1 (e5)Eg1,,3(

(

—_——

Thus (X, E, 71, T,) is a pairwise fuzzy soft Tp-Space.

We observe that f(ey), f(e2)E(X,E) and there does not exist any fr€71; such that f(e;)€EfE,
f(e2)éfe or f(e2)EfE, fle1)d fr. Therefore (X,E, 1) is not a fuzzy soft Ty-Space.

Similarly gi(e1),g1(e2)E(X,E) and there does not exist any gp€1, such that g;(e;)Egg,
g1 (ez)gifE or g1(e2)€ge, &1 (el)éfE, so (X,E, 1) is not a fuzzy soft Tp-Space.
Proposition 3.6. Let (X,E, 1), 7) be a fuzzy soft bitopological space. If (X,E,7),7;) is a

pairwise fuzzy soft Ty-Space, then (X, E, T1») is a supra fuzzy soft Tp-Space.

—_——

Proof. Let f,,g.€(X,E) such that f, # g.. Then there exist some ur € 7| such that f,Eug
and geéuE or some vg € T such that g,€vg and feé‘vE. In either case ug,vg € 712. Hence
(X,E,112) is a supra fuzzy soft Tp-Space.
Remark 3.7. The converse of Proposition 3.6 is not true. This is shown by the following
example:
Example 3.8. Let X = {x|,x3,x3,x4} , E = {ey,ez} and
={0g,1E, fi . o, }, and
7 ={0g, 1, g5},

where fi,, f2, and g are fuzzy soft sets over (X, E) defined as follows:



SOME SEPARATION AXIOMS IN FUZZY SOFT BITOPOLOGICAL SPACES 35

1. = {fi(e1) = {x1/0.3,x2/0.0,x3/0.0,x4/0.6}, f1(e2) = {x1/0.0,x2/0.0,x3/0.0,x4 /0.7 } },

2, ={/f2(e1) ={x1/0.0,x2/0.0,x3/0.0,x4/0.6}, f2(e2) = {x1/0.0,x2/0.0,x3/0.0,x4/0.0=0x } },,
and
ge ={g(e1) ={x1/0.0,x2/0.6,x3/0.0,x4/0.9},g(ez) = {x1/0.1,x,/0.4,x3/0.0,x4/0.0}.
Then 7 and 7, are two fuzzy soft topologies over (X, E)Therefore (X,E, 1, 1) is a fuzzy soft
bitopological space.
Now 11 = {0, £, fi,, for, 1E+ 8E, he } Where
he = f1,0ge = {h(e1) = {x1/0.3,x2/0.6,x3/0.0,x4/0.9},h(e2) = {x1/0.1,x2/0.4,x3/0.0,x4 /0.7 }.

So (X,E, T12) is a supra fuzzy soft Space.

For fi(e1),g(e1)&(X,E), we can not fined any fuzzy soft sets fg € 7] or gg € T» such that
fi(e1)Efe,8(e1)¢fx or g(e1)Ege, fi(e) & fx.
Thus (X, E, 71, T,) is not pairwise fuzzy soft Tp-Space.

Now, forall s = 1,2;

fi(es), f2(es)& (XaE) and fi, € 7 such that fi(es)Ef1,, f2(es) & fixs
files),g(es)€ (X,E) and gg € 1 such that g(e,)EgE, f1 (e )é
Fales), 2(es)E(X, E) and gi € 7, such that g(es) Egx, fa(e) Eex

e~

gles),h(es)E(X,E) and hg € 115 such that h(es)éhE,g(es)¢hE

Thus (X, E, 717) is a supra fuzzy soft Tp-Space.
Definition 3.9. Let (X,E,7;,T») be a fuzzy soft bitopological space and let Y C X, then
(Y,E,71,,Ty,) is also a fuzzy soft bitopological space where 7;, = {hLNgp : gp € T;}, i = 1,2.
This fuzzy soft bitopological space is called fuzzy soft bitopological subspace of (X,E, Tj,T,).
Proposition 3.10. Let (X,E, 1], 7;) be a fuzzy soft bitopological space and Y be a non-empty
subset of X If (X,E, 71, 72) is a pairwise fuzzy soft Tp-Space, then (Y,E,T),,T,) is also a

pairwise fuzzy soft Tp-Space.

P

Proof. Let f,,g.€(X,E) such that f, # g,. Then there exist some fuzzy soft set ug € 7, or
VE € Tp such that f,€ug and geéuE or g.€vg and feévE. Suppose that there exist some some
fuzzy soft set ug € 1) such that f,€ug and geéuE.

Now f,&(Y,E) implies that f,EhY. So f,&hL and f,Eug. Hence f,ERL Nug.

Consider g.¢ug, this means that g, {u(é)} for some é € E. Then g,¢h%Mug
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Similarly it can also be proved that g,&vg and f,&vg implies that g, EhL(vg and f,&hLAvg.
Thus (Y,E, 71, T, ) is a pairwise fuzzy soft Tp-Space.
Definition 3.11. A fuzzy soft bitopological space (X,E, 1|, ;) is said to be a pairwise fuzzy
soft T1-Space if for every pair of distinct fuzzy soft points f, g, in (X E ) there is a 7-fuzzy
soft open set ug such that f,€ug and geéulg and T,-fuzzy soft open set vg such that feévE and
8¢€VE.
Example 3.12. Let X = {x|,x,x3} , E = {e],e2} and
© = {08, 1, fip: fous Fops faws Fop s for fr ), and
T = {08, 1£, 81,182,183+ 845+ 85+ 861}
where fi,, for, f3ps fags 5o fop fip, 81+ 825835 845+ 85 and g, are fuzzy soft sets over (X, E)
defined as follows:
={fi(e1) ={x1/0.2,x2/0.0,x3/0.0,x4/0.0}, f1(e2) = {x1/0.3,x2/0.0,x3/0.6,x4/0.0} },
={f2(e1) ={x1/0.0,x2/0.0,x3/0.5,x4/0.0}, f2(e2) = {x1/0.0,x2/0.0,x3/0.6,x4/0.0} },
={f3(e1) ={x1/0.2,x2/0.0,x3/0.5,x4/0.0}, f3(e2) = {x1/0.3,x2/0.0,x3/0.6,x4/0.0} },
= {fa(e1) = {x1/0.0,x2/0.0,x3/0.0,x4/0.0} = Ox, fa(e2) = {x1/0.0,x2/0.0,x3/0.6,
x4/0-0}},
f5, ={fs5(e1) ={x1/0.0,x2/3.0,x3/0.5,x4/0.0}, f5(e2) = {x1/0.0,x2/0.7,x3/0.0,x4/0.0} },
or = {fo(e1) = {x1/0.0,x2/0.0,x3/0.5,x4/0.0}, fs(e2) = {x1/0.0,x2/0.0,x3/0.0,x4/0.0}
= Ox},
7. = {f1(e1) = {x1/0.0,x2/0.3,x3/0.5,x4/0.0}, f7(e2) = {x1/0.0,x2/0.7,x3/0.6,x4/0.0} },

and

g1, ={g1(e1) = {x1/0.0,x2/0.8,x3/0.0,x4/0.0},81(e2) = {x1/0.0,x2/0.4,x3/0.0,x4/0.0} },
82, = {g2(e1) = {x1/0.0,x2/0.0,x3/0.1,x4/0.0},82(e2) = {x1/0.0,x2/0.0,x3/0.5,x4/0.0} },
g3, ={g3(e1) = {x1/0.0,x2/0.8,x3/0.1,x4/0.0},83(e2) = {x1/0.0,x2/0.4,x3/0.5,x4/0.0} },
g4, = {ga(e1) = {x1/0.2,x2/0.8,x3/0.0,x4/0.0},84(e2) = {x1/0.9,x2/0.4,x3/0.0,x4/0.0} },
g5, ={gs5(e1) = {x1/0.2,x2/0.0,x3/0.1,x4/0.0},85(e2) = {x1/0.9,x2/0.0,x3/0.5,x4/0.0} },
86; = {g6(e1) = {x1/0.2,x2/0.0,x3/0.0,x4/0.0}, g6 (e2) = {x1/0.9,x2/0.0,x3/0.0,x4/0.0} },

Then 71 and 7, are two fuzzy soft topologies over (X, E). Therefore (X,E, 11, 1;) is a fuzzy

soft bitopological space. One can easily see that (X,E, 7, T») is a pairwise fuzzy soft T;-Space.
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Proposition 3.13. Let (X,E, 11, T>) be a fuzzy soft bitopological space. Then (X,E, 1), 1) is a
pairwise fuzzy soft Tj-Space if and only if (X,E, 7)) and (X, E, 1) are fuzzy soft T;-Spaces.

e~

Proof. Let f,,g.€(X,E) such that f, # g.. Suppose that (X,E, 7)) and (X,E, 1p) are fuzzy soft
To-Spaces. Then there exist some ug € 7| and vg € 75 such that f,Eup and geéuE and g.€vg
and feévE. In either case we obtain the requirement and so (X, E, 7, T») is a pairwise fuzzy soft
T1-Space.

Conversely we assume that (X, E, 71, T;) is a pairwise fuzzy soft Tj-Space. Then there exist
some u1, € 7| and v|, € T, such that f,€u;, and geéulE and g.€v, and feéle. Also there
exist some up, € 7 and vy, € T such that f,€uy, and geéqu and g.€vy, and feész. Thus
(X,E,71) and (X,E, 1p) are fuzzy soft T;-Spaces.

Proposition 3.14. Let (X,E, 1|, 1) be a fuzzy soft bitopological space. If (X,E,7;, 1) is a

pairwise fuzzy soft 7}-Space, then (X, E, T1») is a supra fuzzy soft T;-Space.

—_——

Proof. Let f,,g.€(X,E) such that f, # g.. Then there exist some ug € 1 such that f,€ug and
geéuE and vg € T such that g,€vg and feévE. So ug,vg € t12. Hence (X,E, Tj2) is a supra
fuzzy soft T7-Space.
Remark 3.15. The converse of Proposition 3.14 is not true. This is shown by the following
example:
Example 3.16. Let X = {x|,x2}, E = {ej,e2} and

71 = {0g,1g, f£}, and

7 = {0k, 1£, 86},
where fr and gg are fuzzy soft sets over (X, E) defined as follows:
fE={f(e1) ={x1/0.3,x,/0.0}, f(e2) = {x1/0.1,x,/0.9} = 1x },
and
ge ={g(er) = {x1/0.3,x2/0.7},g(e2) = {x1/0.0,x/0.9}.
Then 7 and 1, are two fuzzy soft topologies over (X,E). Therefore (X,E,1|,7;) is a fuzzy
soft bitopological space. Both of (X,E, 7)) and X,E, 1,) are not fuzzy soft T;-Spaces and so
(X,E,11,72) is not a pairwise fuzzy soft 7;-Space by Proposition 3.3.

Now 11 = {Og, 1g, f&,gE, he } where



38 A.F. SAYED

he = feUge = {h(e1) = {x1/0.3,x2/0.7},h(ez) = {x1/0.1,x2/0.9} }
So (X,E, 117) is a supra fuzzy soft topological Space.

—_—

For all s = 1,2; fi(es),g(es)€(X,E), we can fined fuzzy soft sets fr € 7) and gg € 1, such
that fi(e1)E fi, g(e1) ¢ fr and g(e1)Ege, fi(e1) L fx.

Thus (X, E, 712) is a supra fuzzy soft T;-Space.
Proposition 3.17. Let (X,E, 1), 72) be a fuzzy soft bitopological space and Y be a non-empty
subset of X If (X,E,71,72) is a pairwise fuzzy soft Ti-Space, then (Y,E,7),,T,) is also a

pairwise fuzzy soft 7T1-Space. .

——~——

Proof. Let f,,g.£(X,E) such that f, # g.. Then there exist fuzzy soft set ur € 1) and vg € 7,

such that f,Eug, geéuE and g.€vg, feévE.

Now f,&(Y,E) implies that f,&hL. So f,&hL and f,€ug. Hence f,EhLNug where ug € 1.

Consider g.¢ug, this means that g.&{u(é)} for some é € E. Then g.¢h%Mug
Similarly it can be proved that g,&vg and f,&vg then g, EhLMvg and f, &L AvE.
Thus (Y,E, 71,7, ) is a pairwise fuzzy soft 7;-Space.

Proposition 3.18. Every pairwise fuzzy soft 77-Space is also a pairwise fuzzy soft Tp-Space. .

Proof. Straightforward.
Example 3.19. Let X = {x;,x2}, E = {ej,er} and
7 ={0g,1g, ¢}, and
7 = {0&, 1£, 86},
where fr and gg are fuzzy soft sets over (X, E) defined as follows:
fE={f(e1) ={x1/0.3,x,/0.0}, f(e2) = {x1/0.1,x,/0.9} = 1x },
and
ge ={g(e1) = {x1/0.3,x2/0.7},g(e2) = {x1/0.0,x/0.9}.
It was showed in example 3.16 that (X, E, 71, T») is not a pairwise fuzzy soft 7;-Space, but it is
evident that (X, E, 71, T) is a pairwise fuzzy soft Tp-Space.
Definition 3.20. A fuzzy soft bitopological space (X,E, 11, ) is said to be a pairwise fuzzy
soft T>-Space or pairwise fuzzy soft Hausdorff Space if for every pair of distinct fuzzy soft

points f,,g. in (X, E), there is a 7;-fuzzy soft open set ug and 1,-fuzzy soft open set vg such

that f.€ug, g.€ve and ugNvg.
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Remark 3.21. Let (X, E, 71, T2) be a pairwise fuzzy soft 7>-Space then (X,E, 1) and (X,E, 1)
need not be fuzzy soft 7>-Spaces.
Example 3.22. Let X be an infinite set and E be the set of parameters. We define
71 = {fE | fE is a fuzzy soft set over (X, E)} fuzzy soft discrete topology over (X, E).
7 = {0gUfE | f£ is a fuzzy soft set over (X,E) and f(€) is a finite for all é € E'}

Obviously 7; is a fuzzy soft topology over (X, E). We verify for 1, as:

(1)0p € pand 1 =0 = 1g € 1.

(2) Let { fi; | i € I} be a collection of fuzzy soft sets in 7,. For any é € E, {ff ()} is finite for
all i € I so that ﬁiel{ff(é)} = {(Oielf,-)c(é)} is also finite. This means that OiGIfiE € 0.

(3) Let f£,8r € Tp. Since {f°(¢)} and {g°(¢)} are finite fuzzy soft sets for all é € E so as their
union {f¢(¢)}U{g(é)}. Thus {(fNg)°(é)} is finite for all é € E which shows that fzNgg € .

Then 7; and 7, are fuzzy soft topologies on (X, E).

—~——

For any f.,8.€(X,E) where f. # g, {fe} € 71 and {/.}® € 7, such that fe&{f.}, g.E{fe}
and {£.}N{f}* = O.

Thus (X, E, 71, T,) be a pairwise fuzzy soft T>-Space.

Now, we suppose that there are fuzzy soft sets g1,,82, € T2 such that f,€g,.8.€g2, and
81N, = Ok

But then, we must have g1,Cg5 = {g1(¢)}C{g2(¢)}¢ for all é € E, which is not possible
because {g1(¢)} is infinite and {g»(€)}€ is finite. Therefore (X,E, 1) is not a fuzzy soft T»-
Space.
Remark 3.23. Let (X,E, 7)) and (X,E, 1)) be a fuzzy soft T-Spaces then (X,E, 7, T;) need
not be a pairwise fuzzy soft 7p-Spaces.
Example 3.24. Let X be an infinite set and E be the set of parameters. We define
T(fe)1 = {ue | f.€us; is a fuzzy soft set over (X,E)YU{ug | ug is a fuzzy soft set over (X,E)
and {f¢(é)} is finite for all é € E} }.
7(ge)2 = {VE | 8.€v%, is a fuzzy soft set over (X,E)YU{vE | ve is a fuzzy soft set over (X,E)
and {f°(é)} is finite for all é € E} }.

verify for 7(f,); as:

(1) fo #0g = 0g € 7(f.)1 and 1§ = 0 = 1g € ©(fo)1.
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(2) Let {u;, | i € I} be a collection of fuzzy soft sets in 7(f,);. We have following three cases:

(i) If fe€ug,_ foralli € I then feéﬁielufE so, in this case, Oiel”iE € 1(fe)i

(ii) If u;,, is such that {u(é)} is finite for all é € E so {u$(é)} is finite for all i € I implies that
Nicr{us(é)} = {(Ujerui)€(é) } is also finite this means that (J;c;ui, € T(fe)1

(iii) If there exist some i,k € I such that f,Eu; and {uj(¢)} is finite for all é € E. It means
that ﬁiel{uf(é)}(i{ui(é)}) is also finite for all é € E and by definition J;c; ue € t(fe)1-

(3) Let uy,,uz, € t(f.)1. Again we have following three cases:

1) If feéufE and feéugE then feéuiEOugE and therefore u;,Nua, € T(fe)1

(i) If {u{(é)} and {u$(€é)} are finite for all é € E then their union {u (e)}O{ug(e)} is also
finite. Thus {(u;Mu2)“(é)} is finite for all é € E which shows that u;,Nuy, € T(fe)1.

(iii) If fo€uf, and {u5(é)} is finite for all € € E then feé{ui(é)}O{ug(é)} = {(u§0u$)(é)}
and so f, € (u1,Nua, )¢. Thus ug,Nuy, € T(fe)1.

Hence ©(f,); is a fuzzy soft topology on (X, E).

For any fe,heé&TE/) where f, # he, fo€{hS} = {h.} € ©(f.)1 and {hS} € ©(f,); such that
he&{he}, f.E{hS} and {h }(\{hS} = 0.

Thus (X,E,7(f,)1) is a fuzzy soft T>-Space.

Similarly (X,E, t(g.)2) is a fuzzy soft T>-Space.

Now, (X,E,t(f.)1,7(ge)2) is a fuzzy soft bitopological space. For fe,geé&TE/) where f, #
ge» we can not find any fuzzy soft sets ug € t(f,); and vg € 7(g.)2 such that f,€ug,g.Evg and
up(ve = O because g.&vp and upMvg = O implies that we must have uz Cvg which means
that {v°(é)} is finite for all é € E and {u(é)}C{v°(é)} for all é € E, and this is not possible for
{u(é)} is infinite and {v(é)} is finite.

Therefore (X,E,7(f.)1,7(ge)2) is not a pairwise fuzzy soft 7>-Space.

Proposition 3.25. Let (X,E, 1|, 1) be a fuzzy soft bitopological space. If (X,E,7;, 1) is a

pairwise fuzzy soft T>-Space, then (X, E, T1») is a supra fuzzy soft T>-Space.

—_——

Proof. Let f,,g.£(X,E) such that f, # g.. Then there exist ug € 7| and vg € 15 such that f,Eug
and geévE and uEﬁvE = OE

In either case ug,vg € 7). Hence (X, E, 7)) is a supra fuzzy soft T-Space.
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Remark 3.26. Let (X,E,7)5) be a supra fuzzy soft 7>-Space then (X, E, 71, 7;) need not be a
pairwise fuzzy soft T>-Space.
Example 3.27. Let X = {x,x,x3} , E = {e},e2} and

7 = {0&, 1&, fig: fop > f3p» fap }» and

7 = {08, 1,81+ 820+ 83¢ )
where fi., f2z, f3g, fa- 815,82, and g3, are fuzzy soft sets over (X, E) defined as follows:

1. = {fi(e1) = {x1/0.2,x2/0.0,x3/0.0}, f1(e2) = {x1/0.7,x2/0.0,x3/0.0} },
={f2(e1) ={x1/0.0,x2/0.4,x3/0.0}, f2(e2) = {x1/0.7,x2/0.3,x3/0.0} },
={f3(e1) ={x1/0.0,x2/0.0,x3/0.0} = Ox, f3(e2) = {x1/0.7,x,/0.0,x3/0.0} },
={fa(e1) ={x1/0.2,x2/0.4,x3/0.0}, f4(e2) = {x1/0.7,x2/0.3,x3/0.0} },

and

1, = {g1(e1) = {x1/0.0,x2/0.0,x3/0.1},g1(e2) = {x1/0.0,x2/0.0,x3/0.2} },

2, =1{g2(e1) = {x1/0.0,x2/0.4,x3/0.0},g2(e2) = {x1/0.0,x2/0.3,x3/0.0} },

3, =183(e1) = {x1/0.0,x2/0.4,x3/0.1},83(e2) = {x1/0.0,x2/0.3,x3/0.2} }.

Then 11 and 7, are two fuzzy soft topologies over (X, E). Therefore (X,E, 1), 1) is a fuzzy
soft bitopological space. One can easily see that (X,E,Tj,T>) is not a pairwise fuzzy soft 7»-
Space because fi(e1),g3 (el)é(X,/\sz), and we can not find any fuzzy soft sets ug € 71, vg € T»
such that fy(e1)&ug,g3(e1)Evg such that ugMvg = Of.

Now, we have
112 = {0, 1e, figs fous o faps 811+ 825,835 Mg oy 3y hay ) where

. = f1;0g1, = {hi(e1) = {x1/0.2,x,/0.0,x3/0.1}, k1 (e2) = {x1/0.7,x2/0.0,x3/0.2} },
hy, = f2,0g1, = {ha(e1) = {x1/0.0,x2/0.4,x3/0.1},h2(e2) = {x1/0.7,x2/0.3,x3/0.2} },
hs, = f3,0g1, = {h3(e1) = {x1/0.0,x2/0.0,x3/0.1},h3(e2) = {x1/0.7,x2/0.0,x3/0.2} },
ha, = fa,Og1, = {ha(e1) = {x1/0.2,x2/0.4,x3/0.1},ha(e2) = {x1/0.7,x2/0.3,x9/0.2} },
J1:082; = fa,082; = fap, f2,082; = 13,082, = for
J1.083; = fa, 083, = hay, 12,083, = f3,U83, = o,

So (X,E, 1)) is a supra fuzzy soft topological Space.
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—_~—

It is obvious that for each distinct fuzzy soft points f,,g.€(X,E), fe # g. there exist fuzzy
soft sets ug, ve of Ty such that f,€ug, g.€vg and ugMvg = Of.
Thus (X, E, 717) is a fuzzy soft T-Space.
Proposition 3.28. Let (X,E, 1}, 7;) be a fuzzy soft bitopological space and Y be a non-empty
subset of X If (X,E,71,72) is a pairwise fuzzy soft T>-Space, then (Y,E,7|,,T,) is also a

pairwise fuzzy soft 7>-Space.

—_—

Proof. Let f,,g.€(X,E) such that f, # g.. Then there exist fuzzy soft sets ug € 1) and vg € T
such that f,&ug, g.€vg and ugMvg = Og.
For each é € E, f,&{u(é)}, g.&{v(é)} and {u(é)}N\{v(é)} = O for all é € E. This implies
that f,ERLN{u(é)}, g.ERLN{v(é)} and
(A (@) DAGEA{(€)}) = RO (@I () }) = hri0g = 0.
Hence feéhgﬁuE € le,geéhgﬁvE € Ty
and
(W Mug)N(hLMve) = heN(ugMve) = hEM0g = 0.
Thus (Y,E, 71,, T, ) is a pairwise fuzzy soft 7>-Space.

Proposition 3.29. Every pairwise fuzzy soft 7,-Space is also a pairwise fuzzy soft 71-Space.

e~

Proof. If (X, E, 71, 1) is a pairwise fuzzy soft T>-Space and f,, g.€ (X, E) such that f, # g, then
there exist fuzzy soft sets ur € 7 and vg € T, such that f,€ug, g.&vg and ugMvg = Of.
As upfvg = 0g, so geéuE, feévE

Hence (X,E, 11, 1) is also a pairwise fuzzy soft T}-Space.
Remark 3.30. The converse of Proposition 3.29 is not true i.e. a pairwise fuzzy soft 77-Space
need not be a pairwise fuzzy soft 7T,-Space.
Example 3.31. The fuzzy soft bitopological space (X, E, 7;, ;) in Example 3.12 is a pairwise
fuzzy soft T-space which is not a pairwise fuzzy soft Hausdorff space.
Theorem 3.32. Let (X,E, 1], 1) be a fuzzy soft bitopological space. Then the following are
equivalent:

(1) (X,E, 11, 72) be a pairwise fuzzy soft Hausdorff space.

(2) Let f,€(X,E), for each fuzzy soft point g, distinct from f,, there is a fuzzy soft set ug € 1

such that f,&€ug and g.&1g — Tocl(ug).
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Proof. (1) = (2): Suppose that (X,E,7;,7,) be a pairwise fuzzy soft Hausdorff space and
feé(X,/\E/). For any g.& &,\E/) such that f, # g, pairwise fuzzy soft Hausdorffness implies that
there is a 7)-fuzzy soft open set ug and 1,-fuzzy soft open set vg such that f,€ug, g.€vg and
up\g.

So that ug QvCE Since Tycl(ug) is the smallest fuzzy soft closed set in 7, that contains ug and
Ve is a fuzzy soft closed set in T so Tocl (ug) Cvg = veC(Tacl (ug))©.

Thus g.&veC(Tacl(ug))C or g.&1g — Tacl(ug).

(2) = (1): Let fe,geé&,\/E) such that f, # g.. By (2) there is a 7|-fuzzy soft open set ug
such that f,&ug and g.&1g — Tacl(ug). As Trcl(ug) is a Tp-fuzzy soft closed set so vg=1g —
Tcl(ug) € 7. Now fo€ug, g.€vg and
upfwg = ugN(1g — tcl(ug)) CupN(1g — ug) (since ugCtocl(ug)) = O.

Thus ug(vg = O, and hence (X, E, 7|, T;) be a pairwise fuzzy soft Hausdorff space.
Corollary 3.33. Let (X,E,7,72) be a pairwise fuzzy soft Hausdorff space. Then for each

—~——

feé(XaE)’

{f.} = el (ug) : f.Eug € 11}

Proof. Let f,€(X,E), the existence of a fuzzy soft open set f.Eug € 7; is guaranteed by
pairwise fuzzy soft Hausdorffness. If g,€(X,E) such that f, # g, then, by Theorem 3.32,
there exists a fuzzy soft set ug € 71 such that f,€ug and g, E1g — Tocl(ug) = geé”czcl(u(é)) =

geéﬁfeéwefl (Tocl(u(é))) for all é € E. Therefore
{wacl(ug) : foeur € 1 }yC{f.}).
Converse inclusion is obvious as f,Eug C Tacl(ug).

Corollary 3.34. Let (X,E,7,72) be a pairwise fuzzy soft Hausdorff space. Then for each
fEXLE) {fe} €, fori=1,2.

Proof. By Corollary 3.33

{fe}* = U{(mel(up))* : folur € i}
Since Trcl(ug) is a 7p-fuzzy soft closed set so (Tocl(ug))¢ € 1, and by the axiom of a fuzzy soft
topological space O{(Tzcl(ug))c : fe€up € 11} € 7. Thus {f.}€ € 1.

A similar argument holds to show {f,}¢ € ;.



44 A.F. SAYED

4. Conclusion

In this paper, we presented and studied some classes of fuzzy soft bitopological spaces,
namely pairwise fuzzy soft T;-Spaces (;i = 0,1,2). Characterizations of these spaces are ob-
tained. Moreover, we studied the implications of these types of fuzzy soft separation axioms
in fuzzy soft case. Also, we showed that these fuzzy soft separation axioms have hereditary
properties. This is a beginning of some new generalized structure and the concept of separation
axioms may be studied further for regular and normal fuzzy soft bitopological spaces that is
our goal in the future work. Also, we will try to introduce and study some other properties and
applications in fuzzy soft bitopological spaces based on these types of separation axioms.
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