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Abstract: In this paper we give eight new notions of intuitionistic fuzzy T, spaces and investigate some relationship
among them. Also we investigate some relations between our notions and other given notions of intuitionistic fuzzy
T, spaces. We show that all these notions satisfy hereditary and productive property of T, spaces. Under some
conditions it is shown that image and preimage preserve intuitionistic fuzzy T, spaces.
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1. Introduction

Fuzzy topology is an important research field in fuzzy mathematics which has been established by
Chang [1] in 1968 based on Zadeh's [2] concept of fuzzy sets. Later, the notion of an
intuitionistic fuzzy set was introduced by Atanassov [3] in 1986 which take into account both
the degrees of membership and nonmembership subject to the condition that their sum does not
exceed 1. Coker and coworker [4][5] [6] introduced the idea of the topology of intuitionistic
fuzzy sets. Since then, Coker et al[7], Amit Kumar Singh et al. [8], S. J. Lee et al. [9], Saadati et
al [10], Estiag Ahmed et al. [11] [12][13][14][15] subsequently initiated a study of intuitionistic

fuzzy topological spaces by using intuitionistic fuzzy sets. Various researchers work particularly
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on intuitionistic fuzzy T, spaceses [15][16][8]. In this paper, we investigate the properties and

features of intuitionistic fuzzy T, Space.

2. Notations and Preliminaries

Through this paper, X is a nonempty set, r and s are constants in (0,1). T is a topology, tis a
fuzzy topology, T is an intuitionistic topology and  is an intuitionistic fuzzy topology. 2 and u
are fuzzy sets, A = (puu,v,) IS intuitionistic fuzzy set. By 0 and 1, we denote constant fuzzy

sets taking values 0 and 1 respectively.

Definition 2.1 [1]. Let X be a non empty set. A family t of fuzzy sets in X is called a fuzzy
topology (FT, in short) on X if the following conditions hold.

1o.1et,
@ Anuet forall Luet,
(3) U 4; € t, for any arbitrary family {4; € ¢, j € J}.

The above definition is in the sense of C. L. Chang. The pair (X, t) is called a fuzzy topological
space (FTS, in short), members of t are called fuzzy open sets (FOS, in short) in X and their

complements are called fuzzy closed sets (FCS, in short) in X.

Definition 2.2 [17]. Suppose X is a non empty set. An intuitionistic set A on X is an object having
the form A = (X, A;, A;) where A;and A, are subsets of X satisfying A; N A, = ¢. The set A; is
called the set of member of A while A4, is called the set of non-member of A. In this paper, we use

the simpler notation A = (A,, 4;) instead of A = (X, A;, A,) for an intuitionistic set.

Remark 2.1 [17]. Every subset A of a nonempty set X may obviously be regarded as an

intuitionistic set having the form A = (4, A°) where A = X — A.
Definition 2.3 [17]. Let the intuitionistic sets A and B in X be of the forms A = (4,,4,) and B =
(B1, B,) respectively. Furthermore, let {A;,j € J} be an arbitrary family of intuitionistic sets in X,
where 4; = (A}”,A]@). Then

(@ Ac Bifandonlyif A; € B; and A, 2 B,,

(b) A=Bifandonlyif A € Band B C A,
(c) A = (A,,A,), denotes the complement of 4,
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(d) n4; = (N AP0 4P,
() U4; = (UADY, n4AP),
(f) ¢. = (¢, X)and X. = (X, ¢).

Definition 2.4 [18]. Let X be a non empty set. A family T of intuitionistic sets in X is called an

intuitionistic topology (IT, in short) on X if the following conditions hold.

(1) d)"' 1X~ E T!
(2)AnBeT forall A,BET,
(3) U A; € T for any arbitrary family {A; € T,j € J}.

The pair (X, 7") is called an intuitionistic topological space (ITS, in short), members of 7" are called
intuitionistic open sets (10S, in short) in X and their complements are called intuitionistic closed
sets (ICS, in short) in X.

Definition 2.5 [3]. Let X be a non empty set. An intuitionistic fuzzy set A (IFS, in short) in X isan
object having the form A = {(x, ua(x), v4(x)): x € X}, where p, and v, are fuzzy sets in X
denote the degree of membership and the degree of non- membership respectively with u,(x) +

va(x) < 1.

Throughout this paper, we use the simpler notation A = (uu,v,) instead of A=

{(x, pa(x),v4(x)): x € X} for intuitionistic fuzzy sets.

Remark 2.2. Obviously every fuzzy set A in X is an intuitionistic fuzzy set of the form
(4,1 —=2) = (4,1°) and every intuitionistic set A = (A4, 4;) in X is an intuitionistic fuzzy set of
the form (1,,,1,,)-

Definition 2.6 [3]. Let X be a nonempty set and 4, B are intuitionistic fuzzy sets on X be given by

(p4,v4) and (ug, vg) respectively, then

@ A< Bifuy(x) < pg(x)andvy(x) = vg(x) forall x € X,
(b)A=BifAcBandB C 4,

(A = (Va tta),

(MANB = (uaNpp, vaUvs),

(e)AUB = (uaV pp, vaNvp).
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Definition 2.7 [5]. Let {A; = (MA]-'VA]-) ,j € J} be an arbitrary family of IFSs in X. Then

(a) nAj = (n,LlAj, UVAJ' )a
(b) U4; = (Upa, NVy; ),
© 0.=01,1.=1L0).

Definition 2.8 [5]. An intuitionistic fuzzy topology (IFT, in short) on a nonempty set X is a family

T of IFSs in X, satisfying the following axioms:

(1) 0.,1. €1,
(2)AnB € t,forall A,B € 1,
(3) U A; € t forany arbitrary family {4; € 7, j € J}.

The pair (X, 7) is called an intuitionistic fuzzy topological space (IFTS, in short), members of T
are called intuitionistic fuzzy open sets (IFOS, in short) in X, and their complements are called

intuitionistic fuzzy closed sets (IFCS, in short) in X.

Remark 2.3 [19]. Let X be a non empty setand A € X, then the set A may be regarded as a fuzzy
set in X by its characteristic function 14: X — {0,1} < [0,1] which is defined by

1 ifxeA
1a®) _{OifxeA,i.e.,ifxeAC

Again, we know that a fuzzy set A in X may be regarded as an intuitionistic fuzzy set by

(4,1 —21) = (4,A4%). So every sub set A of X may be regarded as intuitionistic fuzzy set by
(141 — 1) = (14, Ly0).

Theorem 2.1. Let (X,T) be a topological space. Then (X,7) is an IFTS where 1t =
{(a, 14 € 45€T).

Proof: The proof is obvious.

Note 2.1. Above 7 is the corresponding intuitionistic fuzzy topology of T.

Theorem 2.2. Let (X,t) be a fuzzy topological space. Then (X,t) is an IFTS where 7 =
{4, 219):1 €t}

Proof: The proof is obvious.
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Note 2.2. Above T is the corresponding intuitionistic fuzzy topology of t.

Theorem 2.3. Let (X,T) be an intuitionistic topological space. Then (X, t) is an intuitionistic

fuzzy topological space where T = {(1,4,-1; 1A].2),j €]: A =(41,4;) € T}.

Proof: The proof is obvious.
Note 2.3. Above 7 is the corresponding intuitionistic fuzzy topology of 7.

Definition 2.9[3]. Let X and Y be two nonempty sets and f: X — Y be a function. If A =

{6 pa(@), va(x)):x €X} and B ={(y,ug(y), vg(y)):y €Y} are IFSs in X and Y
respectively, then the pre image of B under f, denoted by f~1(B) is the IFS in X defined by

f1B) ={(x, (F W)@, fF*(ve))(x)):x € X} = {(x, pup(f(x)),va(f(x))):x € X} and
the image of A under f, denoted by f(A4) is the IFS in Y defined by f(4) = {(y,
(fF(a)) ), (f (va))()): y € Y}, where for each y € Y

fua))) = {xe;gg(y) ua(x) if TN #E P
0

otherwise

fva) ) = {xefilllf(y) va@) if TN # ¢
1

otherwise
Definition 2.10 [6]. Let A = (x,u4,v4) and B = (y, ug, vg) be IFSs in X and Y respectively.
Then the product of IFSs A and B denoted by AxB is defined by AXB = {(x, ¥), uaXg, V4XVg)}
where (uaXpp)(x,y) = min{v,(x),ve(y)} and (vaxvp)(x,y) = max{v,(x),vg(y)} for all
(x,y) € XXY.

Obviously 0 < (ugXug) + (v4xvg) < 1. This definition can be extended to an arbitrary family
of IFSs.

Definition 2.11 [6]. Let (X},7;), j = 1,2 be two IFTSs. The product topology 7, X7, on X; XX, is
the IFT generated by {p;*(U;):U; € 7;,j = 1,2}, where p;: X;xX, - X;, j =12 are the
projection maps and IFTS {X; XX,, 7, X1,} is called the product IFTS of (X;,7;), j = 1,2. In this
case S = {p;*(U;),j € J:U; € 7;} is a sub base and B = {U; xU,: U; € 7;,j = 1,2} is a base for

T1XT, 0N X1 XX5.
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Definition 2.12 [5]. Let (X,7) and (Y, &) be IFTSs. A function f: X — Y is called continuous if
f~Y(B) e tforall B € § and f is called open if f(A) € & forall A € 7.

Definition 2.13 [20]. A topological space (X, T) is called T if for all x,y € X with x # y, there
exists U,V € Tsuchthatx e U, yeVandUNV = Q.

Definition 2.14 [21]. A fuzzy topological space (X, t) is called T, if for any two distinct fuzzy

points x,,yp € X, there exists u,v € tsuchthatx, €u, yg €vandunv =0.

Definition 2.15 [8]. Let A = (uy4,v,4) be a IFS in X and U be a non empty subset of X. The
restriction of A to U isa IFS in U, denoted by A|U and defined by A|U = (u4|U, v4|U).

Definition 2.16. Let (X, t) be an intuitionistic fuzzy topological space and U is a non empty sub
setof X then t; = {A|U: A € t} isan intuitionistic fuzzy topology on U and (U, 7y) is called sub
space of (X, 7).

3. Intuitionistic Fuzzy T, Spaces
Definition 3.1. Let r € (0,1). An intuitionistic fuzzy topological space (X, ) is called.

(1) IF-To(r-i) if for all x,y € X with x # y, there exists A = (u4,v4), B = (ug,vg) € T such
that ps(x) > 7r,v4(x) <75 pa(y) <mva(y) > and ug(y) > r,vp(y) <r; pplx) <
r,vg(x) > rwith (us Nug) € (v4 Uvg).

(2) IF-To(r-ii) ifforall x,y € X with x # y, there exists A = (u4,v4), B = (ug,vg) € T such
that ps(x) > 7,v,(x) <75 pa(y) <rva(y) >0 and pp(y) > r,vp(y) <7; pplx) <
r,vg(x) > 0with (us Nug) € (v4 Uvp).

(3) IF-To(r-iii) if for all x,y € X with x # y, there exists A = (uu,v4),B = (Ug,vg) €T
such that pu(x) > 0,v4(x) <7 ; us(y) <r,va(y)>r and pg(y) >0,vg(y) <r;
pp(x) <7,vp(x) >rwith (uy Nug) © (V4 Uvp).

(4) IF-To(r-iv) if for all x,y € X with x # y, there exists A = (u4,v4),B = (Ug,Vg) €T
such that pyu(x) > 0,v4(x) <7 ; us(y) <r,vu(y) >0 and pg(y) >0,vg(y) <r;
pp(x) <1,vp(x) > 0with (us N pg) © (V4 U vg).

(5) IF-To(r-v) if forall x,y € X with x # y, there exists A = (u4,v4), B = (g, Vg) € T SuUch
that pa(x) > 7,va(x) <1; pa(y) <7, va(y) > 7 and pp(y) > r,vp(y) <1; puplx) <
r,vg(x) > rwith (us Nug) € (v4 Uvg).
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(6) IF-To(r-vi) if for all x,y € X with x # y, there exists A = (ug,v4),B = (Ug,vg) €T
such that pu(x) >rvy(x) <r; ua(y) <1,vy(y)>r and ug(y) >r,vg(y)<r;
pe(x) < Lvg(x) >rwith (ug Npg) € (v4 U vp).

(7) 1F-To(r-vii) if for all x,y € X with x # y, there exists A = (uy,v4),B = (Uug,vg) €T
such that uyu(x) >7rva(x) <1; us(y) <1,vy(y)>r and ug(y) >r,vg(y) <1;
pe(x) < 1,vp(x) >rwith (u, Npp) € (V4 U vp).

(8) IF-To(viii) if for all x,y € X with x # y, there exists A = (u4,v4),B = (Ug,Vg) €T
such that ps(x) > 0,v,(x) <1; us(y) <1,v4(y) >0 and pg(y) >0,vg(y) <1;

pug(x) < 1,vg(x) > 0with (uy N ug) € (v4 Uvp).
Theorem 3.1 Let (X,T) be a topological space and (X, ) be its corresponding IFTS where
r={(1a, 1) EJ: A €T} . Then (X,T) is T: & (X,7) is IF- To(r-k) for any k €
{i,ii,iii,iv,v,vi,vii} and (X,T) is T.& (X, 1) is IF- Ta(viii)

Proof: Suppose (X, T) is T, space. Let x,y € X with x # y. Since (X,T) is T,, then there exists
A, BeTsuchthatx € A, yeB andANB =0 .SoClearlyx &€ B,y & A.

By the definition of 7, we get (14, 14¢), (15,15c) ETasA,B € T.
Now, 1,(x) =1, 1,(y) =0,15(y) =1, 15(x) =0asx€ A, y& A and y € B,x &€ B.
Andclearly 1,c(x) =0, 14(y) =1,15(y) =0, 1gc(x) =1

That is, 1,(x) =1, 14¢(x) = 0; 14,(y) = 0, 14,c(y) = 1and 15(y) =1, 15<(y) = 0; 15(x) = 0,
1Bc(x) =1

This Implies 1,(x) >r, 14c(x) <7r; 1,(y) <r, 1upe(y)>r and 15(y) > 71, 1g(y) <r;
1p(x) <r, 1gc(x) >r.

Again since AN B = @, then A° U B¢ = X.
So (1, N1p) € (14 U 1pc)

Therefore (X, 1) is IF-To(r-i).



360
LEVEL SEPARATION ON INTUITIONISTIC FUZZY T, SPACES

Conversely suppose (X, t) is IF-To(r-i). Let x,y € X with x # y. Since (X, t) is IF-T2(r-i), then
there exists (14, 14¢), (15, 15c) € Tsuchthat 1,(x) > r, 14c(x) < 7; 14(y) <1, 14(y) > r and
15(y) > 1, 1gc(y) <r; 15(x) <1, 1gc(x) > rwith (1N 1) € (14U 1g0).

Since r € (0,1), we can write 1,(x) =1,14c(x) =0; 1,(y) =0,14c(y) =1 and 15(y) =
1, 1BC(y) = 0, 1B(x) = 0, 1BC(X) == 1

This impliesx € A,y ¢ Aand y € B,x € B.

And forany z € X

(1, N15)(2) < (146 U1ge)(2) as (14N 1g) C (Lac U 1gc).
=>1,N13(z) =0,1,cUlze(2) =1>2€ANB=> ANB = ¢.
Thatisx €A, yeBandANB = ¢

Clearly A,B € T as (14,14¢), (1, 15¢c) € . Therefore (X, T) is T2 Space.
Similarly we can show the other implications.

Theorem 3.2. Let (X, t) be a fuzzy topological space and (X, t) be its corresponding IFTS where
T ={(L,A°) : A €t}. Then (X,t)is T.= (X, 1) is IF-Ta(r-k) for k = i,ii, iii, iv, v, vi, vii and
(X,t)is T2 = (X, 1) is IF-Ty(viii) wherer € (0,1).

Proof: The proofs of all implications are similar. For an example we shall prove that (X,t) is T»
= (X, 1) is IF-To(r-i).

Suppose (X,t)is T,. Letx,y € X with x # y.

Consider two distinct fuzzy points x4, y; in X.

Since (X, t) is T2, there exists u, v € t such that x; € u, y; Evandunv = 0.
Sou(x)=1,v(y)=1,u(y) =0and v(x) = 0.

Therefore u¢(x) = 0, v°(y) = 0, u(y) = 1and v¢(x) = 1.

That is, u(x) =1, u(x)=0; v(x) =0, v°(x) =1 and v(y) =1, v°(y) =0; v(x) =0,
ve(x) = 1.
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> ux)>r,ux)<r;vx)<r,v(x)>randv(y) >r,v¢(y) <r;vx) <r,vé(x) >r
as r € (0,1).

Alsoitisclearthat (u nv) c (wvv)asunv =0.
Now by definition of t; (u, u¢), (v,v¢) € Tasu,v € t.
Therefore = (X, 7) is IF-To(r-1).

Theorem 3.3. Let (X, t) be a IFTS. Then we have the following implications.
IF-To(r-ii

/ (r-if) ;[ IF-To(r-iv) ]\‘
IF-To(r-iii)

)<".( [ IF-Toviii) |
IF-Ta(r-v)
IF-To(r-vii)
IF-To(r-vi) b

Proof: Suppose (X, 7) is IF-Ta(r-i). Let x,y € X with x # y. Since (X, ) is IF-T2(r-i), then there

[ IF-Ty(r-i)

exists A = (uy,v4), B = (ug,vg) € 7 such that

Ha(x) > 1,va(x) <7ipay) <rva(y) >rand pg(y) >r,vp(y) <ripup(x) <r,vp(x) >

with (ua Nup) © (V4 U vp).

Now, from (1) we can write,

pa(x) >1,v0(x) <7 us(y) <7,va(y) > 0and up(y) > r,vp(y) <r;up(x) <r,vg(x) >

Again from (2) we get,

ta(x) > 0,v4(x) <75 pus(y) <7,v4(y) >0and pp(y) > 0,vp(y) <7 up(x) <r,vp(x) >

And finally from (3),

pa(x) > 0,v4(x) < 1; us(y) < 1,v4(y) > 0and ug(y) > 0,vp(y) <1; pup(x) < 1,vp(x) >

Therefore IF-To(r-i) = IF-To(r-ii) = IF-T2(r-iv) = IF-T2(viii).
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Again from (1) we can write

ua(x) > 1,0, (x) <7ipa(y) <Lva(y) >rand pup(y) > r,vp(y) <rup(x) <Lve(x) >

This implies

pa(x) >1,v0(x) <1 ua(y) < Lva(y) >rand pp(y) >r1,vp(y) <1; up(x) < 1,vp(x) >

This implies

pa(x) > 0,v4(x) < 1; us(y) < 1,v4(y) > 0and ug(y) > 0,vp(y) <1, up(x) < 1,vp(x) >

Therefore IF-Ta(r-i) = IF-To(r-vi) = IF-Ta(r-vii) = IF-T(viii).

Similarly other implications may be proved.
The reverse implications are not true in general which can be seen as the following examples:

Example 3.1. Let X = {x, y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.6,0.1),(y,0.2,0.8)}, B = {(x,0.1,0.3), (v,0.6,0.3)}. If r = 0.5, then clearly (X,7)is IF-
To(r-ii) but not IF- To(r-i).

Example 3.2. Let X = {x, y} and 7 be an intuitionistic fuzzy topology on X generated by A =
{(x,0.3,0.1),(y,0.2,0.8)}, B = {(x,0.1,0.3), (y,0.4,0.4)}. If r = 0.5, then clearly (X, 1) is IF-
To(r-iv) but not IF-To(r-1), IF-To(r-ii) and IF-To(r-iii).

Example 3.3. Let X = {x, y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.5,0.1),(y,0.2,0.8)}, B = {(x,0.1,0.6), (v,0.6,0.3)}. If r = 0.5, then clearly (X,7) is IF-
To(r-iii) but not IF-To(r-i).

Example 3.4. Let X = {x,y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.3,0.4),(y,0.1,0.8)}, B = {(x,0.1,0.3), (y,0.6,0.3)}. If r = 0.2, then clearly (X, 1) is IF-
To(r-v) but not 1F-To(r-i).
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Example 3.5. Let X = {x, y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.6,0.1),(y,0.5,0.4)}, B = {(x,0.1,0.3), (y,0.6,0.1)}. If r = 0.2, thenclearly (X, 1) is IF-
To(r-vi) but not IF-Ta(r-i).

Example 3.6. Let X = {x, y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.4,0.6),(y,0.4,0.6)}, B = {(x,0.65,0.35), (y,0.5,0.4)}. If r =0.3, then clearly (X,7)is
IF-To(r-vii) but not IF-To(r-i), IF-T2(r-v) andIF-To(r-vi).

Example 3.7. Let X = {x,y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.4,0.6),(y,0.3,0.5)}, B = {(x,0.1,0.3), (,0.1,0.6)}. If r = 0.5,thenclearly (X,7)isIF-
To(viii) but not IF-Tz(r-iv) and IF-To(r-vii).

Definition 3.2[8]. Let a, p € [0,1] and a + < 1. An intuitionistic fuzzy point x (, gy of X is an
intuitionistic fuzzy set in X define by

_(@p) ify=x
X @p (V) = { (0.1) ify#x

An intuitionistic fuzzy point x 4 ) is said to belong to an intuitionistic fuzzy set A = (uy,v,) if
a < pys(x)and B > v,y (x).

Definition 3.3[8]. An intuitionistic fuzzy topological space (X, ) is called IF-T> if for all pair of
distinct intuitionistic fuzzy points x ) and y.s in X, there exists A = (uy,v4),B =

(up,vg) ETsuchthatx , 5 €A, y4.5 EBandANB =0..

Theorem 3.4. Let (X,7) bea IFTS and r € (0,1). Then we have the following implications.
IF-To(r-iii

‘I

Proof: To prove this theorem we have to prove that IF-T>= IF-To(r-i). Let (X, t) be IF-T> and

x,y € X with x # y. Consider two distinct intuitionistic fuzzy points x.  and y .. Since (X, 1)
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is IF-To, there exists A = (14, v4), B = (up,vp) ETsuchthatx .,y €A,y EBandANB =
0..

Clearly 7 < ps(x), 7 > v4(x) as x () € A= (1, V)

andr < ug(y), v >vg(y) as y ) € B = (up,vp)

Again since (uy N pg,v4Uvg) =ANB =0.=(0,1),then (uy Nug) < (v4 Uvp) and clearly

pp(x) =0,vp(x) =1, us(y) = 0and vy (y) = 1.

Therefore we can write py(x) > r,v,(x) < 7; us(y) <r,vy(y) >rand ug(y) > r,vg(y) <r;

pug(x) <r,vg(x) >rwith (uy Nug) € (v4 Uvg).
So (X, t) is IF-To(r-i).
The reverse implications are not true in general which can be seen as the following example:

Example 3.8. Let X = {x,y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.6,0.1),(y,0.2,0.8)}, B = {(x,0.1,0.7), (¥,0.6,0.3)}. If r = 0.5, then clearly (X,7)is IF-
Ta(r-i) but if we consider two distinct intuitionistic fuzzy points x, »y and y3 4) then clearly

(X,t) isnot IF- Ta.
Definition 3.4[15]. An intuitionistic fuzzy topological space Let (X, ) is called

(1) IF-T2(i) if for all x,y € X with x # y, there exists A = (u4,v4), B = (ug,vg) € T such
that uy(x) = 1,v,(x) = 0; ug(y) = L,vg(y) =0and ANB =0._

(2) IF-To(ii) if for all x,y € X with x # y, there exists A = (u4,v4), B = (Up,vg) € T Such
that uy(x) = 1,v4(x) = 0; pug(y) > 0,vg(y) =0and AnB = (0,y) wherey € (0,1]
(3) IF-To(iii) if for all x,y € X with x # y, there exists A = (u4,v4), B = (Up,vg) € T Such
that u,(x) > 0,v,4(x) = 0; ug(y) = 1,vg(y) =0and An B = (0,y) where y € (0,1]

(4) IF-To(iv) if for all x,y € X with x # y, there exists A = (u4,v4), B = (Up,vg) € T Such
that u,(x) > 0,v4(x) = 0; ug(y) > 0,vg(y) =0and An B = (0,y) wherey € (0,1]
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Theorem 3.5 [15]. Let (X, 7) be an intuitionistic fuzzy topological space. Then we have the

IF-Ta(i) IE-T2(iv)

following implications

Theorem 3.6. If (X, 7) isa IFTS, then the following implications hold.
([ IFETo(iv) o IF-T, vii)) |

Proof: To prove this theorem we only have to prove that (X, 7) is IF-Ta(iv) = (X, 7) is IF-T2(viii).
Let (X, ) is IF-To(iv) and x,y € X with x # y. Then there exists A = (u4,v4), B = (g, Vg) €
T such that g, (x) > 0,v4(x) = 0; ug(y) > 0,vg(y) =0and An B = (0,y) where y € (0,1].
Since (uy Nug,v4Uvg) =ANB = (0,y) where y € (0,1], then (uy Nug) € (v4Uvg) and
clearly pug(x) = 0, vg(x) =y, ua(y) = 0and v4(y) =v.

Therefore we can write pu,(x) > 0,v,(x) < 1; ua(y) < 1,v4(y) > 0 and ug(y) > 0,vg(y) < 1;

pug(x) < 1,vg(x) > 0with (uy Nug) c (v4 Uvpg).
So (X, 1) is IF-Ta(viii).
The reverse implications are not true in general which can be seen as the following example:

Example 3.9. Let X = {x, y} and t be an intuitionistic fuzzy topology on X generated by A =
{(x,0.4,0.6),(y,0.3,0.5)}, B = {(x,0.1,0.3),(y,0.1,0.6)}. If y = 0.5, then clearly (X, 1) is IF-
To(viii) but not IF-T2(iv)

Theorem 3.7. Let (X,7) be a IFTS and r,s € (0,1) with r < s, then (X,7)is IF-Tz(r-iv) =
(X,7)is IF-Ta(s-iv) and (X, 1) is IF-To(s-vii) = (X, ) is IF-T2(r-vii).

Proof: IF-T2(r-iv) =IF-T2(s-iv): Suppose (X, 1) is IF-To(r-iv). Let x,y € X with x # y.

Since (X, ) is IF-Ta(r-iv), then there exists intuitionistic fuzzy sets A = (uy,v4), B = (ug,vg) €

7 such that
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Ha(x) > 0,v4(x) <75 pa(y) <1,v4(y) > 0and pp(y) > 0,vp(y) <7; pup(x) <7,vp(x) >0
with (us N pp) © (V4 U vp).

Since r < s, we can write

Ha(x) > 0,v,(x) < s;ua(y) <s,v4(y) > 0and pup(y) > 0,vp(y) <s; up(x) <s,vp(x) > 0.

Therefore (X, 1) is IF-T2(s-iv).

IF-T2(s-vii) =1F-T2(r-vii): Suppose (X, t) is IF-Tz(s-Vvii).

Let x,y € X with x # y. Since (X, ) is IF-Tz(s-vii), then there exists intuitionistic fuzzy set A =
(pa,v4), B = (ug,vg) € T such that

pa(x) > s,v4(x) <1; pa(y) < Lva(y) > sand pp(y) > s,vp(y) < 1; up(x) < 1,vp(x) >s.
with (ua N pg) © (V4 U vg).

Since r < s, we can write

pa(x) >1,v4(x) < 1; pa(y) < Lva(y) >rand pup(y) > 1,vp(y) < 1; pup(x) < 1,vp(x) > .
S0 (X, 7) is IF-Ta(r-vii).

The reverse implications are not true in general which can be seen as the following examples:
Example 3.10. Let X = {x, y} and 7 be an intuitionistic fuzzy topology on X generated by A =
{(x,0.3,0.1),(y,0.2,0.8)}, B = {(x,0.1,0.3),(y,0.4,0.4)}. Ifr =0.3and s = 0.5 thenclearly
(X, ) is IF-T2(s-iv) but not IF-To(r-iv).

Example 3.11. Let X = {x, y} and 7 be an intuitionistic fuzzy topology on X generated by A =
{(x,0.4,0.6), (v,0.4,0.6)}, B = {(x,0.65,0.35), (¥,0.5,0.4)}. If r=0.3 and s=0.5 then
clearly (X, ) is IF-Ta(r-vii) but not IF-T2(s-vii).

Theorem 3.8. Let (X,7) and (Y,8) be IFTSs and f:X — Y is one-one and continuous. Then
(Y,8) is IF-T2(r-k)= (X,7) is IF-T2(r-k) for any k € {i, ii, iii, iv, v, vi,vii} and (Y,6) is IF-
To(vii)=> (X, 1) is IF-To(viii).

Proof: Suppose (Y,&8) is IF-To(r-i). Let x,y € X with x #y. Since f is one-one, then
f(x), f(y) €Y with f(x) = f(y). Again, since (Y,6) is IF-Ta(r-i), there exists A = (uy,va),
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B = (up,vp) €6 such that u,(f(x)) > rva(f(x) <7 ma(f(¥) <7 va(f(»)) >r and
up(f(¥)) > r,ve(f(¥)) <riug(f(x)) <7, vp(f(x)) > rwith (uy N pp) © (V4 U vp).

Further since f is continuous, then f~1(4) = (f Yua),f*(vy))er and
fB)=(f""(up), f'(vp)) € T.

Now we have (1) (x) = ua(f(x) > 7, fF W) () = va(f (X)) <75 fF ) ) =
ua(f @) <7, fHDO) = va(F3)) > 7.

And F1up) ) = up(f ) > 7, f1 W) ) = ve(F)) <75 £ (up) (%) = pp(F (1)) <
r, f () (x) = vp(f(x)) > 7.

Now forany z € X, f(z) € Y.

So (f " (ua) N

£ ws)) @) =min(f (1) @), £~ (up) W))=min(p1a (£ (2)), 1 (F (2)) )= (11 0 5) ( (2))
And (f~1(va) U f 71 (vp)) (2) =

max(f () (2), f - ve) (2))=max(va (£ (2)),va (f (2)) )=(va U Vi) (f (2))

Clearly (ua N pp)(f(2)) < (va Uvp)(f(2)) as (ua N pig) € (V4 U vp).

Therefore (f (1) N 1 (15))(2) < (f ' (wa) U f 71 (wp))(2) for all z € X

Thatis, (f 7 (ua) 0 f 7 () © (F 1) 0 f 71 (V)

So (X, 7) is IF-Ta(r-i).

Similarly we can show other implications.

Theorem 3.9. Let (X,t) and (Y,8) be IFTSs and f:X — Y is one-one, onto and open. Then
(X,7) is IF-Ta(r-k) = (Y,8) is IF-To(r-k) for any k € {i, ii, iii, iv, v, vi, vii} and (X, 1) is IF-
To(viii) = (Y, 8) is IF-Ta(viii).

Proof: Suppose (X, 7) is IF-To(r-i).
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Letx,y €Y with x # y. Since f is onto, then there exists some p, g € X such that f(p) = x and
f(q) = y. Againsince f is one-one, then these p and g are uniqueand p # q.i.e., f~1(x) = {p}
and f~'(y) = {q}.

Now since (X, 1) is IF-Ta(r-i), then there exists A = (uy4,v,4), B = (ug,vg) € T such that u,(p) >
T, va(P) <75 palq) <mva(@) >r and  pg(q) >7,ve(q) <7 ; pp(p) <7,vg(p) >r with
(ua N pg) © (V4 U vp).

Further since fis open, so f(A) = (f(1a), f(va)) € 8, F(B) = (f(ug), f(vg)) €6

Now we have

D) = 3% 1a(@ = pa@) > 1, fFUD ) = 4ofM oy va(@) = va(p) <7

inf

frad) ) = ae;lili(y) pa(a) = pua(q) <r, flvd(y) = aef~1(y) va(a) = valq) > .

ANd f(p) (D) = i iy, Ha(@) = 15(@) > 7, fR) (D) = 48y, ve(@) = vp() <T;
inf

flug)(x) = aE;lili(x) pug(a) = pg(p) <, f(vg)(x) = aef~1(x) va(a) = vu(p) >,

Now for any w € Y there exists a unique z € X such that f(z) = w as f is one-one and onto.

:min(ﬂA(Z)' .UB(Z)):( pa N pp)(2)

And

(F(ua) U £ () W)=max(f (va) W), f (V) w))=max( o 15, va(@), o, ve (@)
=max(v4(2), v&(2))=(va U v)(2)

Clearly (pa N up)(z) < (va U vg)(2) as(ua Nup) < (V4 U vg)

Thatis, (f () 0 f () © (f(Va) U £ (V)

Therefore (Y, 8) is IF-Ta(r-i).

Similarly we can show other implications.
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From theorem 3.8 and theorem 3.9 we have the following corollary.

Corollary 3.1. If (X,t) and (Y,6) are IFTSsand f:X — Y is a homeomorphism then (X, ) is
IF-T2(r-k) if and only if (Y, ) is IF-Ta(r-k) for any k € {i, ii, iii, iv, v, vi, vii} and (X,t)is IF-
To(viii) if and only if (Y, &) is IF-To(viii).

Remark 3.1. IF-T2(r-k) for k=1, ii, iii, iv, v, vi, vii and IF-T2(viii) are topological property.

Theorem 3.10. Let (X, t) be an intuitionistic fuzzy topological space and U is a non empty sub
set of X. Then (X, 1) is IF-T2(r-k) = (U, ty) is IF-T2(r-K) for any k € {i, ii, iii, iv, v, vi, vii} and
(X, 1) is IF-To(viii) = (U, ty) is IF-Ta(viii).

Proof: Suppose (X, ) is IF-To(r-i). Letx,y € U withx #y = x,y € X withx # yas U c X.
Since (X, t) is IF-To(r-i), then there exists A = (uy,v4), B = (ug,vg) € T such that

ta(x) > 1,v4(x) <75 psa(y) <7,v4(y) > 7 and up(y) > r,vp(y) <7 upg(x) <rvp(x) >r
with (ua Nug) © (v4 U vg).

Clearly A|U = (u4|U,v4lU) € Ty and B|U = (ug|U,vg|U) € 1y

Now we have ps|U(x) = us(x) > 7, v4|U(x) = va(x) <75 uslUQ) = pa(y) <7, v4|UQY) =
va(y) >r.

And ug|lU(y) = pg(y) > 1, vglU(Qy) = vp(y) <7, ug|U(x) = pg(x) <1, vpg|U(x) = v4(x) >

r.

Clearly (ualU N uplU) < (u|U U vg|U)

Therefore (U, ty) is IF-To(r-i).

Similarly, we can show others implications.

Hence the properties IF-To(r-k) for k = i, ii, iii, iv, v, vi, vii and IF-T»(viii) are hereditary.

Theorem 3.11. Let (X;,7;), j = 1,2 be two IFTSs and (X, 1) = (X1 XX, 7 XT1,). If each (Xj, 7)),
j = 1,2 are IF-T2(r-k), then (X, 1) is IF-To(r-k) for any k € {i, ii, iii, iv, v, vi, vii} and if each
(Xj,7j), J = 1,2 are IF-Ty(viii), then (X, 7) is IF-Tz(viii).
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Proof: The proof of all implications are similar. For an example, we shall prove that if each (Xj, 7;),

Jj = 1,2 are IF-To(r-i), then (X, t) is IF-To(r-i).
Leteach (X;,7;),j = 1,2 are IF-Ta(r-i).

Suppose x,y € X with x # y where x = (xq,x,) and y = (y1,y2). Then at least x; # y; or
Xy F Y.

Consider x; # y; . Clearly x;,y; € X;. Since (X;,71) is IF-Tz(r-i), then there exists A; =
(ﬂAerAl)' B, = (HBl'VBl) € 7y such that py, (1) > 7,v,, (1) <750, (1) <74, (y1) > 7

and pp, (y1) > 1,vp,(y1) <7 pp, (x1) <7,vp, (1) > 7 with (.UAl Nup,) C (VA1 U VBl)-
Choose A, = B, = 1. = (1,0) and Clearly A4,,B; € 7,

Let A = A1 x4, = (#Al X1, V4, X0) = (1a,va) (say)

and B = B;XB, = (H31 X1, VleQ) = (up, vp) (say)

By the definition of product IFT; 4, B € .

Now we have pu(x) = (,uAlxl)(xl,xz) = min(/,tAl(xl),l(xz)) = min(,uAl(xl), 1) >7r as

fa, (x1) >,

va(x) = (va,X0) (1, x5)=max vy, (x1), 0(x;))= max(va, (x1), 0) <7 as vy, (1) <7
ua@) = (pa, x1) 1, y2)=min(pa, (1), 1(v2) )= min(pa, (1), 1) <7 as pa, (1) <7,
va() = (va, X0) V1, y2)=max(va, (1), 0(2))= max (v, (1), 0) > r as va, (1) > r

And pp(y) = (up,x1) 1, v2)=min(us, (1), 1(y2) )= min(ug, (y1), 1) > ras ug, (y;) > 1,
vp(¥) = (vg, X0) (1, ¥2)=max(vs, (1), 0(¥2) )= max(vp, (y1),0) < rasvp, (y1) <7
pp(x) = (up, x1) (x1, x2)=min(pp, (x1), 1(x2))= min(up, (x1),1) <raspup, (x;) <7,
vg(x) = (v, X0) (21, xz)=max(vg, (x1), 0(x;))= max(vg, (x1),0) > r as vy, (x1) > 7

Again forany z = (z4,z,) € X
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(1a N pp)(2) = min (1a(2), 15(2)) = min ((a, x1) (21, 72), (1, X1) (71, 22) )

=min (min(uA1 (z1), 1(22)): min (HBl (21),1(22))): min (HAl (z1), i5, (21)):(MA1 N #Bl)(Z1)-

And (v4 Uvg)(z) =max(v,(2),vg(2)) = max ((vAlxg)(zl,Zz), (vB1 XQ)(Zl,ZZ))

= max (mawc(vA1 (21),0(zy)), max (v, (zy), Q(zz)))
=max (#A1 (z1), g, (21)):(VA1 U VBl)(Zl)'

Clearly (pa, Nug,)(z1) < (va, U v, )(z1) @ (pa, Nuts,) € (va, U vg,).
So (ua N up)(2) < (va U vp)(2)

Thatis, (uy N ug) € (v4 Uvp).

Therefore (X, 1) isis IF-Ta(r-iv).

Remark 3.2. The properties IF-Ta(r-k) for k = i,ii,iii,iv,v,vi,vii and IF-To(viii) are

Productive.
4. Conclusion

In this paper we see that our eight notions are more general than that of Amit Kumar Singh et al.In
particular our notion (viii) is more general that of Estiag Ahmed et al and Amit Kumar Singh et al.
Also we see that our notions satisfy hereditary and productive properties. Moreover the notions
preserved under one-one and open maping. As far we know our notion (viii) is the most general

among all given notions of intuitionistic fuzzy T» topological spaces.
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