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1. Introduction

Conjuctive grammar (CG), intoduced by Alexander Okhotin in [7]. Conjuctive grammar
is a context-free grammar augmented with an explicit set-theoretic intersection operation. In
particular, in [7] Okhotin defined a sub-family of conjunctive grammar called linear conjunc-
tive grammar (LCG). LCG is an interesting sub-family of CG as they have especially efficient
parsing algorithem, see[11], making them very appealing from a computational standpoint. In
addition, many of the interesting language generated by conjunctive grammar can in fact be
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generated by linear conjunctive grammar.
The theory of fuzzy set was introduced by L.A.Zadeh in 1965 [9]. The notion of a different
type of fuzzy grammars (Type 0, Type 1, Type 2, Type 3) defined by E.T.Lee and L.A.Zadeh
in 1969 [2] is a natural generalization of the definition of formal grammars [8]. Fuzzy gram-
mars on Boolean lattices (B-fuzzy grammar), N-fold fuzzy gramma and L-fuzzy grammar are
newly defined by M.Mizumoto, J.Toyoda and K.Tanaka in 1975, 1973 and 1975 [4,5,3]. The
mathematical formulation of a fuzzy automata was first proposed by W.G.Wee in 1967 [10].
J.N.Mordension and D.S.Malik gave a detailed account of fuzzy automata and languages in
their book 2002 [6]. Recently, R.Pathrakumar and M.Rajasekar said fuzzy conjunctive gram-
mar in 2017 [1].
This paper is organized as follows. In section 2 we introduced some notations and definition
about FCG and FLCG. It also presents some example for the explaining the concepts. In section
3 we established the main result of this paper, the family of fuzzy linear conjunctive grammar
closure under complement. Also, we study the family of FLCL closure under union, intersec-

tion and quotient.
2. Preliminaries

We first recall the different notions and introduced some definitions used in this article.

An alphabet ¥ is a finite set of symbols. A word or string over X is a finite sequence of
symbols from X. The empty word is denoted by €. Let |w| denote the length of the word w; so
le| =0, and for all w € Z*: if w = ax with a € £ and x € L*, then |w| = 1 +|x|.

In formally, a fuzzy grammar may be viewed as a set of rules for generating the elements
of a fuzzy set. More concretely, a fuzzy grammar, or simply a grammar, is a quadruple G =
(V,X,P,S) in which V is a finite set of non-terminal symbol, X is a finite set of terminal symbols
disjoint from V, S € V is the designated start symbols, P is a set of fuzzy productions. More
specifically, the elements of P are expressions of the form o — 8, where o, 8 € (VUZX)* and
re (0,1].

Definition 2.1. A Grammar G is defined as the quadruple G = (V. X, P,S),where

oV ={A,B,...,Z} is a finite set of non-terminal symbol (Variables)
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oYX ={a,b,...,z} is a finite set of terminal symbols disjoint from V

e S € V is the designated start symbols

e P is a set of productions.

Definition 2.2. A fuzzy language, p(L), is a fuzzy set in £*. Thus, p(L) is a set of ordered
pairs u(L) = {(w,r)}, where, w € *, r € [0, 1].

Definition 2.3. Let (L) and u(L,) be two fuzzy languages in £*. The union , intersection
and concatenation of p(L1) and p(L;) is defined as follows

o ((L1)Up(Ly) = max{p(Ly), 1 (L2)} or simply defined by pt(L1) U p(Ly) = pu(Ly)V pu(Lo)

o W(Ly) Np(Ly) = min{p(Ly), u(L2)} or simply defined by p(Ly) N p(La) = p(L1) A (L)

o i(L1.Ly) = min{p(Ly), t(L2)} or simply defined by pi(Ly.Ly) = p(Ly) A p(Lo).

Note 2.4. Let G = (V, X, P,S) be a fuzzy grammar,then

e A fuzzy language u (L) is generated by the fuzzy grammar u(L,G)

oIf oy,...,0 are string in (VUX)* and
1 m I'm
0 = 0 ==,..., 01 == Oy,

where, r1,...,r, € [0, 1], then @ is said to derive @, in grammar G, or ,equivalentelly, o, is

derivable from @ in grammar G. This is expressed by o =2 The expression
) m "'m
o == 0 ==>,...,0p_1 == Oy,

will be referred to as a derivation chain from «; to ¢,.

Definition 2.5. A fuzzy context-free grammar (FCFG) is a quadruple G = (V, X, P,S), where
e V is a finite set of non-terminal symbol (Variables)

e ¥ is a finite set of terminal symbols disjoint from V

e S € V is the designated start symbols

e P is a set of fuzzy production of the form A = &, where A€V , @ € (VUX)* and r € (0,1].
Definition 2.6. A fuzzy conjunctive grammar (FCG) is a quadruple G = (V,X, P, S), where

e V is a finite set of non-terminal symbol (Variables)

e ¥ is a finite set of terminal symbols disjoint from V

e S € V is the designated start symbols

e P is a finite set of fuzzy rules of the form
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AL (a/rn&...&ay, /), where A€V, og € (VUX)* and r = min{ry,...,r,} fori=1,2,....n.
If n = 1 we write it as A — o and call it an ordinary fuzzy rule. Otherwise, the rule is called
proper fuzzy conjunctive.

Definition 2.7. Any element %#,%,%,¢€ is a conjunctive formulas over VUXU{(,),&} are
defined by the following recursion.

e The empty string € is a conjunctive formula.

e Every symbol in V UZX is a conjunctive formula.

e If # and € are conjunctive formulas, then % is a conjunctive formula.

o If #,..., 9B, are conjunctive formulas, then (% &...&%,) is a conjunctive formula.
Definition 2.8. Let G = (V,X,P,S) be a fuzzy grammar, % be a formula. The fuzzy language

generated by A is a set of all string over X derivable from %:
WU(L, B) = max min{(w,r)/w € £*, A :r>z; w}.

The fuzzy language gerated by the fuzzy grammar is a set of all string over X derivable from its
start symbol: u(L,G) = u(Lg,S). The maximum is taken over all derivation chains from S to
w.

A fuzzy language (L) is called fuzzy conjunctive, if it is generated by some fuzzy conjunctive
grammar.

Definition 2.9. A fuzzy conjunctive grammar G = (V,X, P,S) is said to be fuzzy linear, if each
rule in P is of the form

AL wiBvi/r & ... &uBuvm /1, (wi,vi € X*,B; € V), r; =min{ry,...,r,}

A w, (wez).

Definition 2.10. A fuzzy conjunctive grammar G = (V, X, P,S) is said to be fuzzy linear normal,
if each rule in P is of the form

A bBy Jryp, & ... &bBy [1pp, &Cic/re,c& ... &CncrC,er (m4n>1:B;,C; € Vib,c € ),
rBc = MIin{rpp,, ..., pB,,, Cics- - TCoe }

S a,(aey)

A
A5 e
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Examples 1.11. A fuzzy linear conjunctive grammar G = (V,X, P,S) for the languiage u(L) =
{(wew,r) :w € {a,b}*}, where

V ={S,A,B,C,D,E,F,I,J,K,M,N,R}

Y ={a,b,c} and

P consists of the following derivation rules;
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For example, the word abcab can be derived as follows

s 2% Db/0.002&aA /0.003&aK /0.4
2;1* aCb/1&abJ /0.009&a(bB/0.04&bK /0.7)
2:* aCb/1&abJ /0.009&abB/0.04&abK /0.7
gi aEab/0.003&abAb/1&abFb/0.6&abcR /0.05
g* abCab/1&abFab/0.1&abcRb/1&abcaR /0.7
23 * abcab/0.02&abcab/0.9&abcab/0.7&abcab /0.8

r=0.002
S =* abcab&abcab&abcab&abcab

where, r = min{0.002,0.04,0.04,0.003,0.1,0.02} = 0.002.
Therefore, (abcab,0.002) € u(L,G).

3. Some Closure Properties of Fuzzy Linear Conjunctive Grammar

In this section we give constructive proofs that the family of fuzzy linear conjunctive language
is closed under union, intersection, complement, and quotient.

Theorem 3.1. The family of fuzzy linear conjunctive languages is closed under union.

Proof. Let u(L;,Gy) and u(Ly, G,) be two fuzzy linear conjunctive languages generated by the
fuzzy linear conjunctive grammmars G| = (V1,%,P,S1) and G| = (V1,X1, P, S)) respectively.
We can assume that V| and V; as well as P, and P, are disjoint. The language y(L,G) generated
by the fuzzy linear conjunctive grammar G = (Vi UV, U{S}, L, UX,,P,S), where S ¢ V, UV,
and P=P UP,U{S EN 1,8 S»2}. Now, we prove u(L,G) = u(L1,Gy)V u(Ly,Gy). Let
(w,r) € u(L,G), then it is either,S :1>* S Ny w, S :l>* S» L wor S :1>* S» 7 w,

s S; =2 w. Both the case (w,r) € u(L,Gy)V u(L,G,). Hence
K(L,G) < u(Ly,G1)V (L2, G2) (1)

Conversely, let (w,r) € u(L1,Gy)V u(La,G>), then (w,r) is in either u(Ly,Gy) or u(Ly,Gy).

Suppose (w,r) € u(Ly,Gq), then S; =L»" w s the derivation, if (w,r) € u(La,G3), then S, L
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w 1s the derivation.

By construction of G, § L 5 == worS == S, == w, then (w,r) € u(L,G). Hence
p(Li,G1)V u(Le,Gy) < u(L,G) (2)

From (1) and (2) we get
K(L,G) = u(L1,G1) V (L2, Ga)
This completes the proof.
Theorem 3.2. The family of fuzzy linear conjunctive languages is closed under intersection.

Proof. Let u(L;,Gy) and u(Ly, Gy ) be two fuzzy linear conjunctive languages generated by the
fuzzy linear conjunctive grammmars G; = (V1,X1,P,S1) and G = (V1,X1, P, S1) respectively.
We can assume that V| and V; as well as P; and P; are disjoint. The languages (L, G) generated
by the fuzzy linear conjunctive grammar G = (V; UV, U{S}, 2 ULy, P,S),

where S ¢ ViUV, and P =P UP, U{S 3 S1/rs,&S/rs, }, rs = min{rs,,rs,}. Now, we prove
W(L,G)=p(Ly,G1) Al(Ly,Gs). Let (w,r) € (L, G), then S =25 $,&S> == w/r1&w/ry =="
w is the derivation, where r = min{ry,r,}. Since (w,r;) € u(L1,G;) and (w,rp) € u(La,G,),

then (w,r) € u(L1,Gy) Au(Ly, G,). Hance
K(L,G) < p(L1,G1) A (L2, Go) (3)

Conversely, let (w,r1) € u(L;,Gy), then S == w is the derivation and let (w,r;) € u(Ls,G,),
then S, % w is the derivation. By construction of G, S %* S1&S> Sy w/ri&w/r; Lt w,

then (w,r) € u(L,G), where r = min{ry,r, }. Hance
1(L1,Gr) A (L2, G2) < p(L,G) (4)

From (3) and (4) we get
K(L,G) = 1(L1,G1) A u(Ly, Ga).
This completes the proof.

Theorem 3.3. The family of fuzzy linear conjunctive languages is closed under the comple-

ment.
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Proof. Let grammar G = (V, £, P,S) be the fuzzy linear conjunctive normal form. We construct

the following fuzzy linear conjunctive grammar G'.

Let G' = (Vx UVy UVZUVMUVNUVW7Z,P/,S/), where

Vx = {XﬁA/AEV}

Vw = JAS o&.. &y}

{YﬁAQ(xl&...&am

Vz = {Z-a/a€L}U{Z ¢}
Vu = {M :/acX}

VW = {Njygi, ack}

Vw = {W}

S = X

For each rule A 5 o &...&oy, € P, the non terminal Y

Also &.. &ay, SERETALE those and only

those string that are not generated by this rule in the original grammar with membership values
1. For each terminal symbol a € X, the nonterminal Z-,, generate all string but the string a with
membership 1, while Z_, generate £ with membership 1, the non terminal M_ 5+ generate all
strings except those in a.X" with membership 1. Similarly, N_s+, generate all strings except
those that at the same time end with a and are atleast two symbols long with membership 1.
Finally, the non terminal W generates ¥* with membership 1.

Let us construct rules for P/

(). For each production

A bB, /rp,&...&bB,, /15, &Cic/re,& ... &Cyc/re, in P (m+n > 1),

where, rpc = min{rg,,...,rp,,rc,,---,rc,}, there is a rules

XﬁA lifC bX_|Bl/1 - rBl&' b 861/))(_‘3;11/1 - er&XﬁCIC/l - rcl&' c &Xﬁcnc/l - rCﬂ in Pl

where, 1 —rgc =max{l —rp,,...,1 —=rp,, 1 —rc,...,1 —rc,} and
1 . /.
YﬂA’EbBl&A..&me&CIc&...&Cnc = M_yy+ in P (if m>0) (5)
1 et
YﬂArEbB]&...&me&Clc&...&Cnc = Nog+ inP (if n>0) (6)
1 I
YﬁA@bBl&...&me&Clc&...&cnc = bXop in P (ViEd,...m) (7)
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Y

1 . / .
A LB, &.. &bBy&Cie&.. &Cpe Xocjein PP (V j€1,....m) (8)

(i1). For each production A rg ag,...,A il o, in P
—r

: 1—rq .
thereisarule Xy —“ X g, /1 —rg,&...&X g, /1 — g, in P’

Where, 1—ra:maX{l_rOtla"'7l_ram} and

XASY g &...&Y 1oy inP (9)

—A— oy —A = O

(ii1). For each production A X ainP

. 1—r,
there is a rules X_4 —" a and

Y g 5 ZoginP (10)
(iv). For each production S BenP
there is a rules X_g 12 X_¢ and

Y e, ZinP (11)

(v). For each non terminal A € V of the grammar G, if there are no rules for A in P, then P’

contains the following single rule for X 4;

X_\A —W (12)

Now, we will show that for every non terminal A € V, then u(Lg,X-4) = 1 — u(Lg,A).

We prove the above result in two cases. First we consider the case u(Lg,A) contains element
which has non-zero membership and second the case having elements which has zero member-
ship.

Case 1 [Non-zero membership]: Since grammar G = (V,X, P, S) is the fuzzy linear conjunctive

normal form. Then the derivation rule as
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A 25 bB/rp,&...&bB,/rp,&Cic/rc,& ... &Cuc/rc,

= bﬁl/rﬁ]&...&bﬁm/rﬁm&ylc/r%&...&ync/ryn

ry ¥

w/ry &...&w/ry,

P
A — w

Where,r:min{rBC,rﬁy,...,rw},b,cEZ*,Bl,...,Bm,Cl,...,CnGVandBl,...,ﬁm,}/l,...,}/nE

(VUX)*. Hence, (w,r) € u(Lg,A).

By the construction of (i)

Xon =2 bX g )1 —rp&...&bX-p, /1 —rp, &X-c,c/l —re,&...&X-c,c/1—rc,

1— *
& X g /1= rp&... &bX g, /1 —rg, &Xopc/1 —ry&...&X yc/1 — 1y,

1— *

= w/l—ry,&...&w/l -1,

Where, 1 —r = max{1 —rpc,1 —rgy,...,1 —=ry},b,c €X*, X_p,...,.X-p,,X-c;;-- -, X-c, € Vx
and X_g ..., X, , X-y,---, Xy, € (Vx UX)*. Hence, (w,1 —r) € u(Lg,A).

Case 2 [For zero membership]: In this case our aim is to prove that, if (w,0) € u(Lg,A), then
(w,1) € u(Lg,X-4) by using induction hypothesis on length n of string w; ie.(w,0) € u(Lg,A),
it implies that (w,0) ¢ u(Ls,A), which means that (w,1) € u(Lg,A).

Basis n = 1: Let w = a (or) w = € and let (w,0) € u(Lg,A), then it’s corresponding production

is
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ASw ¢ P. This means that all rules for A are either of the form

A2 bB & ... &bBu&Cic& ... &Cyc € P (13)

(or)
A3 u(ue {elux) (14)

For each rule of the form (13) the corresponding nonterminal ¥ has

~A%bB, &...&bB&Cyc&...&Cre
atleast one rules (5) and (6) and consequently generates (w,1). The same holds in respect to
each rule of the form (14), if u = a € £, then the nonterminal Y e has rule (10), which can
generate any string except a, and consequently the string (w, 1). Similarly,if u =€ and A = S,
then the nonterminal ¥_ ¢ has rule (11) that generate anything except € and thus (w, 1).
As we have shown, for any rule A R ¢ P for A € V, the corresponding nonterminal Y A%
generate (w, 1). Now, if there is atleast one rule for A in P, then every conjunct of rule (9) for
the nonterminal X 4 generate (w, 1) and thus (w, 1) € u(Lg,X-4); if there are no rules for A in
P.then (w, 1) can be derived from X4 using rule (12).
0

Induction stepn > 2: Letn >2and A g w. Then

0¢n-2), 02) N . , .
A =" bxc w, where b,c € ¥ and x € X7, the string (w,0) € u(Lg,A) if and only if there

is some rule

AL bBi&. .. &bBp&Cic& ... &Coc € P (m+n > 1) (15)

such that there exist derivations
0 0 .
Bi=¢ - =—=¢gxc (V1 <i<m) (16)

Cj:0>G---:0>Gbx(V1§j§n) (17)

By induction hypothesis, (16) holds if and only if for some rule (15)
(XC,O) ¢ .u(LGUXﬁBi) or (xc7 1) = .u(LGUXﬁBi) (18)

(b2,0) ¢ 1(Lgr, X-c,) or (b, 1) € p(L X)) (19)

If we assume the rule (18,19) then none of the rules (5,6,7,8) is not derive (w = bxc,0). If

(18,19) is untrue then (xc, 1) € u(Lg,X-p;) for some i and (bx, 1) € u(Lg,X~c;) for some j
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and hence by one of the rules

1

Y 0 — bXﬁBA
~A%bB &...&bBy&C c&...&Cpe i
1
Y X Cic
-A—=bB 1 &...&bB,,&Cic&...&Cpe J
the non terminal ¥ derives (w, 1). Therefore (w,0) € u(Lg,A) if and

-ADbB) &...&bBy&C) c&...&Cc
only if (w,0) ¢ u(Li;,X-4), thatis (w,1) € u(Lg,X-a).

This completes the proof.

Definition 3.4. Right and left fuzzy quotient is defined as follows

W(Li/L) = p(LiLyY) = {(ur)/(wrw) € p(Ly) and (1) € u(Lo)}
ry > Tyif ryw=rn

Tu = Fuif rw <ny

W(La/L) = (L Lo) = {(wr)/(wr) € p(Ly) and (ur,) € p(Lo)}
ry > Py, if ryy=ry

ry = ruwlfruv<ru

where r,,r, and r,, € (0,1].

Theorem 3.5. Let u(L) be any fuzzy linear conjunctive languages over X and for any terminal

d € ¥. Then prove that, the languages 1 (L/d) and pu(d/L) are fuzzy linear conjunctive.

Proof. The argument is again a direct construction. Let G = (V. X, P,S) be an arbitrary fuzzy
conjunctive grammar in the fuzzy linear normal form, let d € X. We construct a fuzzy grammar
for the fuzzy languages p(L/d) (fuzzy right quotient) and u(d/L) (fuzzy left quotient). Let
V' ={A'/A € V} be a copy of V. Define a new fuzzy grammar G' = (VUV' L, PUP S'),
where P’ consists of the following rules:

i. For each production A 5 bB1& ... &bBp&Cic& ... &Cpc € P (m+n>1), such that c = d,
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and then there is a rule
A'"ES pB! & ... &bB., &C1& ... &C, € P' (20)

Where rgc < rpic.

ii. For each production A "4 4in P, such that @ = d, and then there is a rule A’ —1> gin P.
Claim 1: For each nonterminal A € V, u(Lg,A) = u(Lg,A). Every derivation valied in G is
valied in G’ as well, and thus p(Lg,A) < u(Lg,A). On the other hand,the bodies of rules for
nonterminal form V in the grammar G’ do not contain any nonterminal not in V', and therfore
each valid derivation from A € V in G is also valid in G and thus p(Lg,A) < u(Lg,A).
Claim 2: For each nonterminal A € V, u(Lg,A") < u{(Lg,A)/d}. Let w € £* and (w,rpc) €
U(Lg,A") we shall prove that (w,rgc) € u{(Lg,A)/d}, it is enough to prove that (wd,rpc) €
t(Lg,A). Now, we using induction on length / of the derivation w.

Basis [ =2: A’ :r>/G (w) %/G w. This implies that w = € and A’ Leer. By the construction
of P', A8 d € P and therefore (wd = ed = d,r,) € p{(Lg,A)/d}, ra < 1.

Induction step [ > 2: Let (w,rg) be derivable from A’. Then the derivation begins with an

application of a rule of type (20) and thus is of the form
A S bB & .. &bBL&CI& ... &Ch 2o L W& . &W g we P (21)

Where rgc = min{r,...,ry}. Let (w = au,rpc), it follows from (21) that a = b, (u,rB;) is
derivable from each B in less than [ steps and (w, rc;) € p(L;,C;) for all j.

iii. By the induction hypothesis, (ud,rp;) € (L, B;) and (wd = bud,ryp,) € (L, bB;)

for all i.

iv. By claim 1, (w,r¢;) € i(Lg,C;) this implies that (wd = wc, rcc;) € U(Lg, Cjc) for all j.

v. By the construction of P’, then rule (20) implies that A B¢ bB1&...&bB,,&Cic& ... &C,c €
P, where rgc = min{ryp,, rccj}. Together, these (iii, iv, v) three results allow to derive the string

(wd,rpc) € u(Lg,A) and therefore (w,rgc) € u{(Lg,A)/d}, where rgc < rgc. Hence,
u(Lg,A') < p(Lg,A)/d (22)

Claim 3: For each nonterminal A € V, then we prove that u{(Ls,A)/d} < pu(Lg,A"). Let
(w,rgic) € u{(Lg,A)/d}, then (wd,rpc) € u(Lg,A), we shall prove that (w,rgc) € u(Lg,A’);
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the argument is an induction on the length of w.
Basis |w| = 0: Let w = £ and thus (wd = ed = d, r,) € i(Lg,A), then A 28 d € P. Consequently
A'Leep and (w=¢g,1)eu(Lg,A"), where r, < 1.

Induction step |w| > 1: Let (wd, rpc) € u(Lg,A), then there exists a derivation
A6 bB & ... &bBu&Cic& ... &Cpe € P, such that d = ¢ (23)

Now, w = bu, d = c and (ud,rp,) € i(Lg,B;) for all i and (w,rc;) € u(Lg,C;) for all j.
vi. By the induction hypothesis, (u,7p) € u(Lg,B;) and (w = bu,ryp) € u(Lg,bB;), for all i.
vii. By claim 1, (w,rc;) € u(Lg,C;j).
viii.Since rule (23) is in P, then the rule of the form (20) must be in P’
’ }"B/ / / VCI w Iy
Now, A’ =54 bB\&...&bB,,&Ci& ... &C == - =g w&...&w=>gw. Hence (w,rpc) €
‘u'(LG’aA/)'
u{(Lg,A)/d} < u(Lg,A') (24)

From (22) and (24), u(Lg,A") = u{(Lg,A)/d}.

This completes the proof.
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